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PREFACE. 



The present volume is devoted mainly to an investiga- 
tion of the properties of the remarkable expressions which 
were first introduced to the notice of mathematicians by 
Legendre, and are now known as Laplace's Coefficients and 
Functions. Some account of these expressions is given in 
various works, but their importance in modem researches 
suggests the advantage of a more complete and systematic 
development of them than has hitherto appeared in England. 
The work now published will it is hoped be found suffi- 
ciently elementary for those who are commencing the 
subject, and at the same time adequate in extent to the 
wants of the advanced student. 

The book is composed of four parts. The first part 
consists of twelve Chapters, in which the expressions are con- 
sidered as functions of only a single variable ; in this form- 
they were first introduced by Legendre, and it is convenient 
to denote them, thus restricted, by his name. The second 
part consists of eight Chapters, in which the expressions are 
considered as functions of two variables ; this is the form in 
which they present themselves in the writings of Laplace.. 
The third part consists of nine Chapters which treat of 
Lamp's Functions ; these may be regarded as an extension 
of Laplace's Functions. The fourth part consists of seven 
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1.3.5,..(2n-l) L* n(n-l) ^^ 



INTEODUCTION. 

8. We may felso put P^ in the form 
n r 2(2n-l) 

^ 2.4.(2n-l)(27i-3) •••!• 

9. If We remove, by cancelling, the odd integers which 
occur in the denominators of the numerical factors we 
obtain the following results, in which we take first examples 
of Legendre's Coefficients of even orders, and next examples 
of those of odd orders : 

p _ S.7 4 3.5g^ 8, 1.3 
■^*"'2:4^""2.4'^^^2:4' 

^ 7.9.11 e 5-7.9 ^ , . 3.5.7 ^ , 1.3.5 
■^«"2.4.G^ 2.4.(5'^^ +2.4.6'^^ ""27476' 

and generally 

- V/ TXn-*(2« + l) (25 + 3). ..(25+271-1) , . ,, 

where 2 denotes a summation with respect to 8 from to ??, 
both inclusive ; and % (n, s) stands for ^ 



\i 



7.9 , 6.7 ..3.5 



„ 9.11.13 , 7.9.11 ^^ . 5.7.9 ^ , 3.5.7 
^'- 2.4.6 * ~ 2.4.6 "^"^ 27476*** "fTO*' 
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and generally 

where 2 and % (n,s) have the same meaning as before. 

It will be observed that % (n,s) is an integer, being in fact 
equal to the number of the combinations of n things taken s 
at a time. 

10. The numerical factors which occur in the preceding 
Article admit in some cases of further reduction ; and they 
can be put in such forms that the denominators of the 
fractions consist entirely of powers of 2. Thus for example 

p_231 e 315 4 105 , 5 

^«" le'^^le'^"*' le'^'ie- 

It is easily seen that this must be the case. For in 
the first expansion which we have given in Art 7, we 

obtain as the general term ' "'^ ^ a** (2a? — a)"*, that 

is ^irT%«n— a"(2a;-o)^thatis,-={^ (a?-^ . Now 
2 |m2 [m ^ ^ |m[m\2/ \ 2/ 

|2m ~ 

— is an integer, and hence the coefficient of a* will not 



m|m 

have any number in the denominator except 2*. We may 

1 2m |2m-l 

ffo a step further: for , — f— = 2, =-,and is therefore 

® r ? [m[m |m |m — 1 

necessarily an even integer; and thus the numerical factors 
of Pn(^) will not involve in the denominators any power of 2 
higher than 2**-^ 

11. The expression for P„(a?) may be put in a very 
compact forn^ first given by Kodrigues, namely 

1 <;'*(a;°-ir 

For let (aj* — 1)** be expanded by the Binomial Theorem, 
and let the result be differentiated n times with respect to a?, 
then it will be found that the term which involves o^ 
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= the product of <" Z'^'" n(n-l) (n-s + 1) 

(2»-25)(2n-25-l)...(n-2«+l) 

_ {-'iyx'^{2n^28)(2n^28^1) (n-2g + l) 

2"|n--5(£ 

Again, in the formula obtained for Pn{x) in Art. 7 we see 
that the term which involves a?**"^ 

2.4i...2s \n-2s "" 2*| n-g |g |n-2g 

_ (-l)^a^-g*(2n-2g)(2n-a?-l)...(n-2^ + l) 

2«[ri_-£|£ 

This agrees with the former result, and thus the identity 
of the two forms of expression for P,(a?) is established. 

12. Another mode of investigating the expression of the 
preceding Article for Pni'^) u^ay be noticed. 

Assume ^(1 — 2ax + a") = ^ "" ^^ > 

therefore -/ = -77= — ^ — ^ . 

ax v(i — 2aa; + a) 

Hence we require the coeflScient of a* in the expansion of 
-^ in a series proceeding according to ascending powers of a. 

Now 1 - 2fluc + a'= (1 - ay)'= 1 - 2ay + aV; 
therefore y = a; + a^—^ — ♦ 

The general term of the expansion of y in powers of a 

may now be obtained by the aid of Lagrange's Theorem: 

a* d*~*fa?— !)• 
see Differential Calculus ^ page 117. It is ^jn j «-i ; 



and therefore the general term in the expansion of -^ is 
a* rf"(aj"-l)* 



2~|w da* • 
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CHAPTER 11. 

OTHER FORMS OF LEGENDRE'S COEFFICIENTS. 

13. In the preceding Chapter we have given the most 
important expressions for Legendre's CoeflScients ; in the 
present Chapter we shall investigate some other forms which 
are frequently useful. 

In applications of the theory x is very often equal to the 
cosine of an angle; we shall denote it by cos^, and shall 
proceed to develope P»(cos 0) in cosines of multiples of 0. 

14. We have, putting l for */— 1, 
(l-2acos^ + a')"^={l-a(e^ + 6-'^) + a'}"i 

= (1 - a^-i (1 - ae-^yK 

Expand each factor by the Binomial Theorem; thus we 
obtain 



f+i«^+o«'^"+-}{i+^^"'+fc 



|aV2^+... 



Multiply the two series together, and pick out the term 
which involves a"; it will be found that the coefficient of this 
term is 

1.3...(2n-l) 1 1.3...(2n-3) ^..^, 

2.4...2» ^2*2.4...(2»-2) 

1^ 1.3...(2n-5) ,^ 1.3...(2n-l) ^„^ 

^2:4'2.4...(2«-4)^ ^'"^ 2.4...2n * ' 
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Now put for each exponential its value derived from the 
formula e'^ = cosrd-\- csinrd; then the imaginary part dis- 
appears, and we have the following result : 

1.3.n(w — 1) , .N /I . I 

The series within the brackets is to continue until it 
terminates of itself by the occurrence of zero as a factor ; so 
that there are w + 1 terms in the series, and the last of them 
is cos (n — in) 9, which is equal to cosn^. 

15. We may state the result with respect to the series 
within the brackets of the preceding Article in another form, 

thus : if n be odd continue the series to — ^ terms, and 

double every teiin; if ii be even continue the series to 

3 + 1 terms, and double every term except the last. 

16. The formula of Art. 14 leads to the important result 
that P^ (cos 6) has its greatest value when = 0, The value 
in this case may be found most simply by recurring to the 
definition ; P» (1) is the coefficient of a** in the expansion of 

(1 — 2a + a'*)"*, that is in the expansion of (1 — a)~^ ; and so 
the value is unity. 

17. In Art. 14 we put cos for the general symbol x, so 
that we assumed x to be not greater than unity; but a 
formula analogous to that obtained in Art. 14 will hold when 
X is greater than unity. 

For assume 2x = ^+ ^'\ and 2 ^(x^ - 1) = f - ^-\ 

so that f = a? + \/{x* — 1), and f"^ = a; — ^{x^ — 1). 

Then P (x^ = ^'^"' ( 2n~l) f «,„ ILn ^„_a 

men r, [x)-- ^^^ f ^ 1 . (2n- 1) ^ 



1.3.n(n~l) ^^ 
■*"l.2. (271-1) (271-8)^ '^'" 



} 
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The series within the brackets is to continue until it 
terminates of itself by the occurrence of zero as a factor ; so 
that there are w + 1 terms in the series, and the last of them 
isf^. 

To demonstrate this formula we observe that the right- 
hand member when developed will become a rational integral 
function of a?, and the left-hand member is always such by 
Art. 7. Moreover, we know by Art. 14 that the two members 
are identically equivalent when x has any value less than 
unity. Hence they are always identically equivalent. 

18. By Art. 11 we have 



'I'lndx' 

Let (2 + a; — 1)" be expanded in ascending powers of oj — 1 ; 
thus 

_- (w-f l)na!-l (n + 2)(n + l)n(n-l) (x- l)' 
~ ^ V 2 ■*" 1«.2' 2" 

(n + 3)(w + 2)( n + l)w(n-l)(w-2) (a;-!)* 

+ i».2».3» r 

19. For a particular case of the preceding Article put 
X = cos 0, then a; — 1 = — 2 sin'^ ; thus 

P, (cos ^) = 1 - 5^-p — Sin* 2 

(n + 2)(n + l)n(n-l) . , 
■*■ TTl^ siUg-... 

This may also be obtained in the following way : 
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(l-2acosd + a")"*=|l-2a(l-2sin»^ + aj 



|(l-a)» + 4asm^|p. 



Expand by the Binomial Theorem ; thus we obtain for 
the general term 

^ ^ \m (l-a)""**' \m\m (l-a)'"*^'- 

Expand (1 — a)"*"'* in ascending powers of a, and pick 
out the term which involves a** ; in this way we obtain finally 
as before 

P,(cosg) = l- ^ 18 sm'^ 

-t- jj, 2« °^" 2 

20, Again, we have 

Let (2— 0?— l)*be expanded in ascending powers of (a? + l)"; 
thus 



+ !L^)2-(«+ir-..j 

-C_^^"l1 (« + l)rag + l . (« + 2)(rt + l)n(w-l) (a; + l)'' 
-(w -^^ |-^ I* 2 1'.2" 2* 

■ (« + 3)(w + 2)(n + l)n(n-l)(«-2) (tr + l)* | 
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21. For a particular case of the preceding Article put 
X = cos 6, then a? + 1 = 2 cos* tt ; thu? 

25 



p«(cos^)=(-ir|i-^^ 



(n + l)n ,d 
^ ^ - cos* - 

i2 



(« + 2)(n + l)n(«-l) « f _ 

T -%% OS ^^'^ 2 

This may also be obtained by putting (1 — 2a cos^ + a*) "* 

in the form-l(l + a)'— 4acos'^[- andproceedingasin Art. 19; 

or it may be deduced from the result of that Article by 
changing into ir — O, and a into — a. 

22. By the theorem of Leibnitz, given in the Differential 
Calculus, Art. 80, we have 



(ir 



dai 



-(x+iY{x^vr^{x+\y 



^(a?-iy 



n d{x'\-iyd''-^(x'-iy 
"*" 1 dx dx""-' 

, n(7?.-l)(Z'(a?4-irrf""'(a;-ir . 

"r :; :?^ T~z 1 ML-9 "!"••• 



1.2 



d«' 



c2a; 



,n-» 



HenceP. = ^^(., + l)-(a,-iy 



= |i[(a' + l)" + (jy(^ + ir(^-l) 



+ 



|!L^|%+1)--(,_1). + ...]. 



23. For a particular case of the preceding Article put 



a? = C08d; then a; + l = 2cos'^, and a? — 1 = — 2sin'^; thus 



P.(co8^=co8«-|[l-|ftan|V|"-^ 



n{n-l),,0 



tatf 



r-i 
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24 We have (1 - 2olx + a^) "i = {(1 - oa;)' + a' (1 - x"")] 'K 

Expand by the Binomial Theorem ; thus we obtain for 
the general term 

1.3...(2m--l) {a\l-^x')r 
^ ^ 2"*|w (l-curr*^^ ' 



m 
2m+i • 



thatis i-ir^a-d-^f) 

2''»jmjm (l-OLx) 

Expand (1 — ax)"^^^ in ascending powers of ax, and pick 
out the term whiqh involves a** ; we find after reduction that 

this is ,,,„,^ , Hence, putting f for — ^-~ , 

we obtain finally 

25. For a particular case of the preceding Article put 

l—x^ 
X = cos Of then — ^- = tan^ 9 ; thus 

X 

P„ (cos 0) = COS* ^1 1^ ^(^^7^) tan» ^ 

n(7i-l) (71-^2) (7i~3) , . 



22^ 4^ 



26. In all these expansions we may if we please suppose 
a to be so small as to ensure the convergence of the series. 
We know, by Art. 16, that P„ (cos 0) cannot exceed unity ; 
and thus the series of which the general term is P^ (cos 6) a" 
is convergent if a is less than unity. 
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CHAPTER III. 

PROPERTIES OF LEGENDRE*S COEFFICIENTS. 

27. We have from Art. 7, 

^ 35 *^ 7 35 35 *^7V3^^3y 35' 

. Proceeding in this way we see that any positive integral 
power of X may be expressed in terms of Legendre's Coeffi- 
cients. The expression for a* will be of the form 

where a^, a„_j, a^_^, ... are certain numerical coefficients. 
The expression terminates with a^P^, or with a^P,, according 
as n is even or odd. The practical determination of the 
values of a„, «„_,, ...is facilitated by some propositions in 
the Integral Calculus to which we now proceed. 

28. To shew that | P^P^dx = 0, if m and n are un- 

/ 2 

f dx 

Consider the integral { . ._ - , that is 

JNa — bxya — Vx 



I 



dx 



V{oo' - iflb' + o'6) a; + hb'x*] ' 
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We shall find by the Integral Calculus, Art. 14, that 
Thus 

r dx 

J^/l^2^^D + u^ Vl - 2/3a? + j^ 

= -1^ log |V2a(l-2)8a? + /3*) - V2/3(l-2aaj+a''jl . 

Then, by taking the integral between the limits — 1 
and 1, we have 

p dx =-1-1 1±^ 



-{ 



1+ g- + -5-+-^+... 



Now the expression under the integral sign in the left- 
hand member of this equation is, by Art. 6, equal to 

(l+aP,+a^P,+...+a^P.+ ...)(l+i8P,+i8«P,+...+/3"P,+ ...). 
Hence, by equating the coefficients of like terms, we see that 

f P^P^dx = 0, 

if m and n are unequal; and that 

2 



•^ -1 



* ** 2n + 1 



29. We have shewn in Art. 27 that 

oT = a^P^ + a^P^ + a_^P_^+ .... 



Let a^ denote any one of the numerical factors; multiply 
by P« and integrate between the limits — 1 and 1 ; thus, by 
the aid of Art. 28, we have 



•'-1 



P^x'dx^ ^"- 



m' 



2m + l' 
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therefore a^= — ^ — I P^x'^dx. 

Thus the numerical factors can be expressed as definite 
integrals. 

30. It follows from Arts. 28 and 29 that if m and n are 
positive integers, and m greater than n, then 



/ 



P«aj* dx = 0. 



m 
-1 



This is one of the most important properties of Legendre's 
Coefficients. It will be convenient to change the notation 
and express the result thus : if m and n are positive integers, 
and m less than n, then 



r 



P^oTdx = 0. 



n 
-1 



31. The result of the preceding Article may also be 
obtained in another way. 

Let y be any function of x. By integration by parts we 
have 



fPnydx^^,y^j^,^dx, 



where f^ stands for jP^dx. 

1 d""^ 
ByArtll,wehavef, = ^;^^^(a? + l)«(a?-l)~; and 

this vanishes both when a? = — 1 and when a? = 1. Thus 
In the same way we find that 

where f, stands for I ^^dx, that is for p j-;^ {x + 1)" (x — l)". 
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Proceeding in this way, we have finally 
where f.= ^^(x + 1)' (x - 1)". 



Hence if y be a rational integral function of a? of a lower 
dimension than the n^, we have 



j P^ydx = 0. 



32. We shall now shew that no other rational integral 
function of x of the n^ degree except the product of a con- 
stant into P„ (a?) has the important property noticed in 
Art. 30; that is if ^ (a?) be a rational integral function of x 

of the n^ degree, such that I ^{a;)x'^dx = 0, when m is any 

positive integer less than n, then ^(x) must be of the form 
CjP,(a:), where C is some constant. 

Let <^i(aj), <}>i(x), ^,(a:),... denote a series of functions of 
X formed in succession according to these laws ; 

^,(a?)=J i>^{x)dx, 

and so on. 

By integration by parts, we have 



/: 



^{x) oS^dx = ^^(a;) a;* - m^,(a;) a?**"^ + mi^m - 1) ^,(3;) a?"*** - 

Now if m have any positive integral value between and 

71 — 1, both inclusive, I ^(a?) af*da? is by supposition zero when 

a? = 1. Put for m in succession the values 0, 1,. . .71 — 1 in the 
preceding equation; thus we see that ^^x)^ ^2(^)*'«'^»(^) all 
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vanish when x=l: that is, ^^{x) and its successive diflferential 
coefficients down to the (n — 1)"* all vanish when x = l. 
Moreover by the laws of formation <^n(^) ^^^ its. successive 
differential coefficients down to the (n — 1)*^ all vanish when 
« = — 1. And <f>n{^) is of the degree 2n in terms of x. Hence, 
by the Theory of Equations, Art. 75, it follows that (f>^(ai) is 
of the form A(x + lY {x — 1)**, where ^ is a constant. 
Therefore 

^ix)^A^^{x + lY(x-^l)\ 

Thus, by Art. 11, it follows that ff>{x) = GPJ{x)y where G is 
some constant. 

33. If m is a positive integer less than n, and ti — m is 
an even number, then 

[ x'^'P^dx'^^ 0. 

J 

For by Art. 7, we have (- ^)"P,(- co) = (- ly^x'^P^ix) 

= x'^PJix) when w — m is even. 
Therefore in this case 



{ x'^PJix^^l a;«P^cZa? = 0. 



34. We shall now determine the value of / x^P^^dXy where 
k is any positive number, whole or fractional. 

We know that 

P^= a^** + /3a?~-' + 7^**-^ + ... , 
where a, /3^y,^.. are certain numerical factors. 

Henco 
I x*Pdx = j — - — -+-5 — ^ — -+i ^^^ + ... 

I. Suppose n even. Then the number of the fractions 
T. 2 
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in the expression just given will be 3 + 1. If we bring the 
fractions to a common denominator, we obtain for the result 

K 

(& + 71 +!)(& + 71 -l)(A; + w- 3). ..(*+!)' 

where JE'is some rational integral function of k of the degree 

^ , Now we know by Art. 33 that K will vanish when k has 

any of the following values, ti — 2, n — 4,. . . 2, : hence -K'must 
be of the form \A? (& - 2){k — 4). ..(A; — 71 + 2), where \ is inde- 

pendent of k, since K is of the degree ^ . Moreover by the 

way in which K was obtained, since \ is the coefficient of the 
highest power of ky we must have 

X = a + ^ + 7+...; 
that is, X = P^(1) =1, by Art. 16. 

Therefore when n is even 



/. 



» .p , fe(A;-2)(fc-4)...(A;-n + 2) 
- (ifc + » + l)()k4-«-l)...(;fe+l)* 



n 



It will be seen that the investigation and the result will 
also hold in this case when k is negative, provided that it be 
numerically less than unity. 

II. Suppose n odd. 

By proceeding as in the former case we find that the sum 
of the fractions is 

^ 

(A; + 7i+l){& + 7i-l)(& + 7i-3)...(& + 2) ' 

where K is some rational integral function of k of the degree 

7?. -1 

— ^ — . Then K must be of the form 

X(ifc- l)(;fe- 3)(ifc- 5)...(ifc-w+ 2), 
and as before we find that X = 1. 



PBOPEBTIES OF LEGENSBK'S COBTPFICIEirFS. 19 

Therefore when n is odd 

C up-, _ (fe-l)(^-3)(fe-5)...(ib-n.+ 2) 

It will be seen that the investigation and the result will 
also hold in this case when h is negative, provided that it be 
numerically less than 2. 

Hence I afPJbc can be Immediately found ; supposing 

that if i be a fraction the denominator is an odd number 
when the fraction is in its lowest terms, so that the expression 
may be real throughout the range of integration. For if 
a;*P^ changes sign with x the definite integral is zero, and if 
afP^ does not change sign with x the value of the definite 
integral is twice the value corresponding to the limits 
and 1. 

35. For a particular case of the preceding Article let k 
be a positive integer not less than n, and let A; — n be even. 

First suppose k even, and therefore n even. Take the 
result in I ; multiply both numerator and denominator by 
1 . 3. ..(A; — 1), and also by 2 . 4...(i — w) : thus we obtain 

^ 

2 . 4...(A - 7i) 1 . 3 . b...{k + n + 1) ' 

Next suppose k odd, and therefore n odd. Take the result 
in II; multiply both numerator and denominator by 1 . 3.,. A, 
and also by 2 . 4. . .(& — n) : thus we again obtain 

1^ 

2 . 4...(A -n) 1 . 3 . 5...(& + 7i + 1) ' 

As an example we haVQ 



Jo 



1 \n 2*|nln 

xjr^ax 1 3,5..,(2n + l) |2n+l' 



36. We can now definitely express a?" in terms of Le- 
gendre's coefficients, n being a positive integer. 

2—2 ^ 
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By Art. 29 we have 

where any numerical factor a^ is determined by the equation 

2m+iri 



^Hl = 



^j^^x^P^dx. 



Therefore, as in this case n — m is even, we have, by 
the method of Art. 33, 

a„ = (2m-f l)f aj"P^cZa?; 
and therefore, by Art. 35, 



a« = 



(2m + 1) \n 



x"" 



2.4...(n — m) 1 .3.5...(n + m + l) 
Hence, finally, 



^,2„_7)(|^l)(|!Lzi),._+...j. 

37. As aiv example we will express the function 

y — x 

by the aid of Legendre's coefiScients, under two conditions 
which will appear in, the course of the process. 

The first condition is that y be greater than x ; then we 
have 

where the infinite series is convergent. 

Now express each power of a? in a series of Legendre's 
coefficients by Art. 36, and then collect all the terms which 
involve the same coefficient. Thus P»(a?) will arise from 

V^ ' ir^' ir**' ... ; and for the multiplier of it, 

a Sf !f 



,»f6' 



,-n-8 
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y 1.3. 5. ..(271+1) ^ 

4-A ^"^ .^. (271+1) k+2 1 

from — zi we get _ ^ ^ ' . —xo , 

y"^' ^ 2. 1.3. ..(271 + 3) 2^^ 

. a;"-"* .^ (271 + 1)171 + 4 

from — -iiT- we get ^ ll rrr:^__ 

^n.. 6 2.4. 1. 3... (271 + 5) y' 
and so on. 

Thus let (271 + 1) Q„ (y) = 

__t__{ ^^t , (71+1)^71+2) . 

l.'3...(27i-l)f ■*■ 2(271 + 3) ^ 

(71 + 1) (71 + 2) (71+3) (71 + 4) 

■*■ 2.4.(271 + 3) (271 + 5) 

then -J— = S (271 + 1) Q„(y) P,(^), 

y — a; 

where S denotes summation with respect to n from to 
infinity. 

As the second condition we require that y should be 
greater than unity, in order that the series denoted by 
Qn(j/) may be convergent. See Algebra, Art. 775. 

38. To express -.-^ in terms of Legendre's coefficients. 

dP 

The powers of x which -r-^ involves are the following, 

a;*"\ a?""', oj*"', . . . ; we may therefore assume that 
dP. 



2^"""' + ...}; 



dx 



= an-l^n-l + «n^-P„.3+Ct^^n^+-. 



where a^_,, a^_g, a„_5, . . . are numerical factors to be determined. 
Let a^ denote any one of them ; then, by Ai*t. 28, 



Ctm = 



2m + ir T. dP. 



Ij'^-^'^ ^1)- 
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Now, by Art. 30, we see that for all the values of m with 
which we are here concerned 



•'-1 



^«^"<^ • (2). 



Multiply (2) by ^^^ and add to (1) ; thus 



and as n — m is here an odd number we have P^ P. = 1 when 
a? = 1, and = — 1 when a; = — 1. 

Therefore a =2wi + l, 

Tliu8^-=(2n-l)P^. + (2n-5)P^ + (2«-9)P^+...; 

the last term is 3Pj if ti is even, and P^ if n is odd. 

39. In Art. 14 we have expressed P^ (cos 0) in terms of 
cosines of multiples of ft Now i{f(0) denote any function 
of 6 we can expand /(6') in a series of the form 

a, sin ^ + a^ sin 25 + a^ sin S6 + ... , 

where a^, a^, a, ... are numerical factors : see Integral Calcu- 
lusy Chapter xiii. The expansion will hold for values of 
between and tt, excluding however these limiting values 
unless/ (5) vanishes when ^=0 and when 6 = ir. . All the 
numerical factors are determined by the general formula 



a^ = - ['f {0) sm mO d0. 



We shall now apply this process to the case in which 
/(^) = P,(cos^). 

We shall first shew that a^ is zero if m is less than 7i + 1. 
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We know that sin m6 = Jtf x sin 6, where M denotes a 
rational integral function of cos 0, of the degree m — 1 : see- 
Plane Trigonometry, Art. 288. Thus 

[' P^ (cos 0) sin me dd = [''p^ (cos 0) MsmO dO 

= [ P^{x)Mdx, 

where Jif is now supposed to be expressed as a function of Xy 
by putting x for cos 6. 

Hence by Art. 30 it follows that o^ is zero if m is less 
than n+1. 

We shall next shew that a^ is zero if m -- 7i is equal to 
any even number. 

For M being expressed as a function of a; as before, the 
product PJ^x)M will involve only odd powers of a?, and there- 
fore the integral of it between the limits —1 and 1 will 
vanish. 

Thus we have to find o„ only for the cases in which m 
has the following values, w + 1, n + 3, n + 5,. . . 

Now, by Art. 15, we may put P^(cos 6) in the form 
26^ cos w5 + 26^_,cos (n-2) 5+ 2J„_^cos (n-4) 6+ ..., 

observing that if n is odd the last term will be 26^ cos 6, and 
if « is even the last term will be J^. 

Hence P»(cos 0) sin mO = h^ {sin (m4- n)d + sin (m — n)0] 

+ J^{sin(m+w-2)5+sin(m-n+2)5} 
+5^_^{sin(m+7i— 4)^+sin(wi— n + 4)5} + .... 

Integrate between the limits and tt for ^ ; thus since 
m — n is odd we obtain 



2J 



\m-\-n m-n) **-*\m + n-2 m-n + 2/ 

+ 2KJ T + tt) + --> 

*"* \m + w — 4j m - w + 4/ 
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the last term beinff 2b, ( =^ H =-) if n is odd, and — ^ 

if n is even. 

Let m = n + 2& + 1 ; then the expression becomes 

2h( ^ + -J_U26 ( ^ + ^—] 

■*'^^*'-*V2n + 2fc-3"*'2Fr5J"^-" 

Bring all these fractions to a common denominator ; thus 
we obtain 



{2k + l){2k + S)...{2k + 2n + l)' 

where K denotes a rational integral function of k of the 
degree n. Now K must vanish when k has any of the values 
— 1, — 2,.,. — 7i; for in all these cases sinm^ becomes nu- 
merically equal to sin fidj where /x has some positive integral 
value which is less than tj + 1, and therefore, by what has 

been already shewn, I P„(cos 9) sin m0 dQ vanishes. Hence K 

J 

must be of the form X(k+ l){k + 2) ... (k + n), where \ is 
independent of k. 

Also from the way in which K was obtained we see that, 
according as n is odd or even, 

\ = 2«+X2&n+25n-2+- + 2&i)> 
or X = 2"*X2&„+ 26,_, + ... + 2J, + 6J ; 

so that in both cases \= 2*»+'P,Xl) = 2"-*-\ 



Hence /^^(cos 6) sin {n^ 2k +1)0 dO 
Jo 



_ 2''-''(k+l){k + 2).. .{k +^) 
{2k+l)(2k + S) ...{2k + 2n + l)'' 

2 

and a„+ji^.i is equal to the product of this into — . 
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Thus finally P^(cos 0) 
4 2.4...2n f. , , TN/j , l.(w + l) . . , Q. ^ 

1.3.5(n+l)(re+2)(n+3) • , ..y.^. } 
■^1.2.3(2«+3)(2»+5)(2ra+7)^ ^""'■^^'^^•■•j" 

The value of I P.(cos 6) sin (n + '2,k+l)d dd can be put in 

Jo 
the form 

1 

thus we see that it is less than , and is therefore 

/ + 2 
indefinitely small when & is indefinitely large. 

40. In the general formula of the preceding Article for 
P^ (cos 6) put w = ; thus 

4 f 1 1 ) 

1 = - Jsin 5 + ^ sin 35 + ^ sin 5^ + ... k 
TT ( 3 5 J 

Again, in the same formula put n = 1 ; thus 

2 (4 8 12 

cos 5 = - \j: sin 25 + —^ sin 45 + ^^ sin 65 + ... 

TT [6 10 OO 

These results are well known: see Integral Calculus, 
Arts, 311 and 312. 

41. We shall now shew that the roots of the equation 
P„(x) = are all real and unequal, and comprised between 
the limits — 1 and + 1. 
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I. Suppose n even. By Art 30 we have I P^dx = 0. 

Hence P^ must change sign once at least between a? = -- 1 
and a? = 1, 

Let a denote a value of m at which a change of sign 
takes place. Then since P„(— oo) = P„(aj) it follows that 
^n(^) = (^""'^')^n-a» where r^_, is a rational integral func- 
tion of X of the degree ti — 2. 

Again, by Art. 30, we have I {a? — a*) Pjlx = ; there- 

fore I (a?* — a*)'I^_jCijj = 0. Hence F^_j must change sign 

once at least between a; = — 1 and a? = 1. Then, as before, 

we see that ^i^^a^ (^*'"^*)^»-4> where Z^_^ is a rational 
integral function of x of the degree w — 4. 

Proceeding in this way we obtain finally 

P, = ^(a:' - a'JCa;'- 6')(a7'-c»)..., 

where the number of the factors a?' — a', ai" — 5', a^ — c',. . . is 

^ , and J. is some numerical coeflGicient, since P^ is of the 

degree n. 

Thus we see that the equation Pn{x) = has n roots lying 
between — 1 and + 1. 

We have still to shew that the factors of P„ are all dif- 
ferent. If possible suppose that two of them are alike, so 

that P^=(a:*-a*)'Z^_,. By Art. 30 we have [ P^Z^_^dx=0, 

f^ P^ ..."'. 

so that / / 2 ** a\2 ^ = Q> ^^^ ^'^is is obviously impossible. 
J _^(x —a ) 

Hence the factors of P^ must be all diflferent, 

II. Suppose n odd. In this case P^ (0) = 0. By Art. 30 
we have I xPJLx = 0; and since P^ (— a?) = ^P^(pc) it follows 
that xPX^ must change sign once at least between a? = - 1 
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to' 

even 



and a? = 1. Let a denote a value of x at "whicli a chansre 

P (x) 
of sign takes place. Then since *^ ^ involves only 

•(7 

powers of x, it follows that P^(a?) =a?(a;' — a')I^_g, where 
1^_3 is a rational integral function of x of the degree w — 3. 

Again, by Art. 30, we have / x (ai*— a')P»da; = 0; there- 
fore I a?' (oj* — a*)' Y^^^dx = 0. Hence 1^ must change si 



sign 



once at least between a? = — 1 and x = l. Then, as before, 
we see that Y^^ = (a?* — 6*) Z^_^, where .^^ is a rational in- 
tegral function of x of the degree n — 5. 

Proceeding in this way we obtain finally 

P„ = ^ar(aj»-a^ (aj"- J*) (ic'-O ... , 

where the number of the factors a?* — a', a;' — 6', a;' — c^ ... is 

— ^ — , and A is some numerical coefficient, since P^ is of the 

degree n. 

Thus we see that the equation P« (a?) = has n roots lying 
between — 1 and + 1. 

In the same manner as in I we may shew that the factors 
of Pn are all different. 

42. Since the roots of the equation P» (x) = are all com- 
prised between — 1 and + 1, it is obvious that Pn{x) can never 
vanish when x is numerically greater than unity. This can 
also be readily inferred from some of the expressions pre- 
viously given for P« (x). 

Thus in Art. 17 if f be expressed in terms of a?, and re- 
ductions effected, we obtain only powers and products of x 
and a^ — 1 with positive numerical factors ; so that the whole 
is necessarily positive when x is positive and greater than 
unity. And as P^ (- x) = (- 1)* P. (a?) it follows that Pn (x) 
will not vanish when x is negative and numerically greater 
than unity. 

The same conclusion may also be deduced from Art. 24. 
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43. Take the equation 2a*P^ = (1 — 2a^ + a^)"i, where 
2 denotes a summation with respect to n from to oo ; put 

/n -Tp '-^"i ^^^ ^' ^^^ suppose jp numerically less than unity, 
so as to ensure a convergent series. Thus 



.3 






3^ 






{l + F+/A'-(l+pA^2^)'}4' 

, , dx 

and ov = :: » , 

therefore 

y p^'Pn dx Tcdy 

{l + ¥x'f¥ ~ {1 + 7c» +/ r - (1 +plc' yY]^ ' 
By integration we have 

Take the integral with respect to x between the limits 
— 1 and 1 ; the corresponding limits with respect to y are 

In order to simplify the expression on the right-hand side 
of the equation let tan A — h, and tan 5= -tt~- — j^ . Therc- 
fore 

COS A = . .^ , , o. , and cos B = 



a 7,'A i 



V(i + A") ' — V(l + fc' + / ^-0 
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therefore 

1+ ^^ 



^\, — 2T5T =cos A COS 5 (1 ± tan J[ tan 5) = cos {A + B). 

Y (i + AT "i^jp fC ) 

Thus the value of <[> at the upper limit is — — A + B, 
and at the lower limit -^ — A — B, Hence 

2B 2 , ^1 pk 
= — r = —7 tan ^ 



pk pk V(l + ^'') * 
Expand tan"* ,,./ . ,,. in powers of ,,^ ,o, ; thus 



•Z -.1 






-^Cl+fc'o;*)"^ (271 + 1) (1-fF) ^ 

where both summations extend from w =■ to tj = oo . 

Hence equating the coeflGicients of the powers of p we 

see that I ^^^ ^^^ is zero if n be odd^ and is. equal to 

'^''Jl + k'x')T 

2 (- 1)" k"" 



(n + 1) (1 + F) 



;^q:Y if n be evexk 



( 30 ) 



CHAPTER IV. 



THE COEFFICIENTS EXPRESSED BY DEFINITE INTEGRALS. 



44. Let a and h denote real quantities of which a is 
positive and greater than h ; then will 

f_# = -m m 

For we may assume - = z § > where c is less than unity; 

thus ' T- _ I ^ 






-^cos^ 









And 



by Integral Calculus, Art. 296. 

TT ^ TT (1 + c') 

Thus (1) is established. 

Now in (1) put a = 1 — aa;, and 6 = a V(^ "" !)• We may 
suppose X positive and greater than unity, and a negative, so 
that a and h are both real and a is positive ; moreover 
a' — 6* = 1 — 2x0? + a', which is positive. 
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Therefore from (1) we get 

ir» d^ 1 

irj^ 1 -Gtaj + a >v/(i»'-l) cos^ (1 - 2aa; + a^)* * 

Hence expanding both sides in ascending powers of a, and 
equating the coefficients of a", we have, by the definition of 
Art. 6, 

p^(ic) = -r{a;-V(^-l)cos<^}*J<^ (2). 

Thus Pn{ai) is expressed as a definite integral. This formula 
is due to Laplace, M^canique Celeste, Livre xi, Chapitre II. 

45. In obtaining equation (2) of the preceding Article 
we found it convenient to suppose x positive and greater 
than unity ; but it is obvious from the nature of the result 
that it is true for all values of x. For if {x — fs/(x* — 1) cos <j>Y 
is expanded, and the tenns integrated between the limits 
and TT, then all the terms which involve odd powers of 
iy/(iB^ — 1) will vanish. Hence we obtain finally a rational 
integral function of x, and as this is identical with P^{x) when 
X is positive and greater than unity, it must be identical with 
jP,J(x) for all values of x. 

46. The definite integral in Art. 44 can easily be made 
to reproduce some of our former expansions. 



1 T' 
For example - I {a; — *J(x* — 1) cos <f>Y d<f> 



= - I 1^** - ria?"" V(«^ - 1) cos 6 
TrJo I 

+ ^^'|^^^ a?""'(a?'-l)cos'^-...} d<f>. 

As we have said in Art. 45 the odd powers of ^{x* — 1) 
will disappear from this expression, so that it reduces to 



TTJot 



n{n-l) J , . 2 
H rs ^ (a? — 1; cos 9 

If 



+ ^(^-^)(^-^^("'^)^-«(.;'-l)'cos> + ...}#. 
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Thus by the Integral Calculus, Art. 35, we obtain 

w(ra-l)( n- 2)(«-3) ^ , 

This coincides with Art. 24. 

47. It is obvious from the preceding Article that we 
may also take 

P^==ir{a; + V(«'-l)cos^}*'d^, 

"J 

for this is really identical with equation (2) of Art. 44 when 
the expansion and integration are effected. 

48. We will now give another example of the use of the 
definite integral. We have x +^{a}^ — 1) cos^ 



where c is put for J — 1. Thus if t = a/ ^ we have 

{x + V(«^' - 1) cos cj>Y = P^JO- + ^^0" (1 + re-^T- 

By expanding and multiplying out we can arrange the 
product (1+ re*')" (1 + re"*')" ill the form 

« 

cIq + a^cos (}> + a^ cos 2^ + ..., 

and thus when we integrate with respect to <j> from to tt 
every term vanishes except the first; therefore 

^x + 1 V 

andao=l+nV + j ' ^' > r + ..... 
This coincides with Art. 22, 



P = 
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49. We will now shew that the definite integral obtained 
in Art 44 may be transformed when x is positive and greater 
than unity so as to give the formula 






For assume a new variable -^ connected with <^ by the 
relation 

, aJCOS'Jr + a/(^— 1) 

cos 6 = ;. » ^^\ J , 

a? + V(^ — 1) cos -^ 

*which leads to 

x + *J(x^ — 1) cos y^ ' 

X - V(a^ - 1) cos <^ = ^^j-^p,!^^^^ , 

ji_ d;^ 

™ x+ »J{a? — 1) cos -^ * 

Since a? is supposed greater than unity a? +\/(^' — 1) cos -^ 
can never vanish, and it is always positive, as a? is supposed 
positive: thus as i|r continually increases from to tt we 
have ^ also continually increasing from to tt. Hence 

60. Suppose ar= cos 0\ then by equation (2) of Art. 44 

we have 

1 f "• 
P^ (cos ^ = - I (cos ^ — t sin ^ cos (ff d<f> ; 

this expression for P^ (cos 5) involves thie imaginary symbol l. 

Dirichlet however has expressed P^ (cos 0) by means of 
definite integrals, in which the imaginary symbol does not 
occur ; and we now proceed to his investigation. 

We have ,.^ ^ WT-^ = ^^^-^n (^^s 0\ 

V^(l— 2acosa + a) *^ ^ 

jvrhere % denotes a summation from n = to n = oo • 
T. 3 
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Let a = COS ^ + ^ sin ^ ; then Sa^P^ (cos 0) takes the forni 
iH"+ iKy where 

H^ t cos n^P^ (cos e), K=X sin w^P^ (cos ^) (1). 

_, 1 

We must now separate -77^ — ^r—r ^ -j^ into its real 

^ V (1 — 2e** cos 6 4- ^'*) 

and imaginary parts. We have 1 — 2e*^ cos + e^"^ 

= e** (e** + 6-'*) - 2e^* cos ^ = 26** (cos ^ - cos ^. 
We suppose both and ^ to lie between and tt. 
If ^ is greater than ^ then >v/(cos <f> — cos ^) is real ; thus 

- -i* cos? — ^sin^ 

1 6 2 2 2 



V(l - 2e** COS e + e^*^) J2 (cos^-cos^) ^2(cos^-cos^) ' 

If ^ is less than ^ then aJ{cos — cos <p) is real ; and if 
we multiply the numerator and the denominator of the 



tir 



fraction already obtained by c, that is by e ^ , we obtain 

'^"•"^^ sin^+^cos^ 



V (1 - 2e^ cos ^ + e2'*) V2 (cos ^ - cos ^) V2(cose-cos0) ' 
Hence we deduce that 

cos I 

H = ■ , u when is greater than 6, 

V2(cos^-cos^) ^ ^' 

Rm| 

and = , when is less than <f> : 

V2(cosi9-cos0) ^ 

sin I 

K=^ ■ when ^ is greater than ^, 

V 2 (cos <!> — cos ^) 

cos I 
and = ,-u when is less than 6. 

V2(C08^-C0S^) 
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Now from the equation jEr= 2 cos »^P^(cos 0) we obtain 

2 f"" 
P^{cos6) = - j Hcosn(l>d<f), 

"J 

for every positive integral value of n, except when n is zero, 
and then we have 



-iiy^^- 





Again, from the equation £ = 2 sin n<f> P^ (cos ff) we obtain in 
like manner 

P (cos 0)=^- \ -STsin n(i> dd> 

for every positive integral value of n, excluding zero. 

Hence with the values which have been already obtained 
for S and K we have 

p. (cos d) = 
„ j COS w^ COS ^ „ j COS w^ sin ^ 

"TT/ V2 (cos ^ - cos e) ^ Try fl V2 (cos e - COS ^) ^ 

this holds for every positive integral value of n, except when 
n = 0, and then only half the expression on the right-hand 
side must be taken : 

and P^ (cos 0) = 

P sin n<l> sin ^ ^ T sin w^ cos ^ 

ttJ V2 (cos ^ - cos ^) ttJ « V2 (cos ^ - cos 0) ^ 

this holds for every positive integral value of n, excluding 
zero. 

The formulae (2) and (3) are Dirichlet's expressions for 
P^ (cos 0) by means of definite integrals. 

51. Multiply the first of equations (1) of the pre- 
ceding Article by sin |^, and the second by cos^, and add, 

using the values obtained for H and K\ thus we get 

3—2 
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2n+ 1 
2 sin — 2 — ^ ^n (^os d) = when is greater than ^, 

and = . ^ when 6 is less than A, 

V 2 (cos 6 — cos 0) 

Again, multiply the first of equations CI) by cos ^ , and the 

second by — sin ^ , and add, using the values obtained for H 
and -ST: thus we get 

S cos — g- ^ P„ (cos S) 

= when 6 is less than ^, 

and =■ ■ ■ ■ when 6 is greater than 6. 

V2(cos<^-cos^) ^ ^ 

52. From equations (2) and (3) of Art. 50 we have by 
addition and subtraction respectively : 

Pn (cos ff) = 

r% 2?l + 1 , /-ff . 2w + 1 . 

cos-^— ^ sm— s— <^ 

'tJ V2 (cos <f) - cos 0) tt/ « V2 (cos ^ - cos (p) ^' 

1 cos— ^— ^ I sm— ^^ — ^ 

= 1 .x#"/. / e?A; 

^ V2 (cos ^ - cos e) ^ •/ * V2 (cos e - COS ^) ^' 

these hold for all positive integral values of n, including 
zero in the first formula, but excluding it in the second. 

53. The investigation of Art. 50 is not quite satisfactory 
owing to the substitution of an imaginary symbol for a ; hence 
it is advisable to verify the equations (2) and (3) of that 
Article. We begin with equation (2). 

Let the first integral which occurs in (2) be denoted by 
A^ and the second by B^ ; we shall shew that S a* (-4^ -f B^ 

is equal to (1 — 2a cos + a*)"^, which amounts to shewing 
that ^^ + -B^ = P^ (cos e). 
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In the first place A^ is finite ; for 

cos w<^ cos ^ - p cos n<\> cos ^ 






V2 (COS ^ - cos 6^) ^; . // i^, I _ gij^, 1^ 

Now as cos ^ retains the same sign within the range of the 
integration we know by the Integral Calculus, Art. 40, that 

9 cos 5 




V(^| - sin* f ) 



where 7 is some value assumed by cos ikJ) within the range of 
integration. Hence the value of A^ is less than 



^1 



* cos 2 



^(sm«2-sin«| 



) 



that is, less than unity ; so that A^ is finite. 

Since A^ is less than unity the series of which a'A^ is 
the general term is convergent if a is numerically less than 
unity. This series, putting for A^ its value, is 

1 [' ^^ 2 fl 

d //..g . ^^J l + «cos<^ + a'cos2^ 

■^Vl 2-''''2J +a'eosSi>..Xd<}>. 

Now the sum of the infinite series between the brackets 
is known by Plane Trigonomdry, Art. 333, to be 

1 l-g' 

21-2acos^ + a'* 

i 

Thus l,a'A. -' "* • '^'^ 



l-g'f 



. ^0 . j^y 1 — 2acos^ + a'' 



^(sin'l-sin'l) 
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Assume sin ^ = sin ^ sin -^ ; then 

cos 5 d<\> 



^(sin»|-sin«|) 



= 2cZ^, 



and 



Q 

1 — 2a cos ^ + a' = (1 — a)* + 4a sin* ^ sin' '^ 

= (1 -a)'cos' V^+ {(1 -a)' + 4asin»| • sin'^^ 
= (1 -a)'cos'V^+ (l-2acos^ + a') sin*^^. 

w 

• ir j^ (l-a)*cos*'^+(l-2acos^-ha*)sm*>^ 
1 — a* 1 TT l-fa 



^ 'V(l-a)*(l-2acos6>+a*)'2 2 V(l-2acosd + a*) ' 
Noxt consider 2 a*5^. We have 

^ f ' cos «^ sdn f 

£ « *: I -* d6 : 

• W'/'Nii^^costf-cos^) ^ 

bv chai\gii\g ^ into tt — ^' we obtain 

^ j cos «^ cos i^ 

Heivey^ (— 1"^* B^ is the same function of tr— (> as J is of 
f^: aiui thxis Sat" A^ can Iv obtained fn>m SaVI. by cLang- 
ii^BT C^ into v — c^ and jk into — x Hence 
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We shall next verify the equation (3) of Art. 50. 

Let the first integral which occurs in (3) be denoted by 
G^y and the Second by E^ ; then as the equation is asserted 
to hold for all positive integral values of n except zero, and 
that a^Pp = 1, we must shew that 

Sa'*(.(7, + ^J=(l-2acos^ + a^-4-l; 
the summation extending from n = 1 to n = oo . 

We can shew as before that the series of which the 
general term is a* (7^ is convergent when a is less than unity. 
This series, putting for C^ its value, is 

B sm ^ 

{a sin^+ a'sin2^Hr a'sin3<^+ . . ,]d<f>. 




y(sm>|-sin«|) 



Now the sum of the infinite series between the brackets, 
is known by Plane Trigonometry, Art. 333, to be 

asin(^ 



8 • 



1 — 2a cos </) + a' 

mi -c* « ^ ^1 2 Sin 9 ao 

ThusSa*"^ - ' ^ 



" "Jo 



y(sin«|-sin«|) 



</)\*l — 2a cos ^ + a* 



Assume sin ^ = sin ^ sin y^ ; thus 

sin" ^ dy^ 






2a cos ^ + a* 



But 4a sin*f = 1 - 2a cos ^ + a* - (1 - a)* ; so that 
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and thus, by the aid of what has already been given, we have 

We may deduce the value of %o^E^ from that of 2a* (7^ 
in the same way as we deduced the value of 2a*5^ from that 
of 2a"-4^, namely by changing 6 into ir^d and a into — a. 
Thus 

2a*^=-U ^ + « 



2 ' 2V(l-2acos^ + a')' 



Therefore "ZdriC^^ E;^^-1'\"-j7z — ^^ zi_i. «n > 
which was to be shewn. 



( 41 ) 



CHAPTER V. 

DIFFEBENTIAL EQUATION WHICH IS SATISFIED BY 
LEGENDEE'S COEFFICIENTS. 



54. Let F= 



V(l-2aa;+a') 



«N ' 



then ^ ? =aV. 



<^ (l-2aaj + a»)« 

hence ^= 3a F» ^= 3a» F», 

oar ao; 

^=_7»+3(x-a)F«^ = -F» + 3(«-«)'F'. 

Therefore 
(l_a^^+-a»^=F»{3a»(l-a!')F'-a» + 3a»(a;-a)»F'}; 

and 3a*(l -ai") + 3a*(aj -a)* = 3a'(l - 2aa! + o*) = |^ : 
thus (i_ai^^+a«^=2a'F'. 

Also 2a;^-2a^=2a»F». 

ox aa 
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Therefore, by subtraction, 

,, ^d^V „ dV , ,(?F, ^ dV ^ 



this may also be written thus : 



dx\^ ' dx) d2\ doL^ 



= (1). 



By definition we have F=2a*P„; substitute the value of 
V in (1), and equate to zero the coefficient of a* : thus 

^{(i-^S}+«('^+i)^»=« (2). 

This shews that Legendre's rfi^ Coefficient must satisfy the 
differential equation (2), which may also be written thus : 

fPP dP 
(l-a;')^-2x^ + n(» + l)P„ = (3). 

55. We have shewn in Art. 41 that the roots of the 
equation P^(a?) = are all real and unequal, and comprised 
between the values — 1 and + 1. Part of this proposition 
may be deduced immediately from the formula 

For the roots of the equation (x^ — 1)** = are all real; namely, 
n of them equal to — 1, and n of them equal to + 1 : hence, 
by the Theory of Equations, Art. 105, the roots of the equa- 
tion F^ [x) = are all real, and comprised between the values 
— 1 and + 1. 

Thus to complete the proposition we have only to shew 
that the roots of the equation P^ (x) = are all unequal ; and 
this ^vill follow from (3) of Art. 54. For we know by the 
Theory of Equations, Art. 79, that if the equation P^ (a?) = 

has two roots equal to a, then P^ (a?) and — ,** ^ both vanish 
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d^P (x) 
when x = a; hence from (3) it follows that — ,**, ■ will also 

vanish when x = a. And proceeding in this way, and using 

the results obtained by successive differentiation of (3), we 

should find that all the differential coefficients pf P^ (x) 

d^P (x) 
down to — /"^ vanish when a; = a. But this is impossible; 

for we know by Art. 8 that ^1!^4^ = 1.3. 5...(2n-l) ; 
and so it does not vanish. 

56. The following relation holds between three succes- 
sive Coefficients of Legendre : 

(« + 1) P^, - {2n + 1) xP, + nP,_, = 0. 

For it appears from the process of Art. 54 that 

dV 
" (l-2aa; + a^)^ + (a-a:)F=0. 

Put for V its value 2a**P^, and then equate to zero the co- 
efficient of a" ; thus we obtain 

(n + 1) P„„- 2nxP^ + {n-l) P„., + P„_. - aP. = 0, 

that is, (n + l)P^,-(2n + l)aP. + nP^j = (4). 

57. From equation (4) by changing n into n — 1 we 
obtain 

«P„ - {2n - 1) xP^, + (n - 1) P^, = 0, 

and then we may again change n into w — 1, and so on. 

From the equations thus obtained we see that P^ Pn-v" 
constitute a series of terms which possess the same essential 
properties as Sturm's Functions ; see Theory of Equations, 
Chapter xiv. These properties are that no two consecutive 
terms of the series can simultaneously vanish, and that when 
one term vanishes the preceding and succeeding terms have 
contrary signs. Moreover when x = l all the terms are 
positive, and when a? = — 1 the signs are determined by 
Pr (— 1) = (— 1)**, SO that they are alternatively positive and 
negative. Hence by the application of Sturm's method we ob- 
tain another demonstration of the whole theorem of Art. 41. 
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Also we see that between two consecutive roots of the 
equation P^ {x) = there is one, and only one, root of the equa- 
tion P^_j (x) = 0. For let h and k denote two consecutive 
roots of the equation P^ (a?) = 0, and suppose h the less. 
Then if there were no root of the equation P^_j (x) = be- 
tween h and k the number of permanences of sign exhibited 
by the series when a? is a little greater than k would be the 
same as the number when a? is a little less than h : but this 
is impossible, for the former number exceeds the latter by 2. 
Hence there must be one root of the equation P„_^ {x) = 
between h and k. And there cannot be more than one ; for 
otherwise the whole number of roots of the equation 
P^_j (x) = would be greater than w — 1 ; which is impossible. 

58. From equation (3) of Art. 44 we have 



= -r{aj-V(a;'-l)cos^r"*{«i"-a?V(^-l)cos<^-l}# 



aj»-l£p 



n-1 dx •-" 
thus (^n-l){xP^,-P^,) = {a^-l)^^ (5). 

Again from Art. 49 we have 

^p p _ 1 f ' g {a; + VCg*-!) cos ^ } - 1 j . 
^■f^i - -f. - ^j ^a, + ^(^r* - 1) cos 4]^*'' ^^ 



1 i I ' 1 + ~T7~i IN COS d> 

~ IT J {« + VC** - 1) COS ^1"+' "^ 



_ a^-1 ^ p 
thus «(»P^.-PJ = -(«'-l)%' (6). 
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The formula in Art. 49 by the aid of which (6) has been 
obtained was demonstrated only for the case in which x is 
positive and greater than unity; but as (6) expresses an 
identity between certain rational integral functions of a?, it is 
manifest that since it holds when x is positive and greater 
than unity it holds for all values of x. 

By adding (5) and (6) we obtain 

-nP,+ (2»-l)a!P^,-(«-l)P^=0; 

this agrees substantially with (4), 

59. Other relations resembling those of the preceding 
Article may be obtained. Thus, take the fundamental equa- 
tion 

V(l-L + a' )='-P» + -P>°+^»'' + -^''' + -> 

differentiate with respect to x, and then divide by a; we 
obtain 

1 dP. , dP, , .dP, ,^ 



(1 — 2aa? + 0*)* dx dx dx 

Also from the fundamental equation, by diflferentiating 
with respect to a, we get 



a? — a 



|j-^^^^ = /; + 2P.,H-3P.,V (8). 

From (7) and (8) we get 

Hence, by equating the coefficients oi a!^'^, we get 

-s-%-< w 

Again from (7) we have 
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Substitute for the left-hand member its value from the 
fundamental equation, and then equate the coefficients of a" ; 
thus 

p — ^_»±i — 2a?-^ + ^^* .. (10") 
"^ dx dx dx ^ ^* 

From (9) and (10) we have 

"" dx dx •** 
so that ^i«^i = (2» + l)P^ (11). 

60. In equation (11) change n successively into w — 2, 
n — 4, ... and add the results; thus we have a new demon- 
stration of the result obtained in Art. 38. 

61. By integrating (11) we obtain 

(2» + l)j'_'^P„^ = P^.-P^, (12), 

for the right-hand member vanishes when a: = — 1, so that no 
constant term is required. 

Similaxly (2n + l)£p,<faj=P^,-P^, (13). 

62. The differential equation (2) of Art. 54 serves as 
the foundation of an instructive demonstration of part of the 
theorem of Art. 28. 

For by virtue of the differential equation we have 
-n(» + l)/p^..&,=/p4{(l-^)5}&; 

integrate the right-hand member by parts, and take — 1 and 
4- 1 as the limits of the integration : thus we obtain • 
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In precisely the same way we may shew that 

Therefore m{m + l)j F^PJx:=n{n + l) j F^PJx, 



Hence if m and n are diflferent we must have 

'I 



/ 



P.JPJx = 0. 
-1 



If we consider the indefinite integral we obtain by the 
method of this Article 

{m(m + l)-7i(/i + l)}Jp^(a?)P.(a;)e?a; 

this may be immediately verified by differentiation. 

From this formula we can find the value of \P^(x)Pn (x)dx 
between any assigned limits ; for example 

Jo 
= the value when a: = of {^n(«^)^^^-^»n(^)^^ 

By Art. 7 the right-hand member vanishes if w and 
n are both odd, or both even. Put 2m for m and 2n — 1 

for n\ thus [2m (2m + 1) - (2n - 1) 2n} f P^Jfc) P^^_^x)dx 

Jo 

= the value when a? = of - | PJ.^)^^^^^ ■ 



= (-1) 



„+,1.3.6...(2m-l) 1.3,5...(2w-l) 



2,4...2»M ■ 2.4...(2n-2j * 
As an example we may shew from this formula that 

I P^(a!) P^x)dx = I P»»(aj) Pt»^x{x) dx. 
JO Jo 
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63. The differential equation (2) of Art. 64 will be 
modified in various ways by the transformation of the inde- 
pendent variable : we will notice some of these. 



I. Put a? =5 cos ^ ; then (2) becomes 

de 



(sin^^) -hn (n + 1) sin^P^ = 0, 



j^p jp 

or -^• + cot^-^- + n(» + l)P. = 0. 

II. Let a;*+p* = 1 ; then (2) becomes 

or p(p*-l)^»+(V-l)^-«('^+.l)p^.= 0. 

III. Let 2a; = f + f* ; then (2) becomes 

or r(r-i)^+2r^-«('n-i)(r-i)i'.=o. 

64. The differential equation may be employed to deduce 
various expansions of P„ ; we will take one example and thus 
verify the expression for P» (cos 6) in a series of sines of multi- 
ples of 6 which was obtained in Art. 39. 

Assume then that 

P,^ (cos 0) = a^ sin d-\-a^ sin 20 + a^ sin 3^ +. . . ; 

and put this value in the differential equation I of Art. 63, 
which may be expressed thus : 

in^|^ + w(n + l)pj + cos^^=^0. 



sm 
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Tiie term a„ sin mO gives rise to 

a^ sin sin mO -jn (n + 1) - m'S- + w cos ^ cos mO , 



that is to 



''|{cos(m-l)^-cos(m + l)fll|w(n + l)-m'l 

+ ^^ IcOS (m - 1) ^ + cos (771 + 1) ^[ . 

The sum of all such expressions is zero by virtue of the 
differential equation ; hence multiplying by 2, and rearrang- 
ing, the following sum is zero : 

a^n (n + 1) 

+ a ln(n + l)-2'+2j 



cosd 



r(73jn(n + l)-3'+3~aJn(n + l)-r-ll"|co8 2^ 



+ 
+ 
+ 

+ 

As this must vanish for all values of 0, we find in suc- 
cession ttj = 0, ttj = 0, ag = 0, ... a^ = 0. Then when m = n + 1, 
we see that the coefficient of cos {n-\-l)0 vanishes, whatever 
finite value a^^ may have. Also a^^,, a„^, a^^, ... = 0. And 
^n+i> ^»«> ^® connected by the law 

__ (m — n — 2) (m + w — 1) 
^'"" (m-w-l)(m + w) ^"'-»* 
Thus we obtain P^ (cos ff) 

1 . 3 . (n + 1) (w + 2) . , ,, ^ ) 



T, 



4 
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This agrees with Art. 39 as to the terms between the 
brackets, but leaves the value of a^^^ as yet undetermined. 
The diflFerential equation will not enable us to determine 
a„^, ; for that equation will not be changed in form if instead 
of P^ we substitute the product of P^ into any constant 
factor. We may use the formula 

a„^, = - r^n (cos 0) sin (n + 1) Odd ; 

and since a^_^ = 0, we have 

= " f'p^ (cos 0) sin (w - 1) 0d0 ; 

therefore, by subtraction, 

4 r* 

a . = - P^ (cos 0) cos n0 sin 0d0. 

Now 2 cos??^ = 2*cos*^ + terms involving lower powers of 
cos ; hence, by Art. 30, 

= - [ {\-a?)'dx, by Art. 32, 



ir 






" ^0 

4 27i(2n-2)...2 



7r-(2/i + l)(2n-l)...3' 
This agrees with Art. 39. 



( ol ) 



CHAPTER VI. 

THE COEFFICIENTS OF THE SECOND KIND. 

65. "We have seen in Art. 54 that P„(^) satisfies a certain 
differential equation of the second order: according to the 
known theory of differential equations we infer that there 
must also be another solution, and this we proceed to in- 
vestigate. 

66. Take the differential equation 

and find a solution in the form of a series proceeding accord- 
ing to ascending powers of x. 

Assume z = ar + ajxT^ + o^cc'""^ + ..., 

substitute in the differential equation, and equate to zero 
the coefficient of a?*"^*'. Thus we find that 

«2rM (m + 2r + 2) (m+ 2r + 1) 

- a^ \{m + 2r) (m + 2r - 1) + 2 (m + 2r) - n (w + 1) • = 0, 

^, - (2r + m + w + l)(2r-hm-w) 

taereiore c^o*«=*~7s — : . ... .^ — ; r"TT~*®«.» 

^^*^ (2r + 7?» + 2) (2r + m + l) ^ 

This holds for every positive integral value of r. 

But in the differential equation there will still remain 
the term m (m — 1) a?"^, and to make this vanish we must 
have either w = or w » 1. 

4—2 
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Take m = ; then the series becomes 

n(w + l) ^. (n-2)n(n + l)(n + 3) ^, 

|2 [4 

Take m = 1 ; then the series becomes 

fn-l)(n + 2) , . (n-3)(7»-l)(n4-2)(n + 4) , 
a: ji a? + ^^ a;-.... 

Now if n be even the first series consists of a finite 
number of terms, and the second of an infinite number ; if 
n be odd the first series consists of an infinite number of 
terms, and the second of a finite number. 

The series are of the kind called hypergeometrical. The 
general form of such series is 

a.)3 a(g + l)ff(/3+l) ^ 
TT^ 1.2.7(7 + 1) ^ 

+ 1.2 ."3 : 7(7 + i)(7 + 2) *+•••' 

and this is conveniently denoted by F{a, fi, 7, t). 

Thus the first and second series are denoted respectively by 
„/« n + 1 1 ,N , „f n-l n + 2 3 ,\ 

^("2' ^-2-' 2''")' ^^^^[--2-' ^-' 2'^j- 

In both series a, /3, 7 are such that a + yS — 7 = 0. 

The series which is infinite is convergent if x is less than 
unity, but divergent if a; is greater than unity or equal to 
unity : see Algebra, Art. 775. 

67. We infer that of the two series obtained in the pre- 
ceding Article that which is finite = CF^{x), where G is 
some constant. The other series furnishes, at least when 
x is less than unity, a second solution of the diflferential 
equation. 

68. As another example we may proceed to find a 
solution of the diflferential equation of Art. 66, in a series 
proceeding according to descending powers of x. 



aj« 
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Assume £r = a?'* + a^^'^ + a^a?"*"^ + ... , 

substitute in the differential equation and equate to zero tlio 
coefficient of a?"*"**^. Thus we find that 

a^ (m — 2r)(m — 2r — 1) — 

a^^Mm - 2r - 2) (m - 2r- 3)+ 2 (m - 2r - 2) - n(n +1)1 = 0. 

This holds for every positive integral value of r. 

But in the differential equation there will still remain 
the term 

|n(n+l)-m(m + l)|, 

and to make this vanish we must have 

n(n + l) — w(m+l) = 0, 

so that either m = n or m = — n — 1. 

Take m = n; then the series becomes 

n(n-l) n-2 n{n''l)(n^2)(n--8 ) ^^ 
2.(2n--l) '*"2.4.(27i-.l)(2n-3)^ 

so that it is finite, and of the form CP^{x), where C is a 
constant. 

Take m = — w — 1 ; then the series becomes 

1 (n + l)(w + 2) 1 



n+8 



sxT*'^ 2.(2n + 3) 'a' 

(n-H )(n+2)(?i + 3)(n + 4) J ' 
■*■ 2.4.(2n + 3)(2ri + 5) -a;"-^'"^ - ' 

and in the notation of Art. 66 this will be denoted by 

1 Tpf n + 1 n + 2 2n + S ^\ 
ar^^^\ 2 ' 2 ' 2 ' * j- 

this is an infinite series, convergent if a? is greater than 1 , 
but divergent in other cases. 

If Q^{x) have the meaning assigned in Art. 37 this in- 
finite series = CQJx), where C is a constant. 
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69. We know from Art. 63 that by assuming 

f = a? + V(^'-l) 
the differential equation of Art. 66 may be transformed into 

r(i-r)^'-2r|-n(n+i)(i-r)^=o. 

Assume « = f** + ^%?^'^ + «<?"*"* + ... ; 

then, by the same method as before, we shall find that 

_ (n + 1 + 2r — 7w) (n + 7?i — 2r) 
^^^^^ "" (n+2 + 2r~7nX?i + wt-2r-l) ^^'' 

and moreover that m(m + 1) — w(n + 1) = 0. 

Thus either m^n orw2 = — n— 1; and we obtain two 
series which, expressed in the usual notation, are 

jMtT^/'l 2w — 1 _\ 

and |^.i.g.„ + i,l!HL3,p). 

The former series will be found to be the product of a 
constant into P„(^), by comparing it with the formula given 
in Art. 17. Hence we infer that the product of the latter 
series into some constant will be equal to the QJipo) of 
Art. 68 ; or, which is the same thing, that 

where X is some constant. 

To determine this constant we observe that according to 
Art. 37 we have x^'^^QJix) = ^ *- when x is in- 

finite. But when x is infinite 
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2''^' \n 
therefore X = 



1.3.5...(2w+l)* 



70. Hence besides the solution of the diflPerential equa- 
tion of Art. 66, which is furnished by P„ {x), we have always 
another solution when x is either less than unity or greater 
than unity : namely in the former case the solution found in 
Art. 66; and in the latter case that found in Art. 68 or 
Art. 69. The second solution is presented in the form of an 
infinite series. 

71. We may however express the second solution in a 
finite form. Take the diflferential equation 

We know that P^(x) is a solution, so that 

Let 5' denote the other solution, so that 

(l_,.)g_2.|H-«(n+l)r=0. 

, Multiply the former equation by f, and the latter by P^, 
and sikbtract : thus 

Hence by integration we obtain 

log{p.§-2:§} = coiistant-log((r'-l), 

or = constant — log (1 — a?*), 

according as a? is greater than unity or less than unity. 
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Hence, in both cases, C being a constant, we have 



therefore 



dx dx a;* — 1 ' 

dx[PJ {PJ'{x'-l)' 

dx 



therefore ? = CP^j 7p^i-/^» :^n • 

Thus we have the second solution expressed in a finite 
form; and by properly determining the constant C, and keep- 
ing to the former meaning of Q^ {x), we shall have 

r ^ 

72. The integration denoted in the formula of the pre- 
ceding Article may be effected. 

Let a, yS, 7, ... denote the roots of the equation -P»(a;)=0, 
which we know are all real and unequal. Then by the 
theory of the decomposition of rational fractions explained 
in the Integral Calculus, Chapter n, we have 



where A, A?, A, A' are constants; and 2 denotes a summation 
to be made by considering all the roots a, )8, 7, ..., which will 
give rise to other constants like A and A\ 

We proceed to determine these constants. 

1 1 

We have A= ,,, ,^ . =-, when aj = l, so that /i = 7r, 

1 1 

and &= rn-TT? TT> when a; = — 1, sothat A? = — - . 
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Also A = '-j}y 7^^ > when a; = ct, 

^^^ ^' = ^ {( W^)} ' ^^^^ ^ = ^- 

We shall now shew that A' = 0. 
Let P^ = (oj — a) Bj so that 

(»• - 1) ^ + iJjc 

Substitute (a? — a) iJ for P^ in the equation (3) of Art. 54; 
thus 

+ n{n+l) (a;-a)-B = 0, 

SO that when a? = a we have (1 — ^') ;i iZ^ = ; therefore 

A' = 0. Hence we have 

Therefore if a? is greater than unity we may write 

g.(x) = - CP^(x) {I logJ±-J + 2 ^+C,| ....(1), 

and if a; is less than unity 

<2. (^) — C^P. C-^) jl logl±| + S ^^+ C7,| ....(2), 

where C^ denotes a constant. 



■ dx. 
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We do not mean to assert that C and C^ must have the 
same values when x is less than unity as when x is greater 
than unity ; but only that C and C. do not change in (1) 
so long as a; is greater than unity, andf do not change in (2) so 
long as a; is less than imity. 

73. Let us suppose for example that x is greater than 
unity ; then the right-hand member of (1) is an expression 
with two arbitrary constants, which satisfies the differential 
equation of Art. 66 ; hence it is the complete solution of that 
equation, and by giving suitable values to the constants will 
coincide with any special solution which may have been 
obtained. Take for example the series at the end of Art. 68. 
This vanishes when x is infinite. But the part between the 
brackets in (1) reduces to G^ when x is infinite ; hence the 
whole expression will not vanish unless G^ = 0. Take C^ = 0; 
then by properly determining G this expression (1) must 
coincide with the series at the end of Art. 68. 

74. Suppose for a particular case that w*=l. Take 
Cj = ; and put 

X 

Also in this case a = 0, and J. = — !• 
Thus we obtain from (1) 

<?.(«) = - Cx|^+^. +....}; ^ 
and this agrees with the result at the end of Art. 68. 

75. In like manner if a? is less than unity the formula 
(2) of Art. 72, by giving suitable values to the two arbitrary 
constants, will coincide with any special solution. For in- 
stance, take n s= 1 ; then we get 



-^{i'<«T^:-i+''.}- 
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This will coincide with the first series of Art. 66, if we put 

1 + a? . 
Cj = and expand log z: in ascending powers of x, 

76. We have seen that if (1) of Art. 72 is to coincide 
. with the result of Art. 68 we must have C^ = : it will be 

convenient to determine the connection between G and other 
constants which present themselves in our process. 

Let A be a constant, and suppose that we put 

• f 1 (n + l)(n + 2) 1 I 

^»""^V^^"*" 2.(2n + 3) "ic"-^' ■*"••• y 

so that Q^ reduces to hx^"^ when x is very great 

We know that P^ = &a?* + terms in a?*"*, a?*"*, . . . ; 

, , 1.3...(2«-.l) 
where k = r • 

\n 

By Art. 71 we have P,^*-(2,^ = -^, 
•^ * dx ^* dx a?-l 

so that when x is very great 

A&(2n + 1) ^ C 
a? x'^'-V 

and therefore C= — hk (2n + 1). 

For instance, if we put C= — 1, so as to give to (1) of 

Art. 72 its simplest form, we have hk (2n + 1) = 1 ; so that 

1 
h = 7^ rr-r * ^^^ valuc of h makos the Q^ of the present 

Article exactly coincident with the Q^^ of Art. 37. 

77. Taking then for simplicity C^ = and (7= — 1 in (1) 
of Art. 72, we have, when x is greater than unity. 
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this agrees with Art. 37, and we shall use this as the value 
of Q^{x) when x is greater than unity. 

When X is less than unity we shall take 

Q.(-) = ^.(-){|log}^ + 2^J. 

78. We have then by the preceding Article, for the case 
in which x is greater than unity, 

where R denotes a certain rational integral function of x of 
the degree n — 1. We shall now express B in terms of 
Legendre's CoeflScients. 

Substitute this value of Q^{x) in the diflFerential equation 
of Art. 66, which we know it satisfies; thus we obtain 



1 1 a? + l 



By Art. 54 this reduces to 
and therefore, by Art. 38, 

= 2 |(2n - 1) P^, + (2» - 5) P^+ (2« - 9)P^ +... 



...(3). 

. Assume now 5 = a,P^, + OyP„^ + o,P,_, + ...; where 
Oj, a,, a,, ... are constants to be determined. 



THE COEFFICIENTS OF THE SECOND KIND. 61 

When P„-y is put for B in the left-hand side of (3) it 

reduces to In (n + 1) — (n — r) (n — r + 1) j- P„^, that is to 

r (2/1 + 1 — r)P„_^. Hence by comparison with the right- 
hand side of (3) we see that if r be even a^ vanishes, and 

that if r be odd a. = — y^ — -^ J- . Thus finally 

r [2n + 1 — r) •' 

ff_ 2^-l p 2n-5 . 2^-9 p . ,.^ 

The series in (4) ends with the term involving P^ if n be 
even, and with the term involving P^ if n be odd. 

79. In obtaining (4) we began by supposing x greater 
than unity ; but it is obvious from the form of the result 
that it is universally true ; for the rational integral function 

— P» (a?) S , being equal to the rational integral function 

which forms the right-hand member of (4) when x is greater 
than unity, must always be equal to it. 

In future we shall cease to distinguish between the forms 
fl) and (2) ; that is, we shall use (1) and leave to the student 
the task of examining if necessary how far the investigations 
apply also to (2). 

80. We may shew in another way that 

Q.W = |p.(^)iog|^}-i?, 

where R denotes a rational integral function of the decree 
n — 1. For by Art. 37 we have 

-l-=2(2n + l)(?.(a.)P.(y); 

therefore by Art. 28, 

this may be written 

«.(«') — 2j_^ ^^ '^y+2^-('')J.,X-^- : 
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The expression "^ 5_W jg obviously a rational 

"■" y 

integral function of x and y of the degree n — 1, and after 

integration with respect to y between the limits will be a 

rational integral function of x of the degree w — 1. Also 

— ^— = log i • Thus the required result is obtained. 

_ J a? — y •^ "'• 

81. It is found convenient to use the symbol D to stand 

for ^ , for abbreviation ; thus -^ is often denoted by D"v. 

In like manner the symbol / may be used for integration ; 

so that \vdx may be denoted by Iv ; and if \vdx is to be 

integrated again we may denote the operation by Pv : and 
generally if the operation of integration is to be performed 
n times in succession we may denote this by /V 

These abbreviations will enable us to present some re- 
sults in a compact form. 

In the next five Articles we shall use C to denote a con- 
stant without assuming that the same constant is always to 
be understood : we shall also use G with various suflSxes for 
constants under the same liberty of interpretation. 

82. We know that P„ {x) = G — ^ . „ , which we may 

write thus, 

P,{x) = CD''{x'-lY (5). 

Now we saw in Art. 68 that a series for Q„ {x) can be 
derived from one for P^ {x) by changing n into — n — 1 ; and 
thus we are led to conjecture that an equation of the follow- 
ing form will hold : 

Q,{x) ^ GD-^ {a? ^Yf^K 

But according to an interpretation of symbols suggested by 
the fact that integration is the reverse of diflferentiation, we 
may presume that JD"*"* is equivalent to P^^) so that we 
should have 
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or, which is the same thing, 

i>""Q.(^) = ^^^p (7). 

We have then to establish (6), or its equivalent (7), to which 
we have been led by analogy. 

83. Take the expression for Q^ given at the beginning 
of Art. 78, namely 

^** 2 " °aj— 1 

and differentiate w + 1 times. 

The (n + 1)*^ differential coefficient of E is zero. Apply 

the theorem of Leibnitz with respect to the first term in Q^. 

The (n + 1)*** differential coefficient of P^ is zero. The first 

aj + 1 . 2 

differential coefficient of log ^ is — ^ — =- ; and every 

succeeding differential coefficient will introduce another 
power of a?* — 1 into the denominator. Thus the {n+iy^ 
differential coefficient of Q^, when all the terms are brought 

to a common denominator, will be of the form j-^ — =-r^^ . 

Moreover T must be a constant. For ii the highest power 

oi xin T were a?**, then when x is very large —7-^- would 

be of the same order as a;"***"**"*; whereas we know from 
Art. 68 that it must be of the same order as aj"*""*. Hence 
T is constant, and thus (7) is established. 

Or we might verify (7) by differentiating n + 1 times the 
expression found for Q^ in Ait. 68. 

84. We shall now obtain the result of the preceding 
Article in another way. 

Take the differential equation 

(l-.0S-2x| + «(« + l). = (8). 

Differentiate; then after reduction we obtain 

/I 9\ ^ ^ . d z , -^/ rtv dz ^ 



G4j the coefficients of the second kino. 

Differentiate again ; then after reduction we obtain 

■ 

Proceeding in this way we find after m differentiations 

(9). 

Now the general solution of (8) is 

z = C,P^ (x) + C,Q, (x), 
and hence we see that the general value of -^-^ in (9) is 



^1 r7^"» "^ ^8 ^«»« 



Let m = n; then (9) becomes 

This can be obviously solved; put u for ^-^i : thus 

{l-^x^^ = 2in + l)xu; 

. l£?w 2 (n 4-1) a? 
therefore " tt* =" ^t — i — > 

Udx .35—1 

therefore log w = - log {x* — 1)**"^* + a constant ; 

C 



therefore u = 



{x^ - 1) 



n+l 9 



1 ^**^ nf ^^ 
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Hence it follows that by giving suitable values to C^ and 
(7, we must have 

^» dx'^ ^ * dx'~~ ] {x* - 1)"« • 
But , / is a constant; and thus 

this agrees with the result of Art. 83. 

85. We may observe that equation (9) may be put in 
the form 

(„-m)(n + m + l)(l-.rg + ^{(l-«^r«£:fj = 0; 

this will be satisfied when for z we put Pn{<^). This equation 
with respect to P„(a7) has been called Ivory's Equation; it 
was given by Ivory in the Philosophical Transitions for 1812, 
page 50. I 

86. Again, suppose a quantity f to be (^termined by the 
differential equation / 

(l-aj')^+2(m-l)^2 + (w-m + l)(n + wi)f=:0...(10). 

If we differentiate this r times in succession, we obtain 

+ (n — m + r + 1) {n'\'m'-r) —^ = 0. 
Thus if r = m we have 

which is' of the same fctfm as (8). 

T. 5 
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Now if m = w equation (10) becomes 

one solution of this is f = C{x^— 1)*, as may be immediately 
verified. Then, by the process of Art 71, we can find the 
other solution ; and thus the general solution will be found 
to be 



?=^.(-*-l)-/7^ 






where a second arbitrary constant may be supposed to be in- 
volved in the integral. Or if we prefer to denote this con- 
stant explicitly, we may take for the general solution 

?=Cr.(x«-l)-j'^^,^+C.(^-ir. 

Hence the solution of (11) if m = n is obtained by taking 
this value of f and differentiating n times. But we know that 
the solution of (11) is of the form G^P^{x) + G^Q^{x). Hence 
by proper adjustments of the constants we must have 

As we know that C„(ar) does not contain any positive 
power of a:, at least when x is greater than unity, we infer 
that 

«.(.)= ^^.{(a:'-!)-/^^.} (12). 

This gives another form for Q^ {x). By comparing it with 
that furnished by equation (6), we infer that for some value 
of the constant G we must have 

^^*' {a? - 1)"*^ "d^Y^'' -^^ j (a? - 1)"4 * 
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The constant G may be determined by supposing x inde- 
finitely great ; for then the equation becomes 

this gives C = [2«. 

87. Since the general solution of (11) is 

it follows that the general solution of (10) is 

and we may use for Q„{x) either of the forms (6) and (12). 



5—2 



( 68 ) 



CHAPTER VII. 

APPROXIMATE VALUES OP COEFFICIENTS OF 

HIGH OBDERS. 

88. Suppose x positive and greater than unity. We 
have by Art. 17, 



^•(-)=^?ii+r7p^)f^ 



1.3.n( n - 1) 1 

■^1.2.(2n-i)(2n-3)^ +— 1» 



where k stands for — — —'-. . 

When n is indefinitely increased the series between the 
brackets becomes ultimately 

that is (i-r*)"^. 

Thus P, (x) = ^|» {(1 - f-«) -i + e], 

where € denotes a quantity which diminishes indefinitely as 
n increases indefinitely. 



,2n 
Now Jc = q5^p ; and by applying the formula given in 

the Integral Calculus, Art. 282, we see that when n is very 

great we have approximately k = -p=- , 

VnTT 

Thus finally when x is positive and greater than unity, 
and n very large, we have approximately 
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1 f* 

We suppose x positive aad greater than unity in order 
that f may be greater than unity, and so the series between 
the brackets convergent when n is very large. 

The case in which x is negative and numerically greater 
than unity may be made to depend on that in which x is 
positive by the relation P. (— x) = (— 1)* P^ (a?). 

89. Now suppose x numerically less than unity. Put 
cos 6 for a?. In Art. 39 we have shewn that 

1 . 3 . (n + 1) (w + 2) . , ^, ^ 1 

+ 1.2(2^3) (L + 5> "^(" + ^)^ + -}' 

where k has the same value as in Art. 88. 

If we suppose n to increase indefinitely the series between 
the brackets takes ultimately the form 

sin(w + l)^ + |sin(7i + 3)5 + |^^sin(/i + 5)^+..., 

that is sin nO -^cos ^ + ^ cos 35 + ^-^ cos 55 + ... [ 

+ cos nd jsin 5 + ^ sin 35+ -^ sin 65 + ...[ . 

We have then to find equivalents for the two infinite series 
just indicated. 

Let ^ be a quantity less than unity ; 

1 13 

put ^cos5 + 2*'cos35 + 2^<*cos55 + ... =C; 

and esin5 + |^sin35 + ^<'8in55+... ^S. 

Thus both C and 8 denote convergent series. 
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Then C + i8^te^ + lfi(fl^+l^.fi^+... 

A 2.4 



Assume 1 — <'cos25 = pcos^, and ^sin2^ = psm</>; 

SO that p* = l — 2f*cos25 + f*, and tanA=r — ^s ^r^. 

Then G + tfif = 






so that (7=Acos(5 + |V and S^^-sm(0 + ^. 

These results may be admitted to hold so long as ^ is less 
than unity. Assume them to hold even when t is equal to 
unity. We have then 

p'=2(l-cos2^), 80thatV^ = V2sin^; 

. , sin 25 costf ^ /'JT A xi. x ^ "^ zi 

tan<p = z oz = -— 2) = *fti^h>"^)> so that A=^— -cf. 

^ 1 — cos25 sm5 \2 J ^2 

Hence when n is very great we have approximately 

^ sin nd cos {^ + k) + cos n^ sin f^ + o ] 

P, (cos ffl = -- y - ^ / . ., 



2 



8in(n5 + 5 + |) 2 sin(n5 + | + j) 



TrAn V2sin5 ^*^ V2siii5 ' 

and as A; = -1=^^ approximately we have finally as an approjti- 

VWTT 

mation when n is very great 

P«(co8^ = -7=fl=cosfn5+g-j) (1). 
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90. The result obtained in the preceding Article is due 
to Laplace ; it cannot be accepted with great confidence : it 
does not lead in any obvious way to the value unity when 
^ = 0, which we know ought to hold for all values of n, 

Laplace himself gave two investigations, both in the M^- 
canique Celeste, one in Livre xi. § 3, and the other in the 
SuppMment au 5* Volume; they diflfer from that of Art. 89, 
but do not seem more satisfactoiy. We will reproduce the 
latter of them. 

By Art. 63 we know that 

fp P dP 

^^" + cot^^« + n(7i + l)P, = 0. 

Assume that 

P^ = ucosa0 + u sinaO, (2), 

where u and u' are functions of to be determined, and 

a = V»(n + l). Substitute in the diflferential equation, and 
equate to zero the coefficients of sin a0 and cos a0. Thus 



2^ + t.cot5 = -(^ + ^cot^j 



(3). 



If we neglect the terms divided by a, which is large since 
n is supposed large, these equations become 

'^'^\u' cot 0=^0; 



2^" + Mcotd = 0, 
do 


2! 


and hence we obtain 






u' = 



d0 



ff 



Vsin^' Vsin^' 

where H and H' are arbitrary constants. 

These may be regarded as first approximations to the 
true values of u and u'; we may then assume 

Vsin CL Vsm a 
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and substitute these values in the differential equations (3) 
and proceed to find, at least approximately, X and X\ 

But we shall confine ourselves to the first approximation^ 
so that we have from (2) 

P, = -. {Hco% ae + JT sin aff) 

Vsin5 

(J 

cos (aO + 7), 



Vsin5 
where C and 7 denote certain constants. 

-t 

And as a = J a (n + 1) we have approximately a^n + ^ ^ 

C f \ 

so that P,= . cos ( ^5 + o + 7) . 

V sin \ ^ ^ 

To determine the constant 7 we observe that if n be odd 
P^ = when ^= k > ^^^^ leads to 7 = — -^ , so that 



-n G f ^ 'A 

Pn = T — -— COS n& + TT — 7 1 . 



To determine the constant Cwe observe that if n be even 

TT 

and denoted by 2m we have by Art. 7, when ^ = « > 



.2m 
• 2*"*,m|m^ ^ ' 



|2m 
therefore (7= 



2***[m[m' 
and by approximating as in Art. 88, we have 

VmTT VllTT 

Thus our result agrees with (1). 
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91. Laplace's other investigation of (1) starts with the 
expression o( P^{x) by means of a definite integral given in 
Art. 44 ; we shall not reproduce this. It is however easy to 
shew that when n is very large P^(x) is very small if a? is 
numerically less than unity. 

1 r» 

For we have P, (a?) = - / {x—v f^(l — a^ cos ^}* d<f>. 

Assume x = pcosyjr, and /^{l—x^cos^^psiny^; 

1 T' 
thus P^ (^) = ~ I P* {<50S nyjr + v sin w^j d^. 

The imaginary part vanishes and we get 

1 r* 

P„ (^) = - 1 P* cos w^ d(f>. 

Now when w is very large the value of this expression is 
very small on two accounts ; p* is very small except when 
a; = 1 ; and cos nyjr fluctuates very rapidly in sign. 

92. Another investigation of the value of P^ (x) when n 
is very large is given by M. Ossian Bonnet in Liouville's 
Journal de MathimaUqueSy Vol. xvii. pages 270... 277. 

We have ^ + cot0^g^ + n(n + l)P^=O. 
Assume -P» = ^ (sin 0)'^; thus we obtain 



d'u 
d0' 






putting m forn 4-^ we have ^^ + ^*^ = "" T^-^a"^ C^)* 

Multiply by sin m0 and integrate ; thus 

^du a ^ 1 f^usinm0 y^ ,^. 

dd 4iJa sin^O 

where G^ is an arbitrary constant, and a a fixed quantity 
which may however be as small as we please. 
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In precisely the same manner, by multiplying (4) by 
cos mO and integrating, we obtain 

cosww j^ + wiwsinm& = c7,— 7 — - ^ ^ d6 (6). 

du 
Eliminate -^ between (5) and (6) ; thus 

mw = (7, sin mO — C^ cos mO 



1 . 

4 



^ r *w cos w^ ,^ 1 /I f ^ t^ sm m6 ,^ 

^^ I — . f-h— a^ + TCOSw& / — ^-v-i^-d9. 
J a surO 4i j. sm'^ 



This may be expressed more concisely ; for let u denote 
the same function of 0' that u denotes of : then 



* u cos m0 ,^ ^ f ^ 14 sin m0 



— sin m5 I — .-,-71- d^ + cos m0 l 



sin^^ 
* iz' cos mtf' ,^. ^t^ u* sin wi^ 



rf5 



^ r * iz cos m^ , >,, , >, r 

= — sm mO \ — . ^ ^ a^ + cos m^ / 
j« sm Cf Ja 



sin*(; 



rf^ 



=/, 



*w 



'sinm(d'~^) ,^, 
sm 6? 



Thus expressing the constants G^ and C, in terms of two 
new constants 6 and /S, we have 

m mi J a Bin ^ ' 

Denote this for abbreviation thus : 

S cos {m0 + i8) 1 , ,^v 
m 4m ^ ^ * ^ 

then, by substituting the corresponding value of v! in (7), 
we get 

h cos (mg + /^) 6 f ^ cos {mff + /3) sin m {& - g) ,^ 
m 4mVa sin'^ 



t^ = 



"*" 16wi 



1 r Vr(g-)sinm(y--g) , 
3^^ J. 8in«6^ '*^- 
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The last term on the right-hand side involves w', for u 
occurs in i^ {&). The process of substitution may then be 
performed again if we please ; and so on. 

Finally it will be necessary to determine the values of h 
and ^8 : we observe that they are constant with respect to Q, 
but M. Bonnet assumes that they are constant with respect 
to w, and this appeal's to me a serious fault in the rest of 
his process ; in fact, quantities are retained which are of the 
same order as those which are neglected. 

93. We will briefly advert to the value of Q^{a?) when n 
is very large, supposing x positive and greater than unity. 

We have by Art. 69, 
this becomes approximately when n is very great 



Q.Ca') = 



v(i-r)' 



^^^ ^ = T^ — TTTT > where h is the same as in Art. 88 : thus 

(2n + l)A;' 

approximately 



"v^ 



( 76 ) 



CHAPTER VIII. 



ASSOCIATED FUNCTIONS. 



94. There are certain functions analogous to P^x) 
which present themselves naturally in the course of our 
investigations, and we now propose to consider them. They 
may be called Associated Functions of ike First Kind. 

95. We have seen in Art. 47 that 

P^{x) = r{aj + V(a^-l) cos^}V<^ (1). 

Now we may expand {x + i^{a? — 1) cos ^}** in a series 
proceeding according to powers of cos ^, and then the powers 
of cos<^ may be transformed into cosines of multiples of^; 
thus finally [x 4- V(a5^ — 1) cos ^Y may be arranged in the form 

^0 + <2!jCos ^ + ajj cos 2^ 4- ... + a^ cos w^, 

where a^, a^, a,,... a^ are functions of a?, but do not contain ^. 

Hence it follows from (1) that 

P„(aj) = [ a^dj>^a^Tr\ 
therefore ^ _ i> /^\ _ v / 



ao-^P«(^)-^2~j^ dx' 



n 
n 



We shall now determine the value of a^, where a^ 
denotes any one of the series a^, a^, ... a^. 
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96, We have 

X + tj{ix? — 1) COS ^ = 0? + \/(aj* - 1) o — 

_ (a? + g)'~l 
2^ 
where z is put for *^(a?^l)e^. 

Thus 2''{a?+V(a^-l)cos<^}» = |^-^^t^^r, 

Now we may expand {(«? + «)* — 1}* in powers of z, by- 
Taylor's Theorem ; and thus if u stand for (x* — 1)* we get 

2*{a?4-V(^-l)cos^}" 



= 7»f 



. du z^d'u ^ z^ d^u) 



flte ' [2 rfo;* • ••• ' 12^ dsd''' 

The series ends with the last term which is here ex- 
pressed, because u is of the degree 2n in ir. 

Re-arranging the terms we obtain 

2" {x + ^{a? - 1) cos if>Y 



1 rf"« z d'*'u ^ d'^^u 


• ■'"[2W t^"" 


~ ndoT ^ n + 1 da!"« ' n + 2 <&"*■ ' " 


• 


.. +z~"m. 


' n-ldx"-' ' n-2</a;"-' ' ' 



Now put e^isjia? — !) for « ; then the series resolves itself 
into two parts, a real and an imaginary part. From Art. 95 
we know that the result is entirely real, so that the imaginary 
part must disappear. This imaginary part consists of n 
terms, of which the m*** is 

{(a?'-l)~^d''^u (a?-l)"^rf»-~wl . ^ 

f'Xh —J wYtn "- I — xiFii f sm m6e 

\ |n + m dx^^ |n — m cia?"^J ^ 
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HeDce we see that these terms must separately vanish ; 
so that we obtain the formula 

( x'~ l)^(r^(a;'- ir ^ (a-'- l)'^e?*-^(a;'~ 1)* .^. 
' n-f m dx""^ |n-m dx""* ""^ '* 



this holds for positive integral values of m from 1 to w in- 
clusive. 

Hence finally we have 
2'*{aj + V(aj'-l)cos^]* 

where S denotes a summation with respect to m from 1 to n 
inclusive. Moreover by (2) we may if we please change m 
to - m in (3). 

97. Now the functions which we propose to consider are 
the coefficients of the cosines in (3). 

We see that the coefficient of cos m^ is 

|yi + m £&*** 

It will be found that 

(7t-m)(7i--m--l)(n-m-2)(n-m-3) ^^^^ | 
2.4.(2«-.l)(2n-3) ^ "-y 

We shall denote the series between the brackets by 
cr (m^n); so that 

tsr iwt, w) = I. ^ — T- — — = ' 2 n »' ' • 



<&•*" |w-ot\ 2.(2n-l) 
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Thus we may express (3) in the form 

2n 



n+m 



n—m 



= [« d^ ^^^ 

We may if we please replace the first term 
l^'Cx*-!)* [2n 



— — {a^—iym (m, n) cos mtf). 



so that 



2* f ) 

2^ja? + V(«'-l)cos^| 



= -ji — + 22 — ^r «r (m, n) cos m^. 



In cases where it is convenient to express the variable 
we might use '!*r(m, w, x) instead of the shorter «r(w, w). 

98. It will be seen that we arrived indirectly at equation 
(2) of Art. 96 ; but it may be established in a direct manner. 
The result may be put in this slightly generalised form : 



In + m dof^ k-m dx"" 



To demonstrate this, develop the two members by the 
aid of the theorem of Leibnitz; use 2) for -7- , for abbreviation. 

Then in the development of I^^ (x + ay(x + J)*, the first 

In+w 
term which does not vanish is '. . D^ix+aYD^ix + bY, 




I/i+w In 
that is i==r=Ki' — (x + b)*^: and in like manner the 

r^ term of the development, counting this as the first term, 
will be found to be 



(» + h)% 



4= =• LT^^ (x + aYD 
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that is 

\n+m \n , In . 



we will denote this by A. 

Similarly we find that the r^ term in the development 
of i^"*(a? + a)*(a? + i)" is 



n— m— r+1 r — 1 



that is 



w — m — r+ 1 r— 1 m+r — 1 ^ ' n— r+1 ^ ' 



n-r+l 



we will denote this by B. 
Then we see that 



{x + a)^ix + br ^^ 1 ^^ 



7i + m 



n — w 



and this establishes the required result, 

99. The functions which we denote by (aj* — 1)^ «r(m, w) 
are called Associated Functions of the First Kind: Heine 
denotes them by PJ" (a?). 

100. We have seen that the differential equation (9) of 
Art. 84 is satisfied when P^ix) is put for z. Hence from 
equation (4) of Art. 97 it follows that 

(1 _ ;^ ^!^i!L) _ 2 (m + l)a,^^g^ 

+ (n — m) (7i + m + l)«r(77i,n) = (5). 

Now the expression which we have denoted by 

(al^^iy w (m, n) is equivalent to (a;* — 1) "" « ta- (— m, n), as 
we see by Art. 96. Hence we have 

-67 (m, n) = (a? — 1)"* «r (- m, n), 
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and substituting in (5) we find that 

4-(w + m)(n — m + l)t3'(— m,n) =0 (G). 

It will be seen that (6) differs from (5) only as to the 
sign of m. 

We have deduced (6) from (5) without assuming anjrthing 
relating to «r(m, n) except that it satisfies (5). If then we 
get the general solutions of (5) and (6) we may equate the 
latter to the product of (a?*— 1)"* into the former. 

Now we know from Art. 84 that the general solution of 
(5) is 

and we know from Art. 87 that the general solution of (6) 
may be expressed thus : 

Hence by proper adjustment of the constants we shall 
have 

By considering the integral and the fractional functions 
of X which occur in this relation, we see that it must break 
up into the two 

{a?^irG,irPSx)=^G,D^PS^) (7), 

and {??-VrG^irQ^{x) = G,ir^Q^{x) (8): 

these hold for positive integral values of m not exceeding n. 

101. Equation (7) coincides with a result already ob- 
tained in Arts. 96 and 98. 

Equation (8) takes various forms, according to the 
expression we use for C(a?): see equations (6) and (12) of 

T. 6 
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Chapter VI. Thus we have the following results, in which 
G denotes some constant : 



The constant C may be determined by special examination 
in each case, as in Art. 86. 

We shall find in the first and fourth cases 

\n-\-m 
(7= 



n — m 



1 |7i + m 
in the second case C = r^r- 



n n — m' 



\n + m 
and in the third case C=\2n . 

' In. — vn. 



n — m 



Of the first and second cases one will follow from the 
other by the aid of the result obtained in Art. 86, if we in- 
tegrate that result m times; in like manner of the third and 
fourth cases one will follow from the other. 

102. We see by Art. 100 that ta- (m, n) satisfies the 
differential equation (5), namely 

+ (n — m) (n 4- m + 1) «r (m, n) = 0. 
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Put y = (a;*— 1)2 nr (m, n), so that 'sr (m, n)=y{a? — 1) ^ . 
substitute in (5), and we thus obtain 

+ {n(ri + l)-m*-n(n4-l)^}y = (9). 

Conversely we may deduce (5) from (9) by putting 



y=z(a^--iy 'ST (m, n). As the general solution of (5) is 
known we know that of (9), namely 



m 



By Art 100 this is equivalent to 

y={^- 1)-^ {GJT'P^ix) + Gjr^Q^ix)]. 

103. Put m for ta- (m, n) for abbreviation ; thus we have 
from (5) 

(1 - a?) -^ - 2 (m 4- 1) ^ -^ 4- (n - m) (n 4- m + 1 ) isr = 0. 

We shall transform this by a substitution of which we have 
already made use; namely 2x = | + |'S 

so that 2 V(aj' - 1) = |- T'- 

^"^^ dx - d^ dx'^d^ I V(^--l)/ 5|A^^|3p; 

= 2 - ^ 



dir-r 



d^ rf| Ul r - ly rf^ " ll' - 1/ df (f - l)'"ef| * 



gCpi-r 2^ rfnr 



therefore (l-aO^=-5(^j^=-| d^ ' f-l^^ 
and 2(m + l)a.^ = ^.^-i?^^^. 



6— a 
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Hence by substitution and reduction we finally obtain 

r(r-i)^+2n»»+(»»+i)r}^| 

-(w-m)(» + m + l)(f'-l)iir = (10). 

From this differential equation we shall obtain a series 
for «r proceeding according to descending powers of ^. 

Assume «• = a^ f * + a, f *"* + a^ ^'^ + . . ., 

substitute in (10) and equate to zero the coefficient of ^•^'* ; 
thus 

«'2r+2(«-2r-2)(5-.2r-3)-a^(s-.2r)(5-2r-l) 
+ 2ma^(s-2r) + 2(7/i+l)a^^,(s-2r-2) 

-(n-m)(n+.m+l)(a,,^,-a^)=0 (11). 

Moreover in order that the coefficient of f**^ may vanish, 
we must have ${s — 1) + 2 {m + l)s — {n — m) {n -\- m + 1) = 0, 
that is, 5 (s -f 2m + 1) — (w — Tw) (n + w + 1) = ; so that 
5 =^ — m is a solution. 

From (11) we have by reduction 
«2r+2|(«-2r-2)(s-2r4-2m-l)-.(n-m)(n4-m4-l)[ 

= «2r](*"2r)(«- 2r-2m~l)- (n- w) (n + m4-l)[. 

Substitute w — m for s, and we obtain finally 

_ (2r + 2;?i + 1) (n - m ~ r) 
«2r4^ (7iriy[2Ai - 2r - 1) ^*^ 

Thus we get 

(n-w)(2m+l) 



-^ f f n-m . (n - ^) (2m + 
'^""''^i^ ^ 1.(271-1) 



•n-m-2 



(n ->«)(«- TO -l) (2 TO+l)(2>re + 3) ^.„., | 
'*' 1.2.(2rt-l')?2n-3) * ■*"•••! ■' 
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the series between the brackets is to be continued until it 
terminates of itself. 

The value of a^ may be found by comparing the first 
term of this expansion with the first term of the expansion 
of «r in powers of ic, which is given in Art. 97, and supposing 
X indefinitely great : thus we get a^ = 2"**"^"*. 

If we put cos 6 for x we have ^ = e'^; then the imaginary 
part must disappear from the expression for -cr, and we 
obtain 






__ o-n+i» 



V /I (n — w) (2/71 + 1) , ^, . 

cos {n — m) + ^—z — -^ 7" — cos (n — m — 2) ^ 

^ ^ 1 . (2n — 1) ^ ' 



(n-m)(i.-m-l)(2m + l)(2m + 3) ) , 

^ 1.2.(27i-l)(2n-3) ^ ^^ ^ ^jf^ + ...|, 

the series between the brackets is to be continued until it 
terminates of itself. 

104. The last formula shews that if x is not greater 
than unity , then 'sr is greatest when x is equal to unity. This 
value of «r may be found most readily in the following 
manner. 

By (4) we have 



and, by Art. 18, when a; = 1 we have 

d/^P {x) (w + w)(?i 4-m — l)..-.(n — m + 1) [w 

n+77i 



2"*[m 



n—m ' 



so that when a; = 1 we have 



,n+m 
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105. If in the process of Art. 103 we change the sign of 
m, we shall obtain an expansion for nr (— m, n) ; and thus we 
deduce another fonnula for «r (w, n) by aid of the relation 
ZT (m, n) = (aj* — l)"~«r (— m, n) given in Art. 100. 

106. We know from Art. 97 that m {m, n, cos 0) 



= 008"^ 



a (n — m) (n — m — l) n-m~% a 
^•^ 2.(2n-l) — ^^^ ^ 



■^2.4.(2n-l)(2n-3)^ •*•* 

It is obvious that by virtue of the relation 

sin* + cos' = 1, 
this series may be put in the form 

6, cos"-'" e+\ cos"-"*-* sin' + h^ cos"-'^^ sin* ^ + . . . 
It will be found that we shall thus obtain -or (m, n, cos 0) 

/ i\ f n-m/i (n—w)(n — m — l) n-m-2 zi • a la 
= xj(w, 71,1)^008*™ ^-^^ r— 7 cos* "*'5sm'0 

+ (^i^^Z1^3)eos»--5sin*5-...l (12). 

4\(w + l)(w4-2) j ^ 

To establish this, let us suppose that the original series 
is denoted by 

cos""^ 5 + a^ cos*"^"* + a^ cos""**"* 5 4- ... ; 

divide by cos""^ 0, and put t for tan'* : then we must have 

1 + a,(l + ^) + a,(l + ty+a^(l + ty+ ... 

and from this identity we are to find ho,h^, 5,, 6g,... 
Equate the terms independent of t ; thus we have 

&^= 1 +aj4-fl2+ «3+ ..., 
that is to = ^ (^j ^' ^)' 
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Equate the coefficients of f ; thus we have 

, / ,N (r + 2)(r+l) 
6, = a, + (r 4- 1) a,^,+-^ 1-^ ^a,+, 

(r + 3)(r + 2)(r + l) 



= a^ ' 



l + (^ + l)^+(^ + 2)(r+l)a, 



>•+« 



(r+3)(r+2)(r + l)a 



— Ii (w — m — 2r) (n — m— 2r — 1) 






+ 



2.(2w-2r-l) 

(w — 771 — 2r) . . . (yi — m — 2r — 3) __^ 
2.4.(27i-2r-l)(2n-2r-3) " 

= a^cr(7w4-r, w — r, 1). 
Similarly h^^ = ^r+i'==^ (m + r + 1, n — r — 1, 1). 

Therefore ^^^ ^^^^-'irn + r + \,n-r-y) 
Or ar -DT (m + r, ri — r, 1) 

_ (ti — w — 2r) (w — m ~ 2r — 1) ct (?n + r + 1, n — r — 1, 1) 
2(27i-2r-l) • ^(m + r, % - ?•, 1) ' 

by Art. 104 we find that this reduces to 

^r+i _ ('^ — m — 2r) (ti — 771 — 2r — 1) 

and by this law we obtain the series given in (12), 

107. According to Arts. 97 and 99 the associated func- 
tions of the first kind are defined to be the product of a 

certain constant into (a;'— 1)^ — , *;^ . In like manner the 

associated functions of the second kind are defined to be the 

product of a certain constant into (a;'— 1)' — -t\ — • 
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Now 

f— l^"•ln+m 

where \ = -, ., , ~7 ^=^r^ . See Art. 37. 

1.3.o...(2n + l) 

Hence we may conveniently take for the associated 
functions of the second kind the expression 

108. The associated functions of the second kind may be 
put in various forms by the use of the various expressions 
which have been found for Q^{x). 

For example, we have by Art. 37 
DiflFerentiate m times with respect to y; thus 



(- ir7:r%r.= 2(2»+ 1) P.(cc) '^"^-^•'^'^ 



(y-a>r' ' ' "" dy 

and therefore by Art. 28 

^"<?..(.V) ^ (-1)"^ f PMdx 
dy"" 2 j_i(y-a:)'»*'- 

Hence, clianging the notation, we have 



109. We shall not find it necessary to discuss the asso- 
ciated functions of the second kind beyond one more formula, 
which we will now give. Put 

y for C, (a:«-l)"^M and . for G,{<^- ^f-^' , 
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where C^ and C^ are constants ; then we know that y and z 
both satisfy equation (9) of Art. 102, so that 

Multiply the former by z and the latter by y, and sub- 
tract; thus 

Hence by integration 

dz du C ,-Q. 

V — -2?-/ = - T (13), 

where C^ is a constant. 

Then by integrating again, 

No additional constant is now required, because each side 
vanishes when x is infinite. 

Now let C, and C^ have such values that y and z repre- 
sent exactly the associated functions of the first and second 
kind respectively. Then when x is very great we have ulti- 
mately y = x'' and z = x~^~^ : see Arts. 99 and 107. 

Hence by (13) we have (7 = — (2/i+ 1), and thus finally 

z .^ ^. f dx 



( 90 ) 



CHAPTER IX 



CONTINUED FRACTIONS. 



110. It is shewn in the Algebra, Art. 801, that the quo- 
tient obtained by dividing a certain hypergeometrical series 

by another, namely, — ^ UV r»' - n ' — , can be developed 

into a continued fraction. 

For a special case we may suppose ^ = ; and then 
F{^> A 7, x) becomes unity, so that we obtain a continued 
fraction equal to -F(a, 1, 7 + I, a:), that is equal to the 
series 

a a(a + l) j 

^■*'7+l'"+(7 + l)(7 + 2)^+- 

1 1 

As an example, suppose fii = s> ^^^ '^~9' * P^* 

- j for X : then we have a continued fraction for 

V V v t/ -f- 1 

that is for ^ lojo: — r > that is for ^ log ^ — - . 

Hence, dividing by y, we obtain a continued fraction for 

- log - — - ; and the form of it is 
2 ^y-V 



1- 



—2 



1- 



^2^^ 



i«-M!1 
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that iSy 



^1 



^2 

3^- 






2/- 



,, 1 2.2 3.3 4.4 

Moreover a, = g, o, = 3-5, a, = ^, ". = 779, - 

All this can be easily verified from the Article in the 
Algebra already cited. 

111. But we now propose to find a continued fraction 

1 x+1 

for ^ log r- without the use of the general theory, merely 

by the aid of Legendre's Coefficients; and this process we 
give, not for the sake of the result which may be obtained in 
the way already noticed, but for the exemplification of the 
use of Legendre's Coefficients. 

112. Consider the continued fraction 

1 

a. 



^-^ 



«2 

X — - 



J) *"" ... 

Let Z7. denote the numerator and E„ the denominator of 
the r!^ convergent to this continued fraction. Then 

Z7j = l, U^ = x, U^ = x^-a^,... \(1\ 

= x^—{a^ + a^x, ... J 



U^^x, E^ = x'--a^, E, 

And we have in the usual way 



« n— 1 »-i n— 2' 

E^ = X E^ 1 — <3^„ 1 -£L Q- 

« «— 1 n— 1 »— 2 



(2). 



Thus U^ is of the degree n — 1 with respect to a?, and E^ is of 
the degree n with respect to x. 

From (2) we obtain 

U, E,_, -. E, U^_^ = a,_. ( £7... E,_, - C7.., ^,. J ; 
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and from repeated applications of this formula we find with 
the aid of (1) that 

From (3) we obtain ^ - S = "'S^' fi^' , 

^9 _ ^>.H _ <^i ^2 ' - ^n-t-l 

?v^ /z' V V 

-^n+« -^H+1 ■'^n+l ■'^n+S 



Proceeding thus, adding the results, and denoting by \ 

. , U 

the limit of -rf when r is infinite, on the assumption that 

there is such a limit we get 

Thus we see that XE^ — C^^ is such that if it be expanded in 
descending powers of x there will be no term with an ex- 
ponent, algebraically greater than — (n + 1). 

113. We can now arrive at some results respecting the 
forms of TJ^ and E^. It will be found that 

J7„ is of the form a;**"^ + h^ aj**"' + 1^ a;""'' + . . . , 

and E^ is of the form a;** + c, aj**"* + c^ a;**"* + . . . ; 

that is, TJ^ contains only a?"~^ and powers of x in which the 
exponent is n — 1 diminished by some even number, while 
E^ contains only a;" and powers of x in which the exponent 
is n diminished by some even number. These laws follow 
immediately from (1) and (2). 

114. We must now distinguish two cases. 
I. Suppose n even; then E^ is of the form 

a;'* + c,a;"-' + o^a;"-^ + . +c„. 

XL Suppose n odd; then E^ is of the form 

a; (aj""' + Cj, x""^ + +c^J. 
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In both cases the product \E^ is to be free from the terms 



X ) X f»»*»»m£C 



Moreover we propose to take 

^ 1 , x + 1 _, a;"' a?"* , 

^ = 2^^g^-i = ^ +T + T + -- 

115. In case I. we find that no even power of x will 
occur in the product XE^ ; and in order that x~^, a?"®, , . . a;"""^^ 
may disappear, we must have the following equations 
satisfied : 

1^ 3 ^ ^w+l "' 

3 + T+ + ;rf:3-"' 



-^+-^ + + 9-^=0. 

n— 1 n+1 zn—1 

71 ft 

Thus we have - equations to determine the ^ quantities 

Instead of solving these equations directly, we may pro- 
ceed indirectly. 

ft 
It is obvious that these ^ equations amount to the follow- 

ing: 

[ E^dx=-0, j E^x^dx = 0,...{ E^x^'-^dx-^^O] 

and since E^ involves only even powers of a;, we know that 

I E^xdx^Q, I ^„a?'da? = 0, ... [ E^x'^'^dx^O. 
•'-1 •'-1 •'-1 

Hence it follows, by Art. 32, that E^ must be of the form 
(i" (ar* — 1)* 
k — ~5~n > where k is some constant. 
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116. In case II, by proceeding in the same way as for 
case I, we shall again arrive at the result that E^ is of the 

form k — Wii . 

117. Since we know that the first term of E^ is a?* it 



n 

follows that A; = -^ . Thus 

_ 

118. We have next to find IT. 

Since ^— ^ involves only aj""*~\ a?""*"', ..., it follows that 

Un, is equal to the integral part of the product XJ?^, that is, 
to the integral part of 

1, x + 1 2''\n]n 

But by Art. 78 we have 

where R is integral, and Q^ [x) is fractional. 

Hence it follows that t^= — ^^^^iZ? where R has the value 



.2n 
found in Art. 78. 

119. Thus if ^ log — can be developed into a con- 
tinued fraction of the form given at the beginning of Art. 112, 
we have determined the n*^ convergent. It remains to shew 

\ x + 1 
that ^ log zr- really can be developed in this form \ and also 

to find ttj, ttj, Og,.... 

We know that I log ^-J = :=A. + ^ 
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Now suppose, as we do throughout this process, that x is 

greater than unity ; then Q^ {x) vanishes when n is inde- 

1 x-\-l . . R 

finitely great. Hence ^ log ^ = the limit of -jy-r^ when 

n is indefinitely great. 

We know by Art. 56 that 

nP.(a.)-(27i-lX.,(a:) + (n-l)P^,(^)=0; 

2* In \n 
let Yn stand for — r^-^ P^ (a?), that is for 



1.3.5... (2»-l) 

thus r. (.) - .r.., (.) + (2JV(2r-i) ^- (-) = 0. 

so that r»(a)=a:r^.(^)-o„.iy;-,(^); (4), 

^^^•■^ °- = (2« - 3K2n - 1) • 



'n-l 



1 X-\-\ 

Multiply both sides of (4) by ^ log ^ ; then each term 

gives rise to an integral and a fractional part, and denoting 

1 «? + ! 
by Z^ ix) the integral part of ^ F^ log r , we get 

-^« («?) =a^^n-l W -^n-i^n-j (i») (5). 

From (4) and (5) we see that -^ can be put in a con- 
tinued fraction of the required form, extending as far as the 

ft y 7? 

component -^ ■ . And ^ is equal to p-y-x . 

112 2 
Also a, = j-^g , a^ = g^ , and generally 

^« (2wi - 1) (2m + 1) • 
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CHAPTER X. 

APPROXIMATE QUADRATURE. 

120. Suppose that we require the value of a certain 
integral between definite limits, say I f{x)dx\ if the in- 
definite integral is known, we can at once by taking the 
values at the limits determine the definite integral. But if 
the indefinite integral is not known, we are in general com- 
pelled to use processes of approximation, and such processes 
may also be advantageous in some cases where the indefinite 
integral is known, but is of a very complex form. One of 
the most obvious applications of the result is to find the 
area of a figure bounded by a given curve, certain fixed 
ordinates, and the axis of abscissae ; and thus it is frequently 
described as the approximate determination of the areas of 
curves, or in old language as the approximate quadrature of 
curves. 

121. The matter is discussed in the Integral Calculus^ 
Chapter vil, and various rules concerning it are there given ; 
these rules all imply that we draw equidistant ordinates 
between the two fixed ordinates. The method of Gauss, 
which we are about to explain, implies also that intermediate 
ordinates are drawn, but not at equal distances^ and in fact 
proposes to determine the law of succession of these ordinates 
in such a manner as to ensure the most advantageous result. 

122. Let f{x) denote any function of ^, which is sup- 
posed to remain continuous between the limits — 1 and + 1 
for X. Now a function of x can always be found, which is 
rational and integral and of the degree ii — 1, and which is 
equal in value to f{x) when x has any one of n specified 
values. 
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For let a^ja^,... a^ denote these specified values ; put 
'^(x) = (a? — aj {x — a^ (^""0> 



then ^ (a?) is such a function as is required. 

For ^ (a?) is obviously rational and integral and of the 

degree n — 1. Also the value of ^ ^ ^ when a; = a,, is -^^ (o^) ; 

and thus the value of <^ (x) when a; = a^ is ^(0^). Moreover 
there is only one such function. For if there could be another 
denote it by x (^)« Then <j) {x) and x (^) ^^^ equal when x 
has any of the values a^, a^,...a^ ; thus <f>(x) — x (^) vanishes 
for n different values of x, which is impossible, since 
4>(x)—X (^) ^^ ^^ ^^® degree w — 1 at the highest. 

123. We may suppose that the n values a^y »,,...«» all 
fiall between — 1 and + 1 ; thus, using geometrical language, 
the curves y = 4>{x) and y=f{x) have n points in com- 
mon, corresponding to abscissae between — 1 and + 1 : and 






^ (x) dx may be taken as an approximate value of 

f(x)dxy subject of course to some examination of the 
amount of the error thus introduced. 



/: 



1 f^'^(x) 
124. Let -777— T / dx be denoted by -4- : then 

<l>{x)dx = AJ{a,) + AJ{a,) + +A/(aJ (1). 



Now here it will be observed that Ar is quite independent 

of the form of the function /(a?) ; so that when A^, A^ A^ 

have once been calculated, we can use them in (1) whatever 
/(a?) may be. 

T. 7 
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125. The older methods of approximate quadrature used, 
as we have said, equidistant ordinates. According to this 
method we should have 

^ 2(r-l) 2r-n-l 

- . 2(n-r) w-.2r+l 
so that a>-r^i = -'l+ ^_i = ^^^ =-gr 

Thus "^ (a?) = (a? — aj (aj+a^) (a? — a,) (a? + a,) ; 

RO that if ii be even ^fr (x) involves only factors of the form 
a? — a\ but if n be odd one factor is x. 

Hence -^ (— a;) = (— 1)* '>^ (a?) ; 

and therefore — '^' (— a?) = ( — 1)* -^^ (ar), 
so that t'(-^) = (-ir't'(a^)- 



■^ 'yjr {x) dx 



^ 1 r -ifr (x) d 



1 f (-ir- 



x 

1 (-l)»-,^(a;)c7a; 



a. — aj 



1 r ir{x)dx ^. 



Thus the quantities A^, A^ A^ are such that those 

which are equidistant from the first and the last are equal. 

126. The error which arises from taking the approximate 
quadrature instead of the real quadrature is 






here and throughout the Chapter S denotes a summation 
with respect to r from r = 1 to r = ti, both inclusive. 

Now if f{x) be a rational integral function of a? of a 
degree not exceeding n— 1 this will vanish, for then f(x) is 
identical with ^ (a?), and there is no error at all. This holda 
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then for the ordinary process of approximate quadrature^ since 

it holds whatever may be the law by which a-, a^ a„ are 

determined. 

(jauss proposed to take a^, a,, a^ in such a manner 

that the error should also vanish when f{x) is any rational 
integral function of a? of a degree not exceeding 2n — 1. To 
this we now proceed. 

Suppose then that f{x) is of the degree 2^1 — 1. Since 
fix) "4^ (a?) vanishes when x has any of the values a^, a^y,.,a^ 
it follows that /(^) — <^ (a?) is divisible by '^(x). Assume 

then that -^ ^^^"T ^ ^^^ =c^ + c^x + c^x^ + +c^^x'^\ 

so that f(x) = <f>{x)+^|t{x){c^ + c^x + c^a?•\' + c^^x*"^}. 

By ascribing suitable values to c^, Cj,...c„, we may obtain 
every possible form of f{x) of the degree 2n — 1, under the 
condition that /(a:) — ^ (x) vanishes for the n specified values 

of iC. 

In order then that I /(ps) dx— j <l>(x)dx may vanish 

for every possible form oi f{x) of the assigned degree, we 

must have / x"" yjr {x) dx = for all positive integral values 

of r between and ti — 1 inclusive. Hence it follows by 
Art. 32 that ^fr {x) must be of the form CP^ (a?), where 
C7 is a constant; and therefore the roots of yjr(x)=^0 must be 
those of P^ (x) = 0. This determines the law of succession 
of the quantities a^, a,,...a^. 

Since the coefl&cient of x* in '^{x) is supposed to be unity 
we must have 

In 

Q^ y 

1.3.5...(2n-l)* 

127. Since by Art. 7 we have a^ = ''a^, and a«_^i = — a^, 
it follows by Art. 125 that ^„_^^ = -4^. When n is odd the 
middle term of the set a^, a^,,,.a^ is zero. 

128, Thus we see that ii f{x) be rational and integral 
and of the degree 2n — 1 at the highest then / / {x) dx is 

"^' 7-2 
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exactly equal to I ^ (a?) do?, when a^ a^...a^ are the roots 

of P^ (x) = 0; or, to use geometrical language, the area of the 
figure bounded by a portion of the curve y =/(a?), two fixed 
ordinates, and the axis of abscissae, can be determined eaxLcUy 
when besides the two fixed ordinates we know n intermediate 
ordinates at suitably selected intervals. 

We proceed to consider the amount of error which the 
method of Oauss involves when f{x) is no longer restricted 
to be of the degree 2w — 1 at the highest. 

129. Suppose that/(a?) can be expanded in a convergent 
series so that 

/(a?) = &.+ &jaj + J,a?+... + 6,aj* + (2). 

The whole error is I f(x)dx~'X A^f(a^). Put for f(x) 

and for /(a^) their expansions from (2); then the error will 
consist of a series of terms of which the type is 



Ki^j\-dx-'tA,a;^y, 



we will denote this by b^ E^, 

Now we know from Art. 126 that E^ vanishes if m be 
not greater than 2n — 1, so that the whole error reduces to 

h E +J E 4-6 E +... 

130. We have first to observe that all the terms with 
odd sufl&xes will disappear from the preceding series ; that is, 
2p + 1 being any odd number, we shall have 

^ a?^^dx^tAa;^^^Q. 



I. 



r r 

-1 



For I x*^^ dx is obviously zero; and XA^a/^^ is zero 
by reason of the facts mentioned in Art. 127. 

131. Consider then E^„ that is [ a^' da -XArO^'', 

2 . . ' 

that is oTTi "" ^^^^^'f ^* ^^ obvious that this is equal to the 
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coefficient of «"*^* in the development of log =- — «2 -^ — ^ 

in descending powers of z. 

Now A ^— r?M^. 

let xW^/^ ^-^tlf'^'^ ^ (3), 

then XK)=£^^'&, forP.(a,) = 0; 

thus A=^^ (4). 

But Y (z) is a rational integral function of z of the degree 
n — 1, and therefore by Art. 122 we have 

x(-)=-p»(-)^ i>.(^iy-a.) (^)- 

Thus from (4) and (5) we get 

But by Art, 127 we can also write this 

and therefore, by addition, 

Hence z 2 -^ — ^ = ^\ \ , and therefore E^ is equal to 

the coefficient of «"^*^* in the development of log ^ — "p"m 

in descending powers of z. 
But by (3) we have 

= P. («) log ^ - 2(2. {z), by Art. 80. 
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Hence finally E^^ is equal to the coefficient of «"*"* in 
the development of Jj "^ > in descending powers of «. 

2Q, fg) •*• 2(2n + 3) ^ '^- 

AW *" - «(n-l) "7 • 

2(2n-iy "^••• 

If this be developed in descending powers of z we obtain 

^^ +21 2n + 3 ^ 27i-ir ' 

thus we have jE'^ = ft, 

_;if (ii + l)(n + 2) n(n-l)] 
-^«»+«-2l 2n + 3 "*■ 2/1-1 ]• 

132. We may investigate somewhat more closely the 
extent of the error to which the new method of approxima- 
tion is exposed. 

By Arts. 72 and 77 we have 

where C^ = {P (>)'l' Tj* -- 1) ^^^^ ^ "^ ^'•' 

so that ^''={P;(a,)}»(a/-l) " 

Thus 

f^ = log^-±l + 22 
P. u) * « - 1 



(^) '~«* z - 1 ' - {i". («,)}« (a,' - 1) (z - a,) • 
But since a„_^j = — a^ we may write this thus : 

l^W _ w *-+ 1- + 2z1 ^ 
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Let tliis be developed in descending powers of z, then we 
find that the coefficient of z^^^, that is E^^, is 

2p+i /^i-a;\FM)r 

By comparing this with the value of E^ at the beginning of 
Art. 131, we see that A^ = -z = 1 1^ , . \ , This furnishes 

a new expression for -4^, and shews that it is necessarily 
positive. 

2 

Let 8^ stand for %Afll^, so that E^ = 9~X1 "" ^2P' 

Let ^ denote the numerically greatest of the quantities 
a-, a,, ... a^; then since -4^, -4^, ... A^ are positive it is ob- 
vious that 5^jp^ is less than ^8^, But we know that ^j^, 

2 

is zero, so that /S,,^ = ^ = ; hence it follows that S^^^ , is 

2 2i8^ 

by so much as ., . We may observe that 



2/i + 2^-l ^ 2n-l 

each of the quantities -4^, -4^, ... -4^ is less than 2. For since 

E^ is zero when p is zero, we have 

^,+-4,+ ... + ^„=2. 

Moreover when n is even each of the quantities is less than 
unity, since any two equidistant from the first and the last 
are equal. 

133. Let us now make some comparison between Gauss's 
method and the old method of equidistant ordinates. We 
suppose that n ordinates are used besides the extreme ordi- 
nates. Suppose as before that /(a?) can be put in the form (2). 
Then according to the old method the error may be de- 
noted by bE + b^^^E^^^ + b^E^^ +. . . , and by the principles 
of Art. 130 this reduces to bj!^ + h^„^ 4- b^E^^ -f ... if 
n be even, and to b^JE^^ + ^n+A-w + ^f^^n^ +... if w be odd. 
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According to Gauss's method the error may be denoted by 

^ii.'^ai + ^t»+a'^ii.4i + ^fn-M-^8iH4+"" ^^^ i^ must be remem- 
bered that such a symbol as E^ does not denote the same 
thing in the two methods; for this reason, and because 
K* ^«+i> ••• ^^ ^^^ known until /(a?), is specially assigned, 
we cannot make any close arithmetical comparison between 
the two methods. 

If the expansion oif'(x) is extremely convergent, so that 
the quantities J^, 6,^,, 6^,... form a rapidly diminishing 
series, we may draw two general inferences. 

I. In the application of the old method if n be an odd 
number, then n ordinates are as advantageous as n + 1. 

II. The new method by using n ordinates is about as 
advantageous as the old method would be by the use of 2n 
ordinates. 

134. There is another mode of investigating the results 
of Art. 131 which may be noticed. We propose in fact, using 
the notation of Art. 122, to find the value of 



j\ {/W - <> W} dx. 



Now since f(x) — ^ (a?) vanishes when -^ {x) vanishes, we 
will assume that /(a?)— ^ (a?) is divisible by yfrix); this would 
certainly be true if the expansion oif{x) consisted o( a. finite 
number of terms, and on the supposition that the expansion 
of f(x) is highlv convergent, we may admit that f{x) may 
be treated practically as if there were only a finite number 
of terms. 

Let then f(x) — ^ (a?) = -^ (x) x (^)> 

so that xi'^) ^^7 ^ considered to be equal to the expansion 

of* ^ f"/ \ ^ ascending powers of a?. 

Now <b (x) is of one dimension lower than -^ (x), and so 
the expansion of .\ { will consist only of negative powers 
of x ; hence these negative powers will cancel those arising 
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■fix) 
from the expansion of '7-7-T-, and leave x (^) ©q^al to the 

r W 

fix) 
aggregate of the terms in the expansion of "rri which in- 

volve positive powers of x. 

Suppose then ^ = § + A + |j,+.... (6), 

for it is obvious that the other powers of x will not occur in 
the expansion, since -i/r (a?) involves only a;* and other terms in 
which the exponent differs from n by an even number. Since 

r^^)-^ 2.(2n-l)^ + 2.4.C2n-l)(2n-3) ^ — ' 

the values of /8^, /S^, /8^, ... are found in succession from the 
equations 

n - i^ - ^ ^^ "" ^) p 

''"■'^« 2.(2w-l)^«' 

yi(yi-l) yi(n-l)(n-2)(n~3) ^ 

'^^ 2.(2n-l)'^«'^2.4.(2n-l)(2n-3)'^^' 



Now the error = I \f{x) — ^ (a?) j- da?= / -^ (a?) ;^ (a;) da?; 

fix) 
and ;^ (a?) = that part of "^ >. which invol vespo^i^iye powers of x 

by (2) and (6): and thus the error becomes 

where -B;. stands for [ (^.aT + /9j^"*"* + ftaT"* + . . .) -^ (a?) <iR 

•'-1 
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Now I ar'^{x)dx vanishes if m is less than n ; and thus the 
error reliuces to b^B^ + b^^.B^^, + b,^^+ .... 



Also -^ {x) = CP^ {x), where G stands for '— =^ ; 

and thus the error 

= C6^ r fi.ai'P, (x) dx + Ch^, f ^^'P, ix) dx 

The integrations may be effected by Art. 35, and thus 
giving to fi the same value as in Art. 131, we find that the 
error 

u. h [p (n + l)...(n + 4) . ^ (n+l)(7i+2) "I 
+/^«'*n+4L^0 2.4.(2/i+3)(2n+5)'*"'^» 2.(2w + 3) "*"'='*]"*" - 

135. We have supposed throughout that the limits of 
the integration are — 1 and + 1 ; but by an easy transforma- 
tion we can adapt the process to the case of any other limits. 
Suppose, for example, that we put a? = 2^—1; then f = 
when a? = — 1, and f = 1 when a? = 1, so that 

ff{x)dx = 2ffi2^-l)dl 

J -I J D 

Let/(2f-l) be called ^ (f); then 

l\{^)di = \fmdx, 

or {^(f)'^^ = i//(H-)'^^- ^' 
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and thus we shall have approximately by Gauss's method 

j[<f>{^d^ = l'^M(}^) (8). 

^ 1 -f (I 

Let -^=^C^y and — — ^ = 7^: then approximately 

r^(f)rff=2a^(7,) (9). 

Gauss has calculated the quantities of which G^ and 7^ 
are the types, for all values of n from 1 to 7 inclusive; we 
will give his results in an abridged form at the end of the 
Chapter. 

It will be observed that 7i> Ta, ••• 7» are the roots of the 
equation — j~^ — = ^> when for x we put 2^—1; so that 

they are the roots of — ^^^ — —=^^\ tl^at is they are the 
roots of 

* 1.2n^ ■*'l.2.2n(27i-l)^ +...-U. 

The roots of P„ (a?) = can be obtained from the values 
which we shall give for 7^, 7j, ...7^, by the relation a^= 27^—!. 

Again, to estimate the error produced by using (9), sup- 
pose that 

^(2'*"i)"^^"*"^^i'*"-^«(I) +•••' 

then as this is the expansion of /(a?) the former notation 
and the present are connected by the relations 

Moreover from (7) and (8) we see that the expression for 
the error will be half that formerly obtained; so that it will be 
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At, u( (n + l)(n + 2) «(n-l) ] , 
2 *'"*'4\ 2»+3 2»-l j = 



I • • • > 



that is 



fA 



2«i»+i 



^•.+ 



^ f(n+l)(n4-2) 



2« 



i^+4 



{ 



2» + 3 



n(w-l)] 
2» - 1 J 



* -^mm I T • • • • 



'tM-8 



136. We will now give the numerical values required 
in the formula (9) for the values of n from 1 to 7 inclusive. 



n = l 


« = 2 


7i=5 


7j = -2113248654 


C. = l 


7, = -7886751346 




C7.= (7. = -5 


n = 3 


n = 4 


7, = 1127016654 


7, = -0694318442 


7.= -5 


7, =-3300094782 


7, =-8872983346 


7, = -6699905218 




7« = -9305681558 
C,= C, = -1739274226 




C;=C, = -3260725774 


n = 5 


n = 6 


7, = 0469100770 


7, = -0337652429 


7, =-2307653449 


7, =-1693953068 


7. = -5 


7, = -3806904070 


7, =-7692346551 


7, = -6193095930 


7, = 9530899230 


7, =-8306046932 


(7,= a, = -1184634425 


7,= -9662347571 


C,= C. = -2393143352 


C; = (7, = -0856622462 


(7. =-2844444444 


(7^ = C; = -1803807865 




(7, = Ci = -2339569673 
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7i = 
% = 

7» = 

74 = 

7.= 

7« = 

77 = 



n = 7 
-0254460438286202 
•1292344072003028 
•2970774243113015 
•5 

•7029225766886985 
•8707665927996972 
•9745539661713798 
Or = -0647424830844348 
C. = -1398526957446384 



C. = C,'= •1909150252525595 



8 



(7, = •2089795918367347 



( no ) 



CHAPTER XI. 

EXPANSION OF FUNCTIONS IN TERMS OF LEGENDRE'S 

COEFFICIENTS. 

137. We have seen in Art. 27 that any positive integral 
power of X can be expressed in terms of Legendre's Coefl&- 
cients; and hence also any rational integral function of x 
can be so expressed. We have next to determine whether 
any fimction whatever of x can be so expressed; this matter 
however is somewhat diflScult, and we shall treat it very 
briefly here, as it will come before us again when we consider 
the more general Coefficients which we call Laplace's, and 
which include Legendre's as a particular case. 

138. Let f(x) denote any function of a:; if possible 
suppose that 

Ax)^a,-ha,P,{x)+a,P,{x) + (1), 

where a^, a^, a^, ... are constants at present undetermined. 

Let n be any positive integer; multiply both sides of (1) 
by P^ (x), and integrate between the limits — 1 and + 1 ; 
thus by Art. 28 

therefore a^ = ?^+i T P^{x)f(x)dx (2). 

Thus i£ f(x) can be expressed in the form (1) the constants 
a^, a,, ... must have the values assigned by (2). 

The formula (2) implies that /(a;) remains finite between 
the limits — 1 and +1 of a? : this condition then must be 
understood in all which follows. 
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139. Since the constants in (1) are thus determined it 
follows implicitly that there can be only one form for the 
expression of a function in terms of Legendre's Coefficients ; 
this may be shewn more explicitly in the following manner. 

If possible suppose that 

f{x) = tto + a,Pi (a?) + aj"^ (x) 4- ..., 
and also = ^o + \^i (^) + K^% (^) + •••• 

By subtraction, 

= ao - 6o+ («! - ^) Px (^) + K- ^2) ^2 (^) + •••• 

Let n be any positive integer; multiply by P^{x) and 
integrate between the limits — 1 and + 1 : thus by Art. 28 

""" 271+1 • 
Therefore a^ = 6^: and thus the two expressions coincide. 

140. We have shewn that if /(a?) can be expressed in 
terms of Legendre's Coefficients the expression takes a single 
definite form ; but we have still to shew that such a mode 
of expression is always possible. This we shall do, at least 
partially and indirectly, by finding the value of 

where S denotes summation with respect to n from zero to 
infinity. We shall require an auxiliary proposition that 
will now be given. 

141. If ^ [x) be such that it is always finite and that 

aj* <f> \po) dx vanishes, where p and q are fixed, and n takes 

successively every positive integral value, then ^ [x) must be 
always *zero between the limits p and q. 

For if [x) be not always zero between these limits it 
must change sign once or oftener. Suppose ^ {x) to change 
its sign m times, and let x^, x^^ ... x^ denote the values of x 
at which the changes take place. Let 



I 
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then by multiplying out we have 

where A^, -4,, ... A^ are constants. 
Now we have by supposition 

faf'<l>(x)dx = (3). 

In (3) put for n in succession m, m — 1, ... 0; and add the 
results multiplied respectively by 1, A^, ••• -4„« Thus we get 



I 



'sjr (x) <l> {x) dx = 0. 



But this is manifestly absurd, for -^ {x) and ^ (a?) change sign 
together, so that '^ (x) ^ (x) does not change sign. 

The condition that (j> (<») is to remain finite is intro- 
duced because we can have no confidence in the results of 
integration when the function to be integrated becomes in- 
finite. 

142. We now proceed to find the value of 

We assume that it is finite, and denote it by F{x); so that 
F{x) = -Z?^P,ix)f^P,{x)fix)dx. 

Multiply by P^ (x) and integrate between the limits - 1 
and + 1; thus 

f_F, ix)F{x)dx=fp, {x)f{x) dx; 

therefore J" P^{x){F{x)-f{T)]dx = (4). 

Now we know that a?" can be expressed in a series of 
Legendre's Coefficients ; let then 

<»" = c.P, («) + c^,P^, {x) + c^P.^ (x) + . . . . 
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Multiply (4) by c^, then change n iu succession into 
n — 1, w — 2, ..., and add ; thus 



f x''{F{x)--f(x)}dx = 0. 



This then holds for every positive integral value of n ; 
and hence by Art. 141 we have JF{x) —/(a?) = 0; therefore 
F {X) =f{x). 

This process is given in Liouville's Journal de Math^ma-' 
tiqueSf Vol. II. 

143. Thus we see that if the series denoted bj 

^271 + 1 



• •'-1 

is really finite^ it is equivalent to f{x)\ the diflSculty is to 
shew generally that the series is finite, and as we have said 
we shall return to the subject. 

144. As an example suppose it required to express x 
in a series of Legendre's Coefficients, where A; is a positive 
fraction, proper or improper, which reduced to its lowest 
terms has an even number for numerator. 

Then / a:*P^ {x) do; = 0, when n is odd, 

•'-1 

and = 2 I a^P^ {sc) dx, when n i 



IS even. 
Jo 

Thus, by Art. 34, 

"" ""A;+1'*'(A+1)(Aj+3)^»^^^"^(Aj+1)(A+3)(A;+5)^^^^^"^- 

(4m + l)fc(A?-2)...(fc-2m + 2) 
"*" (A + l)(A? + 3)...(A; + 2m + l) •^*»^^J^+-- 

It will be seen that after a certain term the numerical 
factors are alternately positive and negative; and it may be 
shewn that they are ultimately indefinitely small : hence the 
series is certaimy finite if a? is numerically less than unity, 

T. 8 
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To shew that the numerical factor is ultimately indefi- 
nitely small we observe that it bears a finite ratio to 

4m4-l 2.4.6... (2m-2) 



ifc + 2w + l •3.5.7...(2w-l)' 
4m + 1 {2r^\m^y 



that is to 



A; + 2m + l 2m-l ' 



and the ordinary mode of approximation will shew that this 
vanishes when m is infinite. Integral Calculus, Art. 282. 

146. As another example we will express -rjz sr in 

V(i-«) 

a series of Legendre's Coefficients. 

In Art. 14 suppose n even, say =2r; then the term in- 
dependent of 6 will be found to be i~~"k~T~9 ^f 5 *^^ 

thus - I P^ (cos 6) dO is equal to this expression. 



^°" /l7(^=/o'^-<^^^' 



this is zero if n be odd, and if n be even it has the value 
just found. Thus by (1) and (2) we have 

+ 13 ( 2! 4! 6 / ■'^«(^)'*"— j (^)- 

If we put 0? = we deduce 

146. Again, we will express -j^ — -^ in a series of 
Lei^endre's Coefficients. 
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In Art. 14 suppose n odd, ssij =2r + l; then the term 
which involves cos will be found to be 

and thus 

1 f'u r /^ CM fl.3.8...(2r-l)l»2r + l 

Now I* ^"(^^ =/'-P» (c'^s ff)coB0d0; 

this is zero if n be even, and if n be odd it haA the value 
just found. Thus by (1) and (2) we have 

(6). 

147. Integrate (5), making use of Art. 61; thus 

?sin-x=3(|yA(.) + 7(2i^yP.(«) 

Integrate (6), making use of Art. 61; thus 

Bv(i-«0=i-5(in-i'.(-)-9(o)>^(-) 

148. Multiply the left-hand member of (5) by 
, and the right-hand member by the equi- 



V(l-2aa?+a*) 

valent series 1 + P^a 4- P,a* + . . . ; then integrate between 

the limits — 1 and + 1 : thus we get 

8—2 
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i-,V(l - 



that is I 



V(l --• 2a cos ^ + a") 

In a similar manner we obtain from (6) 

xdx 



that is 






cos5c?5 



V(l - 2a cos e + a'') 

The examples of Arts. 145... 148 are taken from jCrelle's 
Journal fur...Mathematik, Vol. 56. 
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CHAPTER XIL 

MISCELLANEOUS PROPOSITIONS. 

149. In Art. 96 we have shewn that 



m 



where «« = ^-i — ; — ) n^ » 

** 2" \n+m da^^ ' 

or as we have expressed it in Art 97, 



W+Wl 



71— m 



but when w = we take only half of these expressions. 

Now let X be positive and greater than unity, and sup- 
pose that we expand ^^ ^ ^^^ _\^ ^^ ^^,,, in the form 

^0 + ^1 ^^s ^ + 6j COS 2^ + ... + J„ cos n^ + ..., 

where 6^, J^, 63,... are functions of a? which do not involve 6; 
then it is found that so long as m is not greater than n the 

fraction -— is independent ofx : indeed as a^ is zero when m 

is greater than n, we may say simply that j^ is always inde- 
pendent of a,. 

This has already appeared in the case in which m is zero ; 
for we have in fact shewn in Art. 49 that t^ = 1. We shall 
now investigate the general proposition. 
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150. We know that if m is greater than zero, 
a^^-i {aj + VC^— l)co8^}*cos«i^cJ^; 
we shall denote the definite integral by J^^ so that 



2 r 



• ttJ. {a?+ 



3 greater tl 
cosm^d<l> 



iwfti 



{a?+V(^-l)cos<^}' 
we shall denote the definite integral by JL»_i, so that 

We shall now transform the definite integral J*^. 

It is shewn in the Differential Calculus^ Art. 369^ that 

sin an<^ _^ rf''-^ (1-^0''-* 

where 2 = cos <& and \ = ^ — • 

^ 1.3.5...(2m-l) 

Hence coBm(f>d<l> = \ — rii^ — ^*" 

Substitute in J" ; thus it becomes 

Integrate by parts, and then again by parts, and so on 
until the operation has been performed m times ; then since 

cf(l-n"»"i 

-Tg. vanishes at the limits so long as r is less than m, 

which is the case in our process, we obtain 
^ X(-l)-|7i(a:'-l)?r-* 
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Then restoring cos ^ for t we obtain 

(-ir«|n-m -2 

X|n ^•*' ^>' ""n 

= /{«? + V(a^-1) cos^}*^sin*"^c?^ (1). 

If we apply a similar transformation to Jl.,, we obtain 



(^-1) 'J ^ , 



{« + V(^*— 1) cos^j 



W+lll+l 



(2). 



We shall now shew that the definite integrals on the 
right-hand sides of (1) and (2) are equal; this gives in fact the 
demonstration of the statement of Art. 149. 

First change ^ into tt — ^ in the definite integral in (1) ; 
then it becomes 1 {a? — V(^ — 1) cos ^}*'" sin*"^ rf^. 

Now use the same transformation as in Art. 49^ namely, 

cogj,_a?cos ^ + V(as^-l) 
^^^"a? + V(a?-l)cos>^' 

which leads to sin A = — ; — ,, « \, , 

^ x + i^{ar — 1) cos -^ 

a? — V (^ — 1) cos ^ =^ 



a? + V(^- 1)008-^* 



d4> ^"^ 



a? + V(a!^-l) cos-^' 
thus r {x - s^{a? - 1) cos ^}*"" sin*"^ d^ 

_ f » sin*]S^rf^ 



{a? + VCa?" — 1) cos y^] 



n+m+l« 
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Hence from (1) and (2) we have 
so that. y^^ = !=4- (- 1)* 



-n-l 



n+m w— m 



We have thus two forms for the associated functions of 
the first kind analogous to the two forms for P^ in Arts. 47 
and 49 ; namely 



m 



(a^ — l)*'BT(?W,n) 

= — ' ■ ' I [x + V(ar— 1) cos <^}* cos mfdif}, 

and also when x is positive and greater than unity 



m 



— (- 1)*" I n /•» cos m^d^ 

""7rl.3.5...(2w-l)J«T^ 



n+l" 



(2w-l)j, {a? + V(aj'-l)cos^} 

151. The process given in Art. 96 for the expansion of 
{x + V(^ — 1) cos ^}* may be generalised. 

For if '^(a?) denote any function of x we have 

and hence the expansion of {a; + '^(a?) cos^}* may be found 

^ ^ ^ in powers of z, at the end put 

&^'^{x) for i?, and {'^/r(a;)}^ — a?' for a'. We shall thus obtain 
for the general term 

2" I \n+m ^ ^ n—m ^ ) ^ 



where D stands for -r- ; and at the same time we obtain. the 
theorem 
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in these formulae the value of a' is to be substituted after the 
differentiations are performed. 

152. We may exhibit P^{x) as a determinant. For put 

^* + A-ia' + ^«-a^'+- + A^"="l^- (3), 

where -4^, -4^^, ... A^ are constants; let these constants be 

determined by the conditions that I VoS^dx = 0, when m is 

•'-I 
any positive integer not greater than n. 

1 ri I 
Put c^r = 9 I ^''^'21?, so that a, = r if r is even, and 

= if r is odd. Then by putting for m in succession the 
values 0, 1, 2, ... w— 1, we obtain the following n equations : 

A^a^ + J^_, «, + ... H-^^a^ =0 



' (4). 



^»««-l + ^n.ia«+ ... + A«2n-l= 



We may consider that (3) and (4) form n+1 equations 
for expressing A^, A^, ... A^ in terms of V, x, a^, (^if»(i^n_^ ; 
thus we get by the Theory of Eqitations, Art. 388, 

A.xM^VxN-, 
where M stands for the determinant 

^1> ^j> ^8» ••• ^n+1 






land -W stands for the determinant obtained from M by 
omitting the extreme right-hand column and the lowest 



row. 
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Now we know by Art. 32 that P^ (x) is the product of 

a certain constant into V, and as the coefficient of x* in 

D , X . 1.3.5... (2n-l) , 

P»(a?) IS r^ ^, we have 

p . . 1.3.5... (2n-l) F_ 1.3.5...(2n-1 ) M 

Thus P^ (a?) is expressed as the product of the determinant 
M into the constant factor — — - — ,"\v • 

153. The value found for P^ {x) verifies immediately the 
property that I P^ (a?) x'^dx = 0, when m is any positive 
integer less than n. 

AM 1 f^ 

For since F= — ^r- the value of ^ Vaf^dx will be found 

■N 2J.J 

to be -1^ , where fi is obtained from M by changiDg the last 
row of M into 

But thus /ii has two rows identical, and therefore vanishes 
by the Theory of Equations, Art. 371. 

154. Since a^ is zero when r is odd, it will be found 
that we can separate the equations (4) into two groups, one 
involving A^, A^, A^,..., and the other involving A^, A^, A^, ... 
The number of equations in the latter group will be the 
same as the number of the quantities -4 j, A^, A^, ...; and 
as the right-hand member of each equation is zero we ob- 
tain -4j = 0, ^3 = 0, u4g=0, .... The former group of equa- 
tions in conjunction with (3) will serve to find A^; we shall 
obtain a result which we may express thus : 

A^xM^=VxN,, 

where M^ and JVj are determinants. 
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If n = 2r we have for M^ the form 



a^, ctj, 6f^, ••• a^ 



a 



»» 



^4* ^6> ••• ^arM 



<*«r-fi> ^«r> ^i 



'«r+2? 



...a. 



•L I *'' 9 **^ 9 * * * **' 



If 71 = 2r + 1 we have for M^ the form 



a„ a^. 



a. 



• •« a, 



^4> ^«> ^> 






8r> ^2rf2' ^irH> •*' ^4r 

«C^ aC I M/ y • • • iC 



In each case N^ is formed firom M^ by omitting the ex- 
treme right-hand column and the lowest row. 

As before we have 

„ ,_, 1.3.5... (2w-l) V 



30 that p,(,)^ l>3.6..(2n-l) ^,^ 



jv: 



Articles 152... 154* are taken from the Comptes Rendus 
of the French Institute Vol. XLVIL 



then 



155. In Art. 102 we saw that if y = w (w, w) (a:*— 1)", 



-^«^- 



rfy 



(l-^«^-2a:(l-a:»)^+{w(n+l)-m^-7»(n+l)a;»}y=0; 

we will denote y by (m, n), and proceed to some properties 
of this function. 
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156. Let K^ stand for I (m, n) (m, v) dx, then jK'^ 
will vanish if n and i; are different. 

For from the differential equation of Art. 155 we obtain 

^^,j' <l>{m,n)J>Jm,v) ^_„(„ + i)j-^ <l>(m,n)<l>{m,v)dx. 
By two integrations by parts the left-hand member becomes 

and this by the differential equation 

Therefore 

{v (v+ 1) — n (w + 1)} I <f> (m, n) ^ (m, v) dj? = ; 

and therefore if n and v are different .ff"^ = 0. 

157. We shall next find the value of JJT when v^n. 
By Art. 97 we see that 

4> (m, n) =-^-5= {x^-\y ; n^ ; 
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by Art 96 we are allowed to change m into — m in the 
expression here given without altering its value, so that we 
have also 

Hence we have 
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Integrate by parts; thus 



da;""^ doj^ 






Integrate by parts again ; and so on until we arrive at 

this = (- 1)» {\n nf_^ {-P. («')}• ^ = 1^ [\!t 2"r- 

Thus finally when v = n we have 

2(— 1)"* |n + m \n — m 
^«'" 2/1 + 1 {1.3.5... (2n~l)}»* 

158. It will be convenient to state the results of the 
last two Articles in another notation by the aid of equatioQ 
(4) of Art. 97. We have then 

r 



: 



.1 da?*" dx' 



if n and v are different ; and 



1) 



n — m 



159. We shall now establish the following relation: 
(2n — 1) <^(w, n) =^nx^ (m, n — 1) -V (p^ — 1) -j- <l>{m, w — 1). 

By using the formula quoted at the beginning of Art. 157 
and reducing, and putting 2) for -7- , the proposed relation 
takes the form 

=nxi)"*^(£c'-l)-'+»ia;2)»^'(a!»-l)*-*+(a^-l)i)"^(*»-l)""';. 
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so that the relation becomes 

= (7i + w)a;I>'*^'(^- !)»-* + (^-l)2)***(aj»--l)'^ (5), 

We shall establish (5) by induction. Assume that it is 
true^ and differentiate both sides ; thus 

{n - m)B^x(a?'^ 1)*"' = (n + m)xLr^{(if- 1)*^ 

+ (a^- \)ir^\a?'' 1)'^+ (w + m)ir^\sf- 1)""* 
+ 2a:2?^(«^-l)*^ (6). 

But by the theorem of Leibnitz, 
jy^x{^ - 1)*-* = xir^{cf - 1)*-* + (m + w) rr*^'\a?- !)•-' ; 

and thus (6) may be written 

{n - m)iy^x{a?- 1)*"* = (n + wi)«J5^(»"- 1)""" 

+ (ai*-. 1)2)"^*^(^- ir^ + jD-^a;(aj»- 1)*-* 

this is what we should get from (5) by changing m into 
m + 1 ; so that if (5) be true for any value of m it is true 
when m is changed into «i + 1. 

But (5) is true when m = 0; for then it becomes 

nD^'-'x {x^ - 1)"-^ = nxD'^-'ia? - 1)""^ +(a?- l)ir{a? - 1)•-^ 

that is w(n-l)I>»^(a?-l)*-^=(aj'-l)2>*(a?'-l)*-^; 

and this is a particular case of equation (2) of Art. 96, 
namely, what we obtain by putting 1 for m, and changing n 
to n — 1, 

160. The results of Arts. 156 and 157 enable us to ex- 
tend to the function ^(w, w) some propositions which hold 
with respect to P»(a?); this will be seen in the next three 
Articles. 
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161. Suppose that a function f{x) can be expressed in 
the form 

f{x) = a^<l>{m, m) + a^^ (w, m + 1) + a^<l>{m, m + 2) + ..., 

where a^, a^, a^,... are numerical factors to be determined. 
Then these numerical factors may be determined by the 
general formula 

^r) {<l>{m,m + r)Ydx= I f{x)<l>(m,m+r)dx. 

Moreover there is only one such mode of expressing /(a?). 
See Arts. 138 and 139. 

162. Again, suppose we have the series 

K<l>i0,n)+b,(l>{l,n)+h/l>i2,n) + ... + \<l>(n,n); 

then, if this series vanish for every value of a, the numerical 
factors Iq, J^,... J^ must all be zero. 

For suppose that a; = 1 ; then ^ (1 , n), ^ (2, n) . . • all vanish ; 
and therefore io^(0, n) = 0; therefore b^ = 0. 

Then we have ^^^(l, n) + 6,^(2, w) ... + 6„^(w, w) always 

zero ; divide by i^(a?—l), and then put a? = 1; thus we find 
that i^ = ; and so on. 

This process assumes that i does not vanish when 

a; = 1, that is, that ^gt (m, n) does not vanish when a? = 1 ; and 
this we know to be the case from Art. 103. 

163. Suppose that a function f(x) can be expressed in 
the form 

fix) = io^(0, w) + 6,<^(1, n) + 6,<^(2,7i) ... + K<f>{n,n); 

then the numerical factors J^, i^, i,, ... may be determined 
in succession, thus : 

•~^(0,»)' ^^ ^(l,.»)V(a^-l)'*** 

where in the expressions on the right-hand side we must put 
1 for X. There will be only one such mode of expressing/ (x). 
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164. In various inyestigations of mixed matbematics we 
obtain with more or less rigour modes of expressing a given 
function analogous to those of Arts. 138, 161, and 163. It 
is usually shewn in a satisfactory manner that if such a 
mode of expression is possible it can be effected in one 
definite manner ; but it is rarely decisively shewn that such 
a mode of expression is certainly possible. We will give one 
example. 

Suppose that a homogeneous sphere is heated in such a 
manner that the temperature is the same at all points equally 
distant from the centre ; and let the sphere be placed in a 
medium of which the temperature is constant ; then it is 
shewn in various treatises on the mathematical theory of 
heat that in order to determine the temperature at any 
time t of the points of the sphere which are at the distance x 
from the centre, we must find a quantity u which satisfies 
the following conditions : the equation 

di='d^ (7) X 

must hold, whatever t may be, for all values of x comprised 
between and the radius of the sphere, which we will de-» 
note by Z; and the equation 

| + *» = <' (8) 

must hold when a? = i, whatever t may be. Here c and h are 
certain constants. • Then the temperature at the time t of the 
points of the sphere which are at the distance x from the 

centre will be - . 

X 

Now we will assume that there is some expression for u 
in terms of x and t which does satisfy these conditions ; that 
is, we assume that the problem has a solution. We will also 
assume thai ^ w is a function of t it may be expanded in 
a series proceeding according to ascending powers of e"*; 
this assumption may be in some degree justified by 
JSurmann's Theorem ; see Differential Cahulus, Chapter ix. 
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We assume then that u can be expressed in a series of 
the form 

w = u4,e-«i'^H-^,e-«^'«+ (9), 

-where A^, A^, ... are functions of x; and a^, a^, ... are con- 
stants: these are now to be determined. 

Substitute from. (9) in (7); then, we obtain an equation 
which must be true for all values of t, and which leads 
therefore- to the set of equations 



-<A = o%^K -a,M,= c^--« 



Thus we get J =5,sin (^- + ^7,), ^,=5,sin(^^+C;),... 

where B^, B,,.... C^, C^, ... are constants which remain to be 
determined. 

In the present problem we must have (7^, G^, ... zero, in 
order that the temperature at the centre of the sphere may 
be finite. Therefore- 

J, = 5,sin^, A, = B,sin^, (10). 

Substitute from (9) in (8) ; then we obtain an equation 
which must be true for all values oi t: by the aid of (10) 
this leads to a set of equations of the form 

a cos — hAc sin— = (11), 

where a stands for any of the quantities a^, a^, . . . 

Put a = cp, then (11) beqomes 

p cos pi + h sixi.pl = (12). 

Thus we obtain w = 2-B sm pxe"^^ (13), 

where X denotes a. summation which is to be. effected by 
giving to p the values which satisfy (12), and to B the values 
which correspond to those of p. The connexion between B 
and p must now be investigated. 

T. 9 
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The value of u in terms of x, "when < = 0, may be sup- 
posed to be given arbitrarily ; denote it by ^ (x) : then we 
must have 

^{x) =2-8 sin p« (14). 

Let p^ and p^ denote two of the values of p; and J9, and 
S, the corresponding values of B. Multiply both sides of 
(14) by sin p^x, and integrate from x = Oto x = l. Then, since 

JBmp,xsmp,xax-^ 2(^,-pJ 2(p, + p^ 

_ -^p^smp^x cos p^a?+p^sin p^a;cos p^ 

Pi -"P« 

we find by the aid of (12) that I sinp^a? sin pjcdx = 0. 

•'0 

And [\m^p,xdx^l^ '^f'i'''P^K 

Jo ' 2 2p^ 

2/>i / <^(^) sin/>ja?da? 

Thus we get B. = — p-. ^ r . 

*^ ^ pj," sm Pj6 cos />j6 

Similarly B^, B^... may be determined. 

Substitute in (13); thus we get 

2p sin pxe"^^^ I (a?) sin /3a?(£i 

t* = 2 . M-, j . 

pi " ^in pi Qo^ pL 

Thus the value of u is determined. We obtain indirectly 
the following theorem: if ^{x) denotes any function of a?, 
which satisfies (8) when x=l, but is otherwise arbitrary, then 

2p sin px I <l>(x) sin pxdx 

^(aj)=2 7—^*^-^ 7 . 

^ ^ ' p^ — sm pi cos pi 

This result was first obtained by Fourier: see his Th^orie 
Analytique de la Chaleur, page 350 ; and Poisson's TMorie 
MatMmatique de la Chaleur, pages 171 and 294. 
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CHAPTER XIII. 

LAPLACE'S COEFFiaENTS. 

165. We have defined Legendre's n^ Coefficient as the 

Coefficient of a* in the development of (1 — 2flwj + a")"* in a 
series of ascending powers of a; thus this Coefficient is a 
function of x, and we denote it by P^ (x). 

Let cos 7 be put for x ; then the Coefficient becomes a 
fimction of cos 7 which we denote by P^ (cos 7). 

Suppose two points on the surface of a sphere, and let 
their positions be determined in the usual manner by two 
elements which we may call latitude and longitude; let 

^ — ^ be the latitude, and the longitude of one point ; 

let -^ — d' be the latitude, and (f/ the longitude of the other 

point ; let 7 be the arc which joins the two points: then by 
Spherical Trigonometry 

cos 7 = cos ^ cos ^ 4- sin ^ sin ff cos (^ — <}>). 

Suppose this value of cos 7 substituted in Legendre'a 
n^ Coefficient ; then it becomes what we call Laplace's n^ 
Coefficient: we denote it by F„ and we proceed to discuss 
the form and the properties of this Coefficient. 

It will be observed that T^ is thus a function of four 
quantities, namely 6, 6', <l>, and (f>'; we shall in general re- 
gard 6 and ^ as variable, and 0' and ^' as constant, but it 
will be found that no difficulty will arise if we have in some 
cases to regard ff and ^' also as variables. 

9—2 
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The geometrical language about the sphere which we 
have introduced is not necessary, for we might have stated 
the connexion between 7 and the new variables merely as 
an arbitrary choice of notation. But with the aid of the 
spherical triangle, which is, formed by connecting the two 
points and each of them with the pole, a distinctness and 
reality are given to the subject which will be found very 
advantageous. 

166. Throughout the following investigations we shall 
use fi for cos 0, whenever it may be convenient ; this gives 
dyL6 = — sin ddd. Similarly we shall use /a' for cos 6'; this 
gives d^jJ = — sin 0' dff. 

Thus we have 



cosy = fjLfi + ^1 — fi^ Vl— /a"* cos(^- (f>') 

= fifi + Vl — /a'* Vl — f/^ (cos <f> cos ^' + sin ^ sin ^'). 
We shall sometimes use '^ for ^ — ^\ 

16.7- W® shiStU first establish a certain diflferential equa- 
tion. 

1 



Let U^ 



then 



{{v-xy-kii/-y:r+(z-zyii' 

dU x' — x 

d^~{{x- 0!')*+ {if-y'Y + {z- a')*j* ' 

d'U^ 1 

dx* {{x- x'f + (y - y'f + (a - «')'}' 

3(j!-a!')'' 

^{{<^-xf+{y-yJ + (:z-zJ]^' 

Similar expressions hold for -r^ and -r-g- ; and thus by 

addition we have 

d^'V d^U ^ d^U ^ ,,, 

^+^ + ^ = <^ (!)• 

Now assume 
a; = r sin^ cos^, y = rsindsin0> ^ = rcosdj ■> 



.Laplace's coefficients, 133 

then by Differential Calculus, Art. 207, equation (1) trans- 
forms to 

d*U 1 d^U 2dU cote dU 1 t^'P" _ ^ , 
dt^ "^ r* d^ ■*■ r rfr ■*" r" dd '^r'ain'd dtji' ~"' 

this may also be written 

d*(Ur) d (,, ^,dU\ , 1 d*U 



dr^ 



. <^ f/1 2N dU) , 1 d'U . .„ 



This diflferential equation was first given by Laplace, and 
may be called Laplace's differential equation. 

Let us also assume 

X = / sin ff cos j>, y* = lr sin 5' sin ^', fc' = / cos &\ 

then [7= j, 

where \ stands for cos ^ cos ^ + sin ^ sin ^ cos (^ — <^'). 
Suppose r* greater than r; we may put Z7in the form 

T \ r r^) 

and by expanding we obtain for U the convergent series 

c/ = -, + rj^+Fg^+T3^+ ...........*.. (3). 

Substitute this value of U in (2), and equate the coeffi- 
cient of r" to zero ; thus 

If we suppose r greater than r', we have instead of (3) 

and by equating to zero the coefficient of r""'^ we again 
obtain (4). 
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168. Confining our attention for the present to fi and ^ 
as the variables, we see from the equation 

cos 7 = fifi + ^1 — /A* ^1— /a'* (cos ^ cos ^' + sin ^ sin ^') 

that cos 7 is an expression of the first de gree wi th respect to 

these three terms, /i, Jl — /i' cos <^, and VI— /a* sin ^. Hence 
as P^(cos7) is of the n^ degree in cos 7, it foll ows th at I^ 

will be of the vl^ degree in the three terms /a, ^/l— /a* cos ^, 

and >/l — /A* sin ^ ; that is, the aggregate of the exponents of 
these three terms in any element of Y^ will not exceed n. 

Also, since cos 7 = fi/i+Jl — /a* >/l — /a'* cos (<^ — (j)'), we 
see that the powers of cos 7 may be developed in powers of 
cos (<^ — <l>') ; and then these powers may be transformed by 
Plane Trigonometry into cosines of multiples of ^ — ^\ In 
this way we see that Y^ may be arranged in a series of cosines 
of multiples of <^ — <l>. As such a term as cos 7rh{j> — ^') can 
arise only from the powers 7?i, m + 2, m + 4, . . . of cos (<^ — ^'), 

it follows that (1— /a")' must be a factor of the element which 
involves cosm(<^ — 9); and the other factor will be of the 
form 

A^fi""-^ + ^i/A»-~"* + A^ijiT^-^ + . . . , 

where -4^, A^, A^, ... are independent of /a. We will denote 
this by B^. Thus Y^ is of the form 



J?o + AVl-/^*<^8i|r+...+5„(l-yu,*)-COSmi|r+... 

n 

+ 5^(1 — /a') ' COS w-^. 

cTF cPY 

Substitute this value in (4), observing that --Trif=-jT»*> 

and equate to zero the coefficient of cosm-^; thus 



(1 -'*') I' {B.{i-,^?]-^4^[B^{i-m -^4^ 



m 



+ n(n+l)5Jl-yit')».0; 
when this is developed it becomes 
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m 



+ n(n+ 1){1-/*V| = 0; 

that is, (l_;t»)*"^'^_2(«t + l)/t(l-/*»)^^ 

+ B^ {«(« + 1) _ m* - m} (1 - /)^= 0. 
This may be writtea 

^{(^-'''^'*"^} + ("-"*^ (" + '* + ^) (^-'**)"'-^- = '^- 

Substitute for B^ the series which it represents in this 
equation, and equate the coefficient of (1 — /a^)**/!^*"*""^ to zero; 
thus, using J) for « — m — 28, we have 

-p{p -1)^,-2 (m+ l)j?^^+ {n - m)(n + tn + 1)^4^ 

Thus by reduction we get 

- _ (n - m- 2g 4- 2)(n — m — 2g+ 1) . 
• 2s(2«-& + l) ^'-»- 

Hence we find that 

(y^-m)(n-m-l)(yi-m--2)(n-m-3) »-m-4_ 1 
■*" 2,4,(2»-l)(2«-3) ^ •"]■• 

The expression within the brackets may be denoted by 
«r (m, », /a) ; thus the term in Y^ which involves cos «i^ is 

-4,j(l — /t*)**- (w, w, /t*) cosiw^, where A^ is independent of /t 
and '^« 
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But this term must be the same function of /a' that it is 
of fly because fi and fi occur symmetrically in I^ ; so that we 

m 

see A^ must contain (1 — fi^ ^ cr (?n, n, /*') as a factor. Hence 
finally the term in Y^ which involves cos w-^ is 



m m 



(7(1 — /A*)"(l— /A'*)'tsr(m, n, fi) 'GT (m, n, fi) cosm-^, 

where C is some numerical factor independent of fi, fi, and 
yjr. The value of C must now be found. 

I. Suppose 71— m even. Then in cr (m, n, /a) there is a 
term independent of fi, and therefore a term independent of 
fi in tsr (m, n, /a') ; so that if we put /a = and jjf = 0, the 
above term becomes C {«r(m, n, 0)Y cos myjr, that is 

^J (n — w) (n — m — 1) ... 1 )* 

^ t2.4...(n-7w)(2ri-l)(2n-3)...(n + m + l)J ^^^^Y' 

that is 

^ri.3.5...(n-m-l)1.3.5...(n + m-l))* , 

^i 1.3.5,.. (2r.-l) 1 ^^« ^^- 

But when /^ and fi vanish the function to be expanded 

becomes (1 - 22 cos -^ + a*)"^, and we have to pick out the 
term which involves cos m-^/r in the coeflScient of a*. It will 
be found by Art. 14 that this has the- factor 

g, 1 .3.5 ...(w — Tw— 1) 1 .3.5 ...(n + 77i — 1) 



that is 



2.4 ... (n — m) 2.4 ... (n + m) ' 

Q {1.3.5 ... (?t — m — l) 1 .3. 5 ... (n+m — 1)}* 



n—m 



n+m 



but only half of this is to be taken when m = 0. 

rrr^ ,n o{1.3.5...(2n-l)}« 

. Thus we get (7= 2 ^ ^ , 

° n^m n-\-m 



but only half of this is to be taken when m = 0. 

II. Suppose n — m odd. Then in 'Gr{m,n, fi) the lowest 
power of fi is the first, and the lowest power of /jf in 
cr (m, n, fi) is the first. Hence we find that a part of the term 
in Y^ which involves cosw*^ has the factor 
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— m— 1) ... 2 



tbat is 



l)(27i-3)... (7H-w + 2)J ' 

^ , (3 . 5 ... (n — m) 1 . 3 . 5 . . . (n + m)Y 
^^ I 1.3.5... (2?i-l) J • 

Also, if we neglect powers of /t and // above the first, we 
have 

{1 - 2a (/^/*' + Vr^V^^^V* cos 1^) + a'}-i 

= (1 - 2a cos -^ + a')'* + afifi (1 - 2a cos '>/r+ a')"^ ; 

the second term on the right-hand side 

= afxfi' (1 - ae*^)-* (1 - ae''^)'^ 

^afifi' |l +|ae'*+|:|aV'^+...J|l +|a6-^+|:|aV2^*+...| . 

We want from this the coefficient of a^fifi' cos m'^fr ; it will 
be found to be 

o 3. 5 ... (n--m)3 . 5 ... (n + m) 



2.4... (71- m- 1)2.4. .. (n + m-1)' 



that is 2 (3.5..,(7i-7?i)3.5...(n + m)}' ^ 



w— m 



n+w 



but only half of this is to be taken when m = 0. 

Hence we get as before (7=2 — — - — '-^ ; 



n—m 



n-{-m 



but only half of this is to be taken when m = 0. 
Thus finally we have 



m 






y^ = XS ^^ ^-^— ^ ^— ^ tsr (m, w, fjL) tsr (m, w, /* ) COS wiy , 



w— m 



n + m 



where 2 denotes a summation with respect to m from to n 
both inclusive ; and \ = 2 {1 . 3 . 5 ... (2n — 1)}*, except when 
m = 0, and then we must take only half this value. 
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Or we may write separately the term which corresponds 
to f» = 0, and thus we have 

^ {1.3.5... (2n-l)}' /n ^ m »% 
• "" ^ H^i tiT (0, n, /^) tiT (0, n, fjT) 



«n 



+ XS ^ — I —^ — . ^ «r (w, », u) «r (m^ n> a J cos m^r, 



t 



where S now denotes a summation with respect to m from 
1 to /I both inclusive. It will be observed that the symbol «r 
has the same meaning here as in Art. 97. 

169. For examples we may give explicitly the values of 
the first three of Laplace's Coefficients. 

Y, = /t/t' + (1 - M»)* (1 - /•)* cos t. 



^»=t('**-5'*)('*'*-5'*') 



^ 8 



(1 -/*»)» (1 -,*")*(/*«- i) (m" - i) cos ^ 

+ 3^ (1 - /**) (1 - /*'») At/*' cos 2^ + 1 (1 - /**)• (1 - /*")• cos 3^. 

170. From the value of F, given at the end of Art. 168 
we have immediately 

f r.# = 27r | l-3.5..^(2n-l)r ^^^ „^ ^^ ^ (q^ ^ ^.^^ 

This result was obtained by Legendre in a very laborious 
manner in his earliest researches on the subject ; see History 
of the Theories of Attraction.,. Ait. 787. 

By Art. 97 the result may also be written 

J^ YJj> = 27rP„ (cos 6) P. (cos ff). 
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CHAPTER XIV. 

LAPLACE'S CX)EFFICIENTS. ADDITIONAL INYESTIGATiaNS. 

171. In the preceding Chapter we have given all that 
is absolutely necessary with respect to the form of Laplace's 
Coefficients ; in the present Chapter we shall shew how the 
results may be obtained by other modes of investigation, 
and shall express some of the formulae in a slightly different 
manner. The preceding Chapter was almost independent of 
the processes already exhibited in this work ; in the present 
Chapter, however, we shall make more use of those processes. 

172. The determination of the value of C in Art. 168 is 
troublesome from the fact that two cases have to be con- 
sidered, namely, that in which w — m is even and that in 
which n — m is odd. Perhaps the following investigation, 
which depends on an examination of the highest power of /a 
Instead of the lowest, may be simpler. 

Suppose /a'==/^; then 

m m 

(7 (1 — /a') * (1 — /a'*) * «r (wi, n, fi) 13- (wi, w, fji) cos m^ 

becomes (7 (1 — /t*)*" [xsr (m, n, /t)}* cos m^. 

The highest power of [i in this expression is /a**, and its 
coefficient is G (— 1)"* cos m*^. 

Also when {h ^i^* the function which is to be expanded 
becomes 

{1 - 2a [>« + (1 - /t») cos ^^] + a'}-^ 
that is {1 - 22[cos ^ + y? (1 - cos i^)] + a'}"*. 
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When this Is expanded in powers of a the coefficient of a* 

will involve — — '- — '-^ u^(l--cosylrY: and we must 

\n ^ 

pick out from this the^oefficient of cosw^, when (1— cos*^)* 
is put in the form of cosines of multiples of yjr. 



But (l-cos^)*=2*sin'^|^=2»j 






2 \S" 



- 



J (_l)"|2ra 



= ^S 



n^m 



n-\-m 



2l 



2 cos myjr, 



where 2 denotes a summation with respect to m from to w 
both inclusive ; except that we must take only half of the 
value when m = 0. 



Thus g = 2^'^'^V'(^^^^^x 



2n 



[n r 

{1.3.5... (2n-l)}' 



n— w 



n-{-m 



n—m 



n+m 



but only half this value must be taken when m = 0. 
This agrees with Art. 168. 

173. In Art. 97 we have seen that 



also 



■p«w=^ 



1 d^ifi*-!)' 



Thus 



n 



d/i" 



m m 



n—m 



\n—m 



m 



»2\n 



22n \fi 



n 



n-^-m 



(1-/.'')^(1-;.-) 



r- d-^(l^fiy d'^^jl- fi") 



dfi 



n+m 



djJL 



'ntm 



= (l-/t*)*(l-/^'7' 



where 



JIf=- 



{2''ln}V/iV/^ 
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Thus from Art. 168 we have 



n+m dfi'^dfi 



where S denotes a summation with respect to m from 1 to w, 
both inclusive. 

174. It will be observed that in Arts. 168 and 173 there 
is nothing to restrict the values of fi and fi' to be unity or 
less than unity, though it may be often co^ivenient to suppose 
that fi = cos 6 and fi = cos 0', If we make these suppositions 
we may write the result of Art. 173 explicitly thus; 

^7. T,-. 2 sin ^ sin ^' cos -vlr d^M 
^" ^^ nin + l) dfidfi' 

a sin' ^ sin' 5' cos 2^^ d*M 

+ 



{n-l)n(n + 1) (n + 2) dfi^dfi"" 
+ 

2 sin^ s in* * 0' cos nyf ^ d^^'M 
[2n dijJ'dfi''' 



+ 



175. We will now give another mode of obtaining the 
expression for Laplace'a Coefficients. 

We begin by shewing, as in the beginning of Art. 168, 
that Y^ must be of the form 2t^,n cos m>|r, where 2 denotes 
summation with respect to m from to n inclusive, and u^ is 
some function, of fi and fi! which is to be determined. 

Substitute this expression for F in the diflferential equa- 

d^Y W'Y 
tion (4) of Art. 167, observing that ~jT%^-tt-^\ ^^^^ 

equating to zero the coefficient of cos m-^, we get 

%i = 0. 



l{('-''')t}+{"(»-')-4?} 
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This differential equation coincides with (9) of Art. 102, 
and its solution is of the form 

•where D stands for -r-, and C^ and C7, are constants with 
respect to /a, though they may involve ft'. 

But in the present case we must have C, = 0, because u^ 
IS necessarily finite when ft = 1, whereas B^Q^ (/a) is then 
infinite, as we know from the form of Q^{j»)\ see Art 37, 



«n 



Hence u^ = (7, O^* - l)*i)-P, 0^). 

But as u^ involves ft and ft' symmetrically, we see in the 
same manner that 



m 



««=cr.(/*'»-.i)''2rp>o, 

where D now stands for -j-, , and G^ is constant with respect 
to ft'. Hence it follows that 

where J^ is a constant independent both of fi and ft'. 

And Y^ = 2w^ cos m-^, 

where t*^ has the value just expressed, and 2 denotes a sum- 
mation with respect to m from to n, both inclusive. 

By the use of the notation of Art. 97 we may also express 
the result thus: 



m 



r^= 2A„ (ft* — l)"* (ft"— l)*'cr (tw, w, ft) 'cr(m, w, f**) cos m-^, 

where A^ is also a constant, and is connected with b^ by the 
relation 



tl.3.5...(2n-l)P-"^-- 



ADDITIONAL INVESTIGATIONS. 143 

It remains to determine the value of the constant h^ in 
the last expression for Y^, This may be done precisely as 
the value of G was found in Art. 172, for the h^ of the pre- 
sent Article is equal to the G of Art. 172 multiplied into 

(- ir- 

Thus we find 

• {1.3.5... (2n-l)}' 



n+m 



In— tyj 

= 2J=r-.ir! 



and hence 6« = 2 ' (— l)" ; 



n+m 



but only half these values must be taken when m = 0. 

176. There is still another method of obtaining the ex- 
pression for Y^ which deserves notice; this does not use 
Laplace^ 8 differential equation to which we have had recourse 
in the investigations already given. 

177. If A, B, and G are real quantities, and A positive, 
and also -4* — ^*— C* positive, then 



J a 



dt 27r 



A + Bcost+Gsint V(-4"-jB»-0»}' 

For assume B = p cos 7, and (7 = p sin 7 ; thus 

t^ dt ^ f^ dt r^-y dr 

j„ A+Bcost+Gaint J„ -44-pcos(<— 7) ""J-y -4+pcosT* 

Now the last integral is independent of 7, for its differ- 
ential coefficient with respect to 7 is zero, by the Integral 
Catcuhis, Chapter ix.: thus the value of the integral is the 
same as if 7 were zero. 

Therefore the expression 
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178. Now P^ {z) is the coeflScient of a" ia the expansion 
of (1 — 2(iz + 0^)"*^ and we obtain F^ when for z we put 

/li/^' - v7?^ V/?^^ cos (<^ - f ). 

Thus we get 1 — 2a^ + a* 

= Gtt - a/t7 - { V(/a' - 1) cos <^ - a VO"" - 1) cos <^'}" 

-{V(^«-l)siji^-aVOt"^l)sinf}«, 
say =^»-^-0«. 

Suppose /t positive and greater than /a', so that fi — a/^' 
is positive when a is small enough ; then, by Art. 177, 

27r 



J 



/^ + cos(<^-0 V(/^'-l)-a{/^' + cos(f-OV(/^"-l)} ' 



Expand the expression under the integral sign in a series 
of ascending powers of a ; thus we get 

J_ p' {^' + cos (f-OV(M '-! )}' ,, ,J^ 

•^"-27rj. {/* + cos{^-<)VO''-l)r* ^^' ' 

Now we know by Art. 149 that 

{/.' + C08(f-<)VO*"-1)}" 

= Oj + OjCOS (^'— <) +Oj,cos2 {<^'—t) + ... +a^cosn {tjy'—t), 
and tliat 

{M+cos(./>-^vo*'-i)r ^^^'*'^-"''^^"'^'^-"'^^"-°'"^'^~^^'^---' 

1 1 

hence F^ = a^J^ + ^ ^A ^^^ (^ "" ^') +2^*^*^^^ ^ (<^-<^')+ ••• 
Moreover, by Arts* 149 and 150, 



m 

a 
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\n — in\n + m, ^ 2"|2« (/*' — 1)» 



m 



[n[7i 



os i — ; — '^ (^> ^> A*) 



(/u,'-l)"tsr(72i, w, /It); 



so that, except when m = 0, 



71 — Wl 



n+m 



and aj>, = -^— ^j'^ i^^ ^ ^^^ (0> w> /^) ^ (0> w> /*')• 

Strictly speaking the result is obtained on the suppo- 
sition that fM* — 1 and fi^ — 1 are positive ; but it is obvious 
from the form of the result that it holds universally. 

179. It will be seen that the definite integral obtained 
for Y^ in (1) includes both the definite integrals given as 
expressions for Legendre's n^^ Coefficient in Art. 49. 

For if we put /t = 1, we get 
P« (/*') =^1" K + cos (f - 1) ^iM." - 1)}" dt 



1 r^ 

= I r {fi! + COS T VO*" - 1)}" dr. 

And if we put ft! = 1, we get 

dt 



1 f*» 

■P,W = 2^j^ {^ + cos(<^-^)V(/it'-l)} 

^J_f«' dr 

2irJ, {^+cosTV(/t*-l)r* 






cZt 



{/A + COSTVGtt'-l)P* 



T. 
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180. The process of Art. 178 involves the equality of 
two definite int^rals which may also be established in 
another way. 

We know that 

P.W=^{''{«-cosyV(^-l)rc2y (2); 

let z = /RTj— V(^— 1) V(^/-" 1) cos (<^ — ^i) ; then in Art. 178, 
we obtain another form lor P^ («), namely 

^•^^^ SttJ, {a; + cos(<^-y)V(^-l)r^ ^ ^• 

We propose then to establish in a direct manner the 
equality of the right-hand members of (2) and (3). 

Put y — ^ = X ; thus the right-hand member of (3) 
becomes 



f g'-» {x, -f. cos (y + ^ - <^.) ^{x^ - 1)}* , 



If we vary ^ in the limits of this definite integral it 
does not affect the result ; and so the definite integral 



_ f 2' [a?, + cos (x + (^ - <^,) V(^;- 1) V 



= 



m+i 



^X- 



{x + cos X V{a?' - 1)1 
Put )8 for ^j — ^ ; and thus we get 

p {^,+ cos(;^-)8)V(a?,'-l)r 
], {a;+cosxV(^-l)r^ ^* 

Separate this definite integral into two parts, one between 
the limits and tt, and the other between the limits ir and 
27r; and in the second part change ^ ^^^^ 27r — x* thus 
we get 

K H- cos (x-)8) V(^^«-l)}"+ K + cos (x+)8) V(a:/- 1)]* 

{a; + cos xV(^ -!)}*'■' ^' 

Now transform this by a process like that of Art. 49 ; 
assume 



/, 
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COS Y = , ) u — T^ ; 

'^ aj-cos-^VC^ — ij 
this leads to 

sin'^Ir 
sm Y = r~i7-9 — TT 1 

aj + cos ;^ V(^ ~ 1) = 



^X = 



a? — cos -^ V(^' "" 1) * 



a? — cos -^ V(^ -" 1) ' 
Thus the definite integral becomes 

1 (-4— 5cos'^-(7sin'^)*d>^4-| (^-5cos'^ + (7sin'^)"(?i^, 

•'o Jo 

where ^ = ica?j - cos )8 VC^c* - 1) VK* - 1)> 

£ = a;jV(a?'-l)-«V«-l)cosA 
. a=V(^i*-l)sin)8. 

Hence we see that -4' — 5*— (7" = 1, so that 

and therefore we may assume 

B = »i/(z^^l)cosay and (7=V(^ — 1) sin a. 
The definite integral thus 

= f ' {«-V(^ -1) cos (^-a)}"di^+ f ' {«-V(« -1) cos (V^a)}"(?i^ 

•'0 •'0 

= [*'{«- V(^ - 1) cos (^ - a)}" rf^ 

Jo 

r2ir 
= 1 {-8f-V(«'-l)cOS1^}"rf>^. 

Thus the definite integral is reduced to the form in (2) ; 
and this is what was to be done» 

10—2 
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181. In the expressions which have been given for 
Laplace's Coefficients we have made much use of the function 
introduced in Art. 97 and denoted by the symbol «r. Hence 
the various forms which are obtained for this function in 
Arts. 103. ..106 become of practical interest; and two others 
to which we now proceed may deserve notice. 

182. Suppose n — m even. Then it is obvious from the 
formula at the beginning of Art. 106 that xsr (m, n, cos 0) might 
be expressed in a series of powers of sin ; this series might 
be deduced from that formula, but an independent investiga- 
tion will be simpler. 



«n 



Let y = (a;' — 1) ' «r (m, n, x) ; then y satisfies the diflFeren- 
tial equation (9) of Art 102. Put a? = cos ^ ; then this diflFer- 
ential equation becomes 

g + eot4^ + {«(n + l)-^}y = 0. (4). 

We know then that this equation has a solution of the form 
y = Co sin*^ + c, sin**"*^ + c, sin*"*^ + . . . 
Substitute this value of y in (4) and let 

w + 7n = 2p, w — ni = 2(r: 
we shall obtain after reduction 

(^ .^1), ...1) ; 



/ ^ 2r-l\ 



By direct comparison of the value of y with that of 
tiT (m, Thy cos 0) at the beginning of Art. 106 we see that 



m fi-m 



therefore y={- 1)^ j sin" 6 ^'^ sin""' 

L2(p+e-|)(/>+<^-|) 
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It will be seen that y is symmetrical in terms of p and g\ 
this might have been anticipated because y is unchanged in 
value when the sign of m is changed; see Art. 100. Divide 



t» 



the expression for y by (—1)^ sin*"^; thus we get 
rs (ot, n, cos d) = (- 1)' I sin'' 6 ^-^ sin*'-* e 

+ P^-\^J-^) ,, sin"-^^-.J 

183. Suppose 71 — m odd. Then we see that y will take 
the form 

cos Q [c^ sin*""^ (? + c^ sin*""' ^ + c, sin""'' (? + ...}. 
The diflferential equation (4) may be expressed thus : 



d 

de 



(|sin^) + |..(.. + l)-^-g^}ysin^ = 0. 



Substitute the value of y\ then it will be found that the 
term which involves c^ is 

cJ(7^-2r-l)'(sin^)'*-^'^-(7i-2r)(7i-2r + l)(sin^)"-^}cos^ 

M (w + 1) - -. a^v (sin ey^ cos e. 

Hence we see that 
c,{7i(7i+l)-(w-2r)(7i-2r+l)} + c,.J(n-2r + l)'-m'} = 0. 
Put w + w = 2/> 4- 1, and n — m = 2<r + 1 ; then 

(P"r + l)((7~r + l) . 

^' 7 , 2r-l\''-^- 
r(p+(r + l Y~) 

Also by direct comparison we get c^ = (— 1) ^ . 
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Hence finally we shall have 
w (m, », cos ^) = (- 1)' cos fsin*' $ P'*^ n «">""' ^ 
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184. We have already used the differential equation 
which Laplace's CoeflScients satisfy; see equation (4) of 
Art. 167. We proceed to some further consideration of this 
equation. 

185. We shall first shew how it may be deduced from 
the more simple equation of Legendre's Coefficients. We 
known by Art. 54 that P^ {z) satisfies the differential equa- 
tion 

(!_,«) ^!^_2.^i?l + „(n + l)P.(.) = 0. 

Assume 

2; = a cos ^ + 6 sin ^ cos ^ + c sin d sin ^, 
where a, 6, and c are constants. 

Then 

dz 

— = — a sin ^ + J cos ^ cos ^ + c cos ^ sin ^, 

dz ' . 

-rr = (— 6 sin ^ + c cos ^) sin 6, 

d^z 

-TTg = — (6 cos ^ + c sin <\>) sin 6. 
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Hence we find that 

where 

1 fdz\^ 



^ " [dej "*■ sin« e \d<f>) 



= (— a sin ^ + 6 COS ^ COS ^ + c cos sin <^)' 

+ (— 6 sin ^ + c cos <\>y, 
and 

cP^r A. /\dz 1 cP^ 

Thus we see that -4 + z' = o* + 6' + c*, 
so that ^ = a' + 5'+c*-2'; 

and 5 = — 2ir. Hence if a* + J* + c* = 1, we have 

and therefore the last expression is zero. 

186. Any function which satisfies the partial differential 
equation (4) of Art. 167 may be called a Laplace's Function 
of the n"*. order. The variables it will be observed are and 
^, and ji = cos 0. Thus Laplace's Coeffijdents are particular 
cases of Laplace's Functions ; for the Coefficients all satisfy 
the equation (4) of Art. 167. We shall continue to use Y^ 
to denote Laplace's Coefficient of the n^ order, and shall use 
other symbols as X^ and -^ to denote a Laplace's \Mmc^i*(?7i 
of the n^ order. 

187. Let m and n be diiBferent positive integers. Let 
X„ be a Laplace's Function of the order m, and Z^^ a Laplace's 
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Function of the order n ; then under certain conditions which 
will appear in the course of the investigation we shall have 



fl r2ir 
J ^1*1 



For by the differential equation of Laplace's Functions 
we have 



m 



(»+>)^--i{c-''-)f'}-r^^-= 



and therefore .1 / X^Z^diJbd<f> 

By integrating by parts twice we find that 

/l{(i-''">f'}^-'''-=('-''''f^^--p-''')f^ 

therefore 

Again, by integrating by parts twice we have 

therefore /^ ^^»#=/, l^-^«^> 

assuming that X^ and -^ have the same values respectively 
when A = and when d> = 27r, and making a similar assfwmp- 
tion with respect to Z^ and -r^ . 
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Hence 1 / X^Z^dfid<\> 

by the diflFerential equation of Laplace's Functions. 
Hence since m and n are supposed different 

•2ir 

X« Z^d^d<f> = 0. 






188. In addition to the conditions which are expressly- 
stated in the preceding Aiiiicle, we have of course one which 
is always implied in applications of the Integral Calculus, 
namely that the functions which occur are to remain finite 
throughout the range of the integration; these functions 
here are X„ and Z^ and their first and second differential 
coefficients with respect to fi and ^. 

189. In future whenever we speak of Laplace's Functions 
we shall always suppose them to be limited by the conditions 
stated in Arts. 187 and 188. 

190. The differential equation of Laplace's Functions 
has been integrated in a symbolical form by Mr Hargreave ; 
and after him by Professor Donkin and Professor Boole ; see 
Boole's Differential Equations, Chapter xvii. The result 
though very interesting theoretically has not hitherto been 
used in practical applications. 

191. Take the general expression for Y^ which is given 
in Art. 168 ; consider it as a function of and ^, putting 
<l> — <l> for '^. This expression then may be said to consist of 
2n + l terms, namely one corresponding to m = 0, and two 
corresponding to every other value of m not greater than n : 
the two are of the form 

m m 

K^{l^fjf) * «r (m, n, fi) cos m^, and Zr^(l— /a*) «tsr(7», n, fi) sin m^, 
where K^ and L^ are independent of fi and <f>. 
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Each of the 2n + l terms will separately satisfy the dif- 
ferential equation of Laplace's Functions; for the whole 
expression satisfies that equation, and thus the terms which 
involve sin m<f> and cos m^ must separately vanish. 

192. We shall now shew that any Laplace's Function 
which is a rational integral function of cos 0, sin d cos ^, 
and sin sin <f>, consisting of a finite number of terms, is of 
the form 

A,w (0, n, cos ^ + 2 {AJ)„ + B^SJ, 

where G^ stands for sin*" vr (m, n, cos 0) cos tti^, and 8^ 
stands for sin** tsr (m, n, cos 0) sin m(py and A^ and B^^ denote 
arbitrary constants ; also 2 denotes a summation with respect 
to m from 1 to n, both inclusive. It will be seen that the 
conditions which we here impose on our Laplace's Function 
include those of Art. 189, but are more restrictive still. 

To demonstrate this we observe that any rational intesral 
function of cos d, sin cos <f>, and sin d sin<f>, may be put in 
the form 2 {u^ cos m(f> + v^ sin w<^), where u^ and v^ are 
functions of only, and 2 denotes summation with respect 
to m. Substitute in the differential equation of Laplace's 
Functions ; then it will be found that u^ and v^ must both 
be values of f which satisfy the differential equation 



d'^ 



+ cot^^ + L(n + l)--^U=0. 



de*^ d0 ' f ^ ' ^ sin»(?J 

Put X for cos ; then this differential equation coincides 
with equation (9) of Art. 102, and therefore the solution is 



m 



where H^ and -5^ are arbitrary constants. 

But since f is in this case to be rational and integral 
and of a finite number of terms, we must have jB^= 0. 



m 



Thus §'=(a;»-l)*5",jD''*P^(a?); and this vanishes if m 
is greater than n. And as -bt (m, n, x) is equal to the product 
of a constant into D^P^ (x) we have finally 



m 



^=:(a?-^iy Kxsr(m, n, x), 
where Kiaa, constant. This establishes the proposition. 
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193. The expression given at the beginning of the 
preceding Article denotes Laplace's Function of the n^ order 
under the restrictive conditions there enunciated. We may 
give various forms to this expression by means of the various 
developments which have been obtained for «r (m, n, x) 



f» 



or for (a?— 1)* «■ (m, w, x). 

For example, let y^ denote the series which is between 
the brackets in the value of y of Art. 182 ; and let Za^ denote 
the series which can be obtained from y^ by changing p+a 
into p4-(r+l in denominators; then it will be found that 
the Laplace's Function 

= 2ycr {6<r cos (p — 0-) ^ 4- Ccr sin (p - (t) <f)] 

+ %Za COS 6 [^^ COS (/3 — o") ^ + 7<r siu (p — a) <^}. 

Here ha, c^, fia^ y<r are arbitrary constants, and S de- 
notes summation with respect to a. In the first part of the 
expression p is to be determined by the equation p + <r = n ; 
and the summation is to be from to the greatest integer 

in ^, both inclusive. In the second part of the expression 

p is to be determined by the equation /> + o- = n — 1 ; and the 

71 — 1 

summation is to be from to the greatest integer in — ^ — , 
both inclusive. 

194. We shall now find the value of I I X^Z^diid<f>, 

where X„ and Z^ are two Laplace's Functions of the order n 
limited by the respective conditions of Art. 192. We may take 

X^ = S sin*^^ -BT (m, w, cos 6) {A^ cos m<l> + B^ sin mif>), 

^ = S sin*"^ «r (tw, 71, cos 0) ( O^ cos rm^ + H^ sin ?w<^), 

where A„y B„, G^, and jET denote constants : and S denotes 
summation with respect to m from to n, both inclusive. 

Multiply, and integrate with respect to ^ from to 27r ; 
thus 

'''X„^.# = ttS sin^^ {^ (m, n, cos 0)Y {A^G^ + B^EJ, 



/•2 
•'o 



except when w = 0, and then for w we must put 27r. 
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The next step then is to find the value of 

[ sin'^'"^ {'ST (m, n, cos 0)Y dfi, 

that is of / (1 — a?'*)"* {«r (m, n, x)Y dx. 

By Art. 97 the expression to be evaluated is 
L^^l J (1 - xT (i)"^ (x^ - lYYdx, 



and this by equation (2) of Art. 96 



\n—m \n-\-m r^ _ . « 
(- !)"» ' 2n 2n J ^ -lyD"^ {a? - 1)" dx. 



By successive integration by parts we have 

[ D''^{a?-\Yn''^{a?-iydx^{-iy-^\ {x'-iyi>^(x''''iydx 

= [2n(-l)"-"r (a;»-l)"dic=[2w (-!)-"[' (l-a?)'dx 



= (- ir l!2 (2;r+ 



2n (2/1-2)... 2 



2. 



(2n + l)(2ii-l)...3 
Hence we obtain 

2\n-m \ n+m 2yi. (2n-2)...2 
\in (27i+l)X2^1)~3' 



/ sin*"^ {-07(771, ri, cos ^)}'d/*= 
•'-I I 

ri r2ir 
and thus finally I I X^Z^dfid(f> 

2n(2n-2) ...2 



= 27r 



[2w (271 + 1). ..3 
27r 



~S|n-m n +m (A^G^'+ B^HJ 



-. 2 [n-m In ^m {AJf^+BJIJ, 



(2n + l) {1.3.5.. .(271-1)}' 
but for the case of 7/i = we must double the term. 
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Thus we may express the result in the following manner: 

into |2 |n |n J,g,+2 |w-to |n+m (J„g, + .g,gjl, 

'where S now denotes a summation with respect to tn from 
1 to n, both inclusive. 

195. As a particular case of the preceding Article sup- 
pose the function X, to be the Coefficient Y^. By Art. 168 

. 2. {1.3. 5. ..(211-1)}' . „ „ . ... 

^« = — U-«» «...»» sm" «r (m, n, cos ff) cos mf , 



t 



n-^-m 



and jB^ may be obtained from this by changing cosm^' into 
sinwi^': but when «i = we must take half these values. 



Hence we have I I T^Z^dfid<f> 



4'7r _A , 

= 5 =- S sin"* ff VT {m, n, cos ^) ( G^^ cos m<f>' + H^ sin m^') 



2w + l 

where Z/ is what Z^ becomes when for and <f> we put ff 
and ^' respectively. 

This is a very important result. 



196. Hence, for example, we have 



because F ' = 1. 
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CHAPTER XVI. 

EXPANSION OF FUNCTIONS. 

197. In the course of Laplace's researches on Attractions 
and the Figure of the Earth he obtained incidentally the 
remarkable result that any function of the spherical co- 
ordinates fi and <f> might be expressed in a series of Laplace's 
Functions. The demonstration however was not very satis- 
factory and other investigations have been given since. 

198. We shall first shew that a function can be ex- 
pressed in only one way in terms of Laplace's Functions. 
Let F{ji^ (j>) denote a given function, and if possible suppose 
that 

FOi,<l>)=^X, + X, + X, + , 

and also .=^ Z^ + Z^+Z^ + ; 

where X^ and Z^ denote Laplace's Functions of the order m. 
Then by subtraction 

Multiply by F^, and perform the double integration with 
respect to fi and ^. Then, by Art. 187, 



J -tJ 



therefore, by Art. 195, 

where X^ denotes the value of X^ when we put 0' for and 
(j>' for ^ ; and a similar meaning belongs to Z^\ 

Thus since X^ — Z^ whatever ff and ^ may be, it is 
obvious that X. is identical with Z^^ 
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199. In the simple case where a given function is a 
rational integral function of cos 0, sin cos <f>, and sin sin ^, 
there is no difficulty in shewing that the function can be 
expressed in a series of Laplace's Functions. 

Any constant quantity may be considered as a Laplace's 
Function of the order zero ; since it will satisfy the diflfier- 
ential equation of Laplace's Functions when we put w = 0. 

Next take any rational integral function of cos^, sin^ cos^, 
and sin^ sin^ of the first degree. This must be of the form 

A^ cos + A^ sin 0cos<j) + A^ sin ^ sin ^ + A^, 

where -4^, A^, A^, and A^ are constants. 

Here A^ is a Laplace's Function of the order zero as we 
have just seen ; and -^^cos^, -4jSin^cos^, -4gSin^sin^ are 
all Laplace's Functions of the first order, as we may infer 
from the known form of F^, or as we may verify by actual sub- 
stitution in the differential equation of Laplace's Functions. 

Next take a rational integral function of the second 
degree. This must be of the form 

J?j cos»^ + B^ sin'^ cos»^ + J?, sin»^ sin*<^ 

+ B^ cos sin ^ cos <^ + B,^ cos sin^ sin^ + B^^ sin'^ cos^ sin^, 

omitting terms of the first order, for these as we have already 
seen can be exhibited as Laplace's Functions. 

We may express these six terms thus 
C, (cos*^ - 1) + ^a sin'^ cos2(f> + G^ 

+ ^ jBg sin'^ sin 2^ + B^ cos^ sin^ cos^ + B^ cos^ sin^ sin^, 

where C^, Cj, C^ are all constant, as well as B^^ jB^, jB^. 

Here C^ will be a Laplace's Function of the order zero, 
and the other terms will be Laplace's Functions of the second 
order, as may be seen in the manner already indicated. 

But without giving any more examples let us proceed to 
the general investigation. 
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A rational integral function of cos 0, sin cos ^^ and 
sin sin ^ will be an assemblage of terms of the form 
(cos 0y (sin cos ^Y (sin sin <ff multiplied into constants. 

Now cos*^ sin*"^ can be expressed as a series of cosines 
of multiples of ^, or of sines of multiples of ^, according 
as r is even or odd. Thus (sin cos ^Y (sin sin ^Y may be 
expressed as the product of (sin 0)^^ into a series of sines of 
multiples of ^ or cosines of multiples of ^. When this is 
done for aU the terms in the given rational integral function, 
we shall find that a term cos kd> or sinA;^ is multiplied by a 
power of sin 0, of which the index is A?, or ^ increased by 
some even number. 

Hence if /denote any rational integral function, we caa^ 
express it thus 

f^F^-\-F^ sm0 cos<^ + 2^, sin''^cos2<^ + jF; sin'^cos3<^ + ..• 

+ Q^ sin^ sin<^ + 0^ sin'^ sin2^ + GgSin'^ sin3^ + ..., 

where F^, F^, F^,...G^, G^... denote rational integral functions 
of cos ^. 

Now any one of these, say F^, may be divided into two 
parts, one an even function of cos^, and the other an odd 
function of cos^. Let F^^-u^-^v^, where u^ denotes the 
even function, and v^ the odd function. 

Suppose then 

u^^a^ cos^^^ + ttj cos^'2^ + a^ cob^'^0 + ..., 

where a^, «j, a^, ••• are constants. 

By Art. 97 we see that 

u^ — «o^ {^9 w + 2\, cos^ = & cos^"*^ + ..., 

that is u^ — a^-cT (m, m + 2\, cos^) is of two dimensions lower 
than u^ as to powers of cos 0^ 

Proceeding in this way we see that we can express u^ thus: 
«^= J^isr (w, m, cos^) + Jj-cr (m, m + 2, cos^ 

+ J^iar (m, m + 4, cos + . • •, 
where &^, 5,, 5^, ... are coiastants^ 

IV U 
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Similarly we may shew that 

^m = ^1®" (w, wi + 1, cos 0) + JjBT (m, m + 3, COS tf) + ..., 
"where b^,b^f» are constants. 

Thus F^—bQisr(m, m, coa0)+b^^{m, m + 1, costf) 

+ Jjw(m, m + 2, cos^ + .... 

In like manner 0^ may be expressed. 

Then by Art. 191 we see that / takes the form of a set 
of Laplace s Functions ; the highest order being determined 
by the greatest value of n which occurs in the expressions of 
which the type is vr (m, n, cos d). 

200. But we wish to shew that any function of and ^ 
can be expressed in a series of Laplace's Functions ; that is, 
we no longer restrict ourselves to the case of a rational 
integral function of cos 0, sin cos ^, and sin sin (f>. We 
shall give a process which is in substance frequently repeated 
in the writings of Poisson: see for instance his I'h^orie 
Mathematique de la Chaleur. 

We have by definition 

^^^-l^:j:^=i+p,(x)«+p,(.)a«+ (1). 

Differentiate with respect to a ; thus 

n o"l .,t = -Pi(^) + ^^»(^)« + 3P,(^)a' + ...(2). 
(1 — 2aa? + a)' 

Multiply (2) by 2a, and add to (1) ; thus 

(1 — 2aa; + or)* 

+ (2n + l)P,(a!)a"+ (3). 

Now substitute for x the value 

/*/*' + Vr^ VJP^ cos (^ - f) ; 
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and integrate both sides between the limits — 1 and 1 for 
/A and and 27r for <^. For brevity we shall retain the 
symbol x on the left-hand side; but shall change P^(x) to 
Y^ on the right-hand side. Thus 



I I i dadch 

J -Jo (l-2aa? + aT 



{1-20UC + 0?) 

= r r {l + SY,a + 5Y^a^ + ... + {2n+l) Yji''+ ...}dfjLd<l>. 

Now by the property of Laplace's CoeflScients given in 
Art. 187 all the terms on the right-hand side disappear 
except the first, and thus we get 

ri r2ir 1— a* 

I I T dad<b = 47r. 

^-1^0 (l-2ouc + aT 

201. Thus we see that the value of the preceding de- 
finite integral is independent of a: this very remarkable 
result may be confirmed by another method. 

We know, by Art. 165, that x may be considered to 
represent the cosine of the arc drawn on the surface of a 
sphere from a certain fixed point of which the coordinates 
are ff and ^' to a certain variable point of which the co- 
ordinates are and ^. Denote the former point by P', and 
the latter by P. Let y denote the arc PJP', and x ^^^ angle 
between P F and a fixed arc through P. Then we may in 
fact transform the double integral by expressing it in terms 
of the new variables y and %. The element of spherical 
surface d/jLd<]> will be equivalent to sinyd^dx^ that is to 
— d cosydXf that is to — dxd^- Thus we get 

J-Jo (l-2aa?+a')* ^^^Jjo {1^2ax + a!f ^ 



= 27rr 

J-ifl- 



dx. 



(l-2a« + a')^ 



Now 



r dx 



(l-2aa?+a')* a(l -2aa? + a»)*' 

11—2 
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therefore 

i-i(l-22aj + a»)^ ajl-a 1+aJ l-a»' 

Thus as before 

/•i r2» 1— a* 

202. Put f for ?— -55 ., where 

x=fifjL+ vnv Vr^V^cos (<^ - f ). 

Then we have shewn that i I ^dfid<]> = 47r. This result is 

time however near a may be to unity. But if the difference 
between unity and a is infinitesimal, it is obvious that f is 
also infinitesimal except when the denominator of it is very 
small: this can happen only when x is indefinitely near to 
unity, that is when O-^ff and ^ — ^' are both infinitesimal. 

If we consider f to represent an ordinate which corre- 
sponds to the two variables /jl and ^, then / / ^d/id^ will 

represent a certain volume ; and we see that when 1 — a is 
infinitesimal, the elements of this volume are insensible ex- 
cept close to the point at which = 6^ and <^ = ^'. At this 
point the ordinate becomes very great. The volume however 
is always finite, namely 47r. 

203. Let 'F(6, <^) denote any function of and <f> which 
is always finite between the limits of fi and (f> with which we 
are concerned. By Art. 200 we have 

J-iJo (l-5aa! + a*)* 
= r rF{e, ^){l+3 r.a+5 ry+...+(2n+l) r.a"+...] (?/ii^ 

J -1 J 
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Denote the left-hand member by X, then we may express 
the result thus, X= U^ + aU^ + CkU^ + ..., where 

0;= (2n + 1) r r Y^F{0, <l>) dfLd<l>. 

This relation being always true when a is any proper 
fraction^ we may assume that it holds eVen up to the limit 
when a is unity. The limit of the right-hand member is 
obtained by putting unity for a. We must investigate the 
limit of the left-hand member. 

Let ^ have the same meaning as in Art. 202. Since ^ 
ultimately vanishes, except when /a — /a' and <^ — <^' are 
infinitesimal, we may change the limits of the integral 

I I F{0, if) ^dfid<l> to any others which include the values 

•"* ® 
fi = fA and ^ = ^'. Thus the limits may be fJu^jS and fif + lS 

for /A, where ^ is infinitesimal, and ^' — 7 and ^' + 7 for <p, 

where 7 is infinitesimal. 

Hence we reduce the integral to 

F(0, ^) ^dfid6. 

J lu'-fi J f -y 

Next we observe,, that since f is always positive, we have 

ri»:+fi r*'+y /•/+^ rf +y 

where / is some value which F{d, (f>) takes between th© 
limits of the integrations: see Integral Calculus^ Art. 40. 
And since these limits are ultimately indefinitely close to ^' 
and j> respectively, we have ultimately /=i^(^,^'). Also 
Jf^dfAd<l> between the limits = 47r. Thus finally 

^irF{ff,<l>')=^ 
r r{l + ST,+ SY,+...+(2n+l)Y^ + ...}F(0,<t>)dfid<f>. 

This shews that F(jy, <f>) can be expressed in a series of 
Laplace's Functions; for F^ is a Laplace's Functi6n of /j! 
and ^' of the order n, and when it is integrated with respect 
to fA and ^ it is still such« It is often convenient to express 
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the result thus 

4nrFie^, <!>')= U^+ U^+ U,+ ..., 

■where U,= {2n + l)f f*'Y,F(j9,tl>)dfidil>. 

J -iJ 

204. By interchanging the symbols and ff, and also ^ 
and ^', we get 

it is unnecessary to make any change in the general symbol 
Y^y for that involves 6 and ff symmetrically, and also ^ and 
^' symmetrically. 

Thus F{dy <^) is here exhibited in the form of a series of 
Laplace's Functions ; the Function of the n!^ order being 

205. In Art. 203 suppose that F{ff,(f>') is itself a 
Laplace's Fwnction of the rfi^ order ; then by Art. 187 all the 
terms in the series disappear except one^ and we have 

47r-F(^,<^') = (2« + l)f ' rY^F{0,<l>)dfjLd<l>; 

J -1 J 

this agrees with the last result of Art. 195. 



206. Let the definite integral 

1 [^ [^ (l^ar)F{0,<j>) 



— [ I 



dfid<j> 



be denoted by Q for brevity; then we have shewn in Art. 203 
that the value of Q wheu a is imity is F(j9^, ^') : Poisson 
himself puts some of the reasoning by which this is obtained 
in a more formal manner, but not I think more decisively. 
The result holds so long as ff lies between and w, and Ip 
between and 2^; but at these limits exceptions occur 
which we proceed to notice; 
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207. Suppose ^'=0. There are now tvH> values of ^ 
which in conjunction with 0=sff make the denominator of 
^ vanish, namely ^ = and (j> = 27r« 

We have 



J ^iJ 



and we will consider separately the two expressions on the 
right-hand side. 

Take I 1 F{6,<l>)^dfid^. Since 5" vanishes throughout the 
range of integration, except when <f> and O — O' are very snlall, 
we may reduce this to / \ F{6,<f>) ^dfid^, where j3 ai^d 7 
are infinitesimal. In the next place we mgy take this to loo 
ultimately equal to i''(^, 0) j | ^diidj>. Then without 
causing any sensible difiTerence we may change this to 
F^ff, 0) [ r^dfjud^ ; and this is equal to 27ri^(5', 0) ; for if 

we return to the process of Art. 201, and suppose <]>' = 0, we 

shall obtain half the result there given, now that the liihitS^ 
of <}> are and tt instead of and 2'3r. Thus finally 

[ ' f V(5, <l>) ^d,jLd<l> = 27rF(0', 0). 

In the same manner it may be shewn that 

f rF{0,<l>)^dfj^d<}>^2irF(ff,27r). 

Hence, when ^'=0, we have 

Q^i{F(ff,0)+F{a,2ir)]. 

208. Suppose (f> = 27r. Then, adopting the same method 
as in the preceding Article, we shall arrive at the same 
^•esult. Thus the value of Q, when ^' = or ^' = 27r, is the 
half-sum of the values of F{fff ^') for these values of ^'. j 
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209. Suppose y=0. Then the denominator of 5" vanishes 
l^hen ^=0, whatever <]> may be. Here 1 — 2aa5 + of reduces 
to 1 — 2a cos + a*, and ^ vanishes in the limit except when 
Evanishes. Thus 

Jo ^^'^ *^ (l-2acos^-|.a^^ ^^^^ "'""^ *^ 

Jo ^^MJ.i(l-2acostf+a»)^j^ 

and I ^^ ^— ^- — J = 2, as is shewn in Art. 201. 

J-i(l-.2acosd + ay 

. Thus finally Q = j-T^ (0, <^) d4>. 

Thus, when ^= 0, we may say that Q is the mean of the 
values of F(0, ^). 

210. Suppose ^ir. Then adopting the same method 
as in the preceding Article^ we shall find that 

$0 we may say that Q is the mean of the values of -F(7r, ^), 

211. There is still one more remark to make respecting 
the value of Q. The process which we have given does not 
require that the function F(0, <^) should have the same ^brw 
throughout the range of integration ; the result will remain 
unaffected, unless the change of form occurs at the value 
^ =s ^ or at the value ^ = 9 . Suppose, for instance, that 
for the values of less than ff we have F(d,^) equal to 
f {0, <f>), and that for the values of greater than we have 
F{0,<f>) equal to x(^>^)5 *^®^ ^^ ^^ easily^ be found on 
examination that 

A similar remark holds if a change of form in F(0f ^) 
occurs when <f> ^<l>\ 
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212. It will be observed that the general term of the 
series in Art. 204 has the factor 2n + 1, and thus there may 
be room to suspect that the terms ultimately become very 
great. It may however be shewn that the terms do in 
general become indefinitely small when n is indefinitely 
great. 



For consider [ f'r^i^ (^', ^1 dfid<l>'; 



by reason of the difiTerentidl equation which Laplace*s Coeffi- 
cients satisfy, given in Art. 167, this definite integral is 

equal to the product of -, rv into 

fX [^{o -"'' f "} * ih-- ^] ^'''' *■' *■* 

By a double integration by parts, as in Art. 187, this may 
be transformed so as to become equal to the product of 

asswminq that F{ff, <l>) has the same value when ^' = 27r as 
when <l>=0; and assuming the same thing with respect 

Now the greatest value of Y^ is unity; hence, if 2^(5',^') 
and its first and second differential coefficients with respect 

to 0* and ^' are always finite, and if moreover — ^ , ,, ^ "^ 

vanishes when /*'= — 1 or =1, then the definite integral in 
the last expression is finite, whatever n may be. If then we 
denote by A; a value which it never surpasses, the term is 

numerically less than —7 ^r-. Hence the general term in 

•^ n(w+l) ® 

(2n + l)k 
Art. 204 is numerically less than j — . /-ix ; and is there- 
fore indefinitely small when n is indefinitely great. 
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213. It will be observed that the preceding investigation 
does not shew that the series obtained in Art. 204 is conr 
vergent, but only that the terms are ultimately indefinitely 
smalL 

In Art. 203 we assumed with Poisson as obvious a pro- 
position which may be stated thus : the limit of 2(2n+l)a*w^ 
is equal to X(2n -f 1)^^ when the latter is a convergent series. 
For a formal demonstration we may refer to Abel's CEuvres 
CkymplMes, VoL i. pages 69 and 70. 

214. The proposition that a given function of and ^ 
may be expressed m a series of Laplace's Functions is one of 
the utmost importance in the higher parts of mathematical 
physics. The demonstration of Poisson, though very in- 
structive, cannot be considered perfectly conclusive, and we 
shall give two other investigations in the subsequent Chapters; 
we will here briefljr notice a third, which was published by 
M. Ossian Bonnet in liouville's Journal de MatMmatiqvss. 
To this Professor Heine, on his page 266, refers without 
any remark, and M. Besal, on page 169 of his Trait6 M^menr- 
taire de M^anique Celeste, pronounces it d VahH de toute ob* 
jection. 

M. Bonnet alludes to Poisson's demonstration, and says 
it assumes that the given function and its differential co- 
efficients with respect to 6 and ^ are continuous, whereas 
these conditions may not be fulfilled in very Mmple cases. 
M. Bonnet considers that the only entirely rigorous demon- 
stration hitherto given is one by Lejeune Dirichlet ; he pro- 
poses his own as more direct than this. M. Boimet's process 
is very laborious, and it seems to me unsound, as resting on 
the unsatisfactory investigation of the value of Legendre's 
Function for a very high order, to which I have alluded in 
Art. 92. 
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CHAPTER XVII. 



OTHER INVESTIGATIONS OF THE EXPANSION OF FUNCTIONS. 



215. The following investigation is due to M. Darboux, 
and is given in Bertrand's Caicul Integral, pages 544.. .546. 

It is required to find the sum of the first n terms of the 
series of which the t^ term is 

2r + l [' C" 



4nr 



{' r r, Fiff, (^O sin ffdffd<},' ; 

Jo J 9 



and in fact to shew that when n increases indefinitely the 
limit of the sum is F{d, ^). 

The variables ^ and ^' may be regarded as polar co- 
ordinates determining the position of a point on the surface 
of a sphere of radius unity. Change the coordinates, and 
take the point {0, <^) as the new pole ; let 0^ and ^^ be the 
new coordinates which determine the position of (^, ^') : then 

cos ^j = cos ^ cos y + sin ^ sin ^ cos (<^ — ^'). 

Also the element of surface sin^ dffdj! may be replaced 
by sin 0^ d0^ d^^. Hence the above r^ term becomes 



2r + l 
47r 



f ' fp, (cos ^J F{0„ <^J sin 0, d0, #., 



where F{0^, <]>^) denotes what F{ff, 4>) becomes when the 
coordinates are changed, and P^{cos0^ is Legendre's n^ 
OoeflEwient, being equivalent to Laplace's w*^ CoeflScient F». 
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Integrate with respect to <l>^, and put 

r^(^i'^i)^i=27r/(co8^J; 

so that /(cos^j) may be considered as the mean value of 
F{0^, (j>^ round a small circle distant 0^ from the pole. 

Thus r rP^{cos0;)F{e^,^;)6m0,d0^d(f>^ 

J a J a 



r= 27r r P^ (cos ^i)/(cos ^ j sin 0^ d0^ . 

Jo 

Put cos 0^ for X ; then the right-hand member becomes 
27r I P^ (^)/(^) dx : thus the proposed series reduces to 

By means of equation (11) of Art. 59, this 
Now by integration by parts, we have 

t 

At the limit — 1 we have 
at the limit 1 we have P, (x) + F^^ (») = 1 + 1 = 2. Thus 
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When n is very large we know that P^ (a?) and P^^^ {x) 
are insensible, except when x is indefinitely close to — 1 or 1 ; 

thus the integral 1 /' (a?) [P^ {x) + P^^ (a?)} dx may be con- 
sidered to vanish ultimately : at least this will be the case if 
f{x) is always finite. 

And/(1) is the value of 5— I F(6^, <f>^ dj>^ when cos^j=l> 

that is when ^^=0 ; so that/(l) is the mean value of F{6^ , <^j) 
round an infinitesimal circle close to the pole, that is in fact 
the value oiFifi^, ^J at the pole, that is jP(^, ^). 

Thus the required result is established. 

216. In the process of M. Darboux, suppose that we 
integrate between y8 and 1, where ^ is very near to unity ; 
we get the same value as if we integrate between — 1 and 1. 

For -^ {P^ (a?) + P^j (a?)} is very large when x is close to 

unity, but is insensible in other cases. Thus 

where | is between 1 and fi, 

=/(f) {P. (1) + il*. (1)1 = 2/(1) = 2/(1) ultimately. 

217. Although the process of M. Darboux is simple in 
appearance, it may be doubted whether it ought to be 
accepted as satisfactory. We cannot regard P^ (x) + P +, (x) 
as finite when x is unity and as vanishing when x differs 

insensibly from unity, without treating -7- {P^ (a?) +P„+i (x)} 

as infinite when x is unity ; and we cannot depend on the 
results of integration when the expression to be integrated 
becomes infinite within the range of integration. The pro- 
cess of M. Darboux has the advantage of leading very 
naturally to the special results of Arts. 207* ••211. 
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218. We ought not to overlook the fact that Poisson's 
treatment may be put in a form which involves the same 
kind of difficulty as we have pointed out in that of M. Dair 
boux. 

In Art. 203 we have a result which may be written thus : 

where U^ stands for (2n + 1) / / ^{6, (f>) Y^d^ dfi, 

and X si^ds for f f (^ -^ ^ (0- <f>) ff ^f^ . 

Jo J-t (l-2aaj + a»)* 

Then we find the limiting value when a = 1, and thus 
obtain 

Now there is nothing that compels us to modify the form 
of the right-hand member of the last result, and express it 
thus: 

rC {Y,+ 3Y,+ 5Y,-\:..+{^n+l)Y,+...}F{0, <j>)d<l>d/jL. 

J J -1 

If the quantity under the integral sign were always finite, 
this modification would present no difficulty ; but the fact is 
that the expression 

Y,+ SY, + 5Y,+ ... + {2n + l) Y^ + ... 

is of a very peculiar kind ; it is always zero except when 
d = ff and ^ = <f>, and then it is infinite. Hence the proposed 
modification cannot be efiected without risk of error, and as 
there is no necessity for it in Poisson*s method, we shall do 
well to avoid it. 

219. The main parts of Poisson's process have been called 
PoissorCs Theorem, and presented in the following form. 

d!^ cP dJ^ 
Let V ^^ used as an abbreviation for jT^ +3-8 + ';7^ ; let 

T 



cr = 
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Let a: = r COS ^, y = r sin ^ cos^, z=r sinO sin <]>, 
X = r ' cos ff, y = r sin ff cos (f>, z' = r sin ^ sin ^', 
^ = cos ^ cos ^ + sin ^ sin ^' cos (^ — ^'). 

Let v= r r ^'^ ^ ^'^ ^ ^^- ^'^ ^^' ^^^ ^ ^^^ 

Jo Jo (l-2a2) + a')t 

and suppose a less than unity. ' 

Then V satisfies the equation VF=0, and reduces to 
4nrF{e,<l>)whena = l. 

To establish the first part of this statement, put 

1 _ 1 

V(aj-aj')»+(y-y'y» + (« - /)'* rV(l - 2ap + a») ' 

"We know by Art. 167 that a satisfies the equation J^a = 0. 
And or = ^, {l + aP, + a"P, + a'P3+...}, 

•where P^ is put for shortness instead of P^ (p). 

Since then cr satisfies y^cr = 0, whatever a may be, it fol- 
lows that a"*P„ will satisfy the same condition. 

Now a ^ = p {aP, + 2a'P, + 3a'P. + . . .} ; 

hence a -y- satisfies the condition ; therefore cr + 2a j- also 
dd da. 

I ^2 1 — a* 

satisfies it, that is — r. Hence r 

r'(l-2a;? + a»)* (i-2ap + a*|' 

will satisfy the condition; and therefore Fwill, that is 

VF=0. 

This establishes the first part of the statement; the 
second part is established in Art. 203. 

See Cours de Physique MaiMmatique by E. Mathieu, 
pages 175... 177. 



/: 



so that J^= o 
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220. Suppose in the general theorem of Ai*t. 203 that 
the given function does not involve <}> ; we may write the 
result thuSy 

where U^-^^fjy^F(e')d,.'d<l>\ 

But by Art 170 we have 

*" r,d^' = 2wP, (cos 0) P, (cos ff), 



^"^ "^ -^ P. (cos 0) f P^ (cos ff) F(ff)dfi\ 

Thus if we suppose F{0) ==f(cosff)^ and change the 
notation by putting x for cos 6, and x' for cos ff, we get 

This is the theorem already imperfectly treated in 
Chapter XI. ; it is here established, for the case in which x 
is less than unity ; that is to say, the truth of it is made to 
rest on the same assumptions as the investigation of Art. 203^ 

221. The method of Dirichlet, as we saw in Art. 214, is 
commended by Bonnet; it is also emphatically praised by 
Heine : see page 266 of his work. Sidler too holds the same 
opinion : see page 66 of his work, Accordiugly, swayed by 
the judgment of these eminent mathematicians, we shall re* 
produce it. But as similar principles have been employed to 
establish the truth of the well-known developments of func- 
tions in sines and cosines of multiple angles, we shall treat 
this simpler question in Chapter XVIII., and then proceed in 
Chapter xix. to the investigation with which we are more 
immediately concerned. 
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CHAPTER XVIIL 

EXPANSION OF A FUNCTION IN SINES AND COSINES OF 

MULTIPLE ANGLES, 

222. We have already treated this subject in Chapter xm. 
of the Integral Calculus^ where we have reproduced investiga- 
tions due to Lagrange and Poisson respectively. 

Let f{x) denote any function of x ; then one of the 
theorems thus obtained may be stated in the following form ; 

/(a;)=^w^ + Wj + w, + w,+ ..., 

2 f* 

where w^ = - cos wo? I fit) cos ntdb. 



• ^ 



J A 



The process we are about to give treats the problem in a 
reverse order ; instead of obtaining this development we shall 
verify it by seeking the value of the sum of the infinite 

series ^ t^^ + w^ + w, + . . . . The process is taken substantially 

from Schlomilch's Compendium der Hoheren Analysis, 

223. Let ^(f) be a function of t which is continuous 
between the limits a and 6 of ^; we propose to find the limit 

when n is indefinitely increased of 1 ^ (t) sin ntdt. 

J a 

We have 
U{t)smntdt=:''i^^^-^^ + ^^ 

rh \ 

therefore | ^ (^) sin ntdt = - {^ (a) cos na — <^ (6) cos nh] 

Ja ^ 

1 f * 

+ -I <!> {t) cos ntdt 
T. 12 
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Now let us assume that i> {t) retains the same sign from 
< = a to ^ = J, so that ^{t) continually increases or continually 
diminishes from < = a to ^ = 6 ; then by the Integral Galoulus^ 
Art. 40, we have 

I ^'(*)cosw^(?e = coswT / (l>{t)dt = cosnT{(f>{b)-<l>{a)]f 

J.a J a 

where t is some value, of t lying between a and 6. Thus 



/ 



b . 1 

<f) (t} sin ntdt = - {^ {a) cos na — ^ (i) cos rib} 

§9 



+ £2^{^(6)_^(a)}. 



Hence when n increases indefinitely we have 

sinnj(2^=0. 



J a 



224. If ^(<) does not increase or decrease continually 
through the whole interval from a to 6, we may subdivide 
this interval into smaller intervals, throughout each of which 
this condition holds. For example, suppose a, c, e, 6 in 
ascending order of magnitude, and suppose that ^ (t) con- 
tinually increases as t increases from a to c, then continually 
decreases as t increases from c to &, and then again con- 
tinually increases as t increases from e to &. By Art. 223 the 
integral fift) Bmntdt taken through each of these intervals 

vanishes, and therefore as before I ^(<)sinn<6ft = 0, This 

J a 

assumes, however, that the number of these subordinate inter- 
vals Infinite; if it be infinite we have as a result an infinite 
number of infinitesimals, which is not necessarily zero. For 
example, we must not put ^ {t) = sin nU 

225. We have supposed that ^(t) is a continuous function 
of t ; this involves two conditions, namely, that ^ {t) is always 
finite, and that <^(^) varies infinitesimally when t varies in-, 
finitesimally. The latter condition, however, is unnecessary ; 
that is, <f>[fj may change its form anj finite number of times 
within the range. Suppose for instance that c is intermediate 
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between a and 6, and that ^ {£) passes from one finite value to a 
different finite value when t passes through the value c. Then 
divide the interval from a to i into two intervals, one from 
a to c, and the othjer from c to h. By Art. 223 the integral 
J(l>(t)smntdt vanishes through each of these intervals, and 

therefore as before j <f>(f) Biantdt = 0. 

J a 

226. Now let <^ {t) ^' ^^^^^^/^'^^ * Suppose that a =0, 

and that b is less than ir. Assume that f(x + 1) is finite for 
all values of t from to S, Then by Arts. 223. ..225 zero 

is the value when n is infinite of I '^ ^ sin ntdt. 

Jo smt 

227. It may appear that our process requires that <b{t) 
should be finite when ^ = ; and by evaluating (f> (t), when 
^ = 0, we see that this is secured H j{x) is finite. But it is 
not necessary to impose this condition, because although the 
denominator of (f>{t) vanishes when < = 0, yet sinw^ also 
vanishes; and thus we escape the presence of an infinite 
element in the definite integral * 

228. It follows from Art. 226 that when n is infinite 

the limit of I . ^ /(x-V t)dt = the limit of /(a?) ( . ^ dt. 
J^ sm^'' ^ ^ "^ ' Jo sm* 

^sinw^ 



/* sin Tit 
We proceed to find the limit of I —. — -dt. 
^ Jo sm« 

We have C'^'dt = j^^'^dt + C^* 



dt. 



Now the second integral on the right-hand side vanishes 

by Art* 223, for-r— ^ is always finite within the range of the 

integration. Thus we have only to find the value of the first 
integral on the right-hand side, 

12—2 
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Hitherto we have spoken of n becoming infinite, but it is 
sufficient for our purpose to consider n as having a special 
kind of infinite value, namely, an infinite odd positive 
integral value. Suppose that w = 2m + 1. Then we have 

Bllint ^ ft r ft, A ft 1 

= 1 + 2 {cos 2^ + cos 4< + . . . + cos 2mt} ; 



sm^ 



i'sin nt ,, 1 



therefore ( ^^^ "'^ dt = s ^» 

Jo. sm^ 2 

Thus ft^ is the limit required. Hence finally if 6 is 
between and ir the limit when r^ is an infinite odd positive 
integer of j ^^V(^ + t)dtiB ^ irfix). 

229. It will be found on examination that if c be any 
constant, positive or negative, we may put f(x+ct) instead 
of f{x + 1) ; and thus we see that the limit when n is infinite 

230. The result of Art. 228 holds so long as h is less 
than IT, but not when h = 7r; for then the function denoted 
by (f) (t) in Art. 226 becomes infinite when ^ = 6. We will 
consider this case. 

f "" sin nt ^, V , 
-^f(x + t)dt 

fi'sin nt ^. , ^n ^. . [' sin ^t ^. , .. ,. 

Put in the second integral on the right-hand side <=7r— <'; 
then remembering that w is an odd integer, we have 

f'^ sin nt j^f . . ,^ f i'sin ni ^ , , .,. . , 

V 

and in the definite integral we may change ^' to & 
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Thus r^J^f(x + t)cU 
J^ Slut '^ ^ * 

and by Art. 229 the limit of the right-hand member when n 
is infinite is ^7r/(«) + o ^/(^ + ^)» 

23L We now proceed to find the value of the following 
expression: 

r|2 + COS (« +«) + cos 2(l4-a?) + cos 3 (t + oj) + .-|/(e) dt 

Suppose that the series within the brackets instead of 
being infinite extends only to the term cos m{t'\-x) inclusive: 
then the expression, by Plane Trigonometry^ Art. 304^ 



=/ 



,8ia— ^s— (« + «) 

f{t)dt. 



• 2 8ia|(< + a!) 

and we have (o find the limit to which this tends when m 
increases indefinitely. Put ^{t-^x)=t', and 2nt + l = n; 

then the integral becomes I . . f{li—x) dt'; and this 

If « = the second integral on the right-hand side 
vanishes, and the first is equal to ^/(O) by Art 229, 

If « is between and tt the two integrals are equal by 
Art. 229 ; and thus the result is zero. 

Tit avn nrf 

If aj = ir the expression reduces to I —^— 7-/(2^— tt) dif; 

•/jr Sin* 
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put t' = 7r — t, and this becomes / . / (tt — 2t) dt, wWcli 



TT 



is equal to x/(w). 



232. Again consider in like manner the following ex- 
pression : 

r L + C0S (« -a?) + C0S 2 {t-x) + cos3{t-x) + ...[/(O cZ«. 
This reduces in the manner already shewn to 



/ 






where n is to be made infinite ; and this 

/■ (.z« + »; df + / 

or changing the form of the second term it 

If a? = the second integral vanishes, and the first is 
equal to ^/(O) by Art. 229. 

IT 

If a? is between and ir each integral is equal to af{^) 
by Art. 229 ; and thus the result is irf{x). 

If aj = 7r the first integral vanishes, and the second is 

TT 

equal to .^/(tt). 



233. From the results obtained in Arts. 231 and 232, 
we deduce by addition and subtraction the two following, in 
which 2 denotes a summation with respect to positive 
integral values of i from one to infinity : 
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- I /(O c?< + - S cosioj I cos itfif) dt is equal to f{x) iox 
irjf^'' ' IT Jo 

all values of x between and tt, both inclusive ; 

- 2 sin ix I sin itfiS) ^^ ^^ equal to f{x) for all values of x 
^ Jo 

between and ir, both exclusive. 

234. The formulae just established coincide "with what 
we obtain when we put Z = tt in equations (3) and (4) of 
Art. 309 of the Integral Calculus, We may establish these 
equations (3) and (4) in the same way as we have just 
established the more simple cases ; or we may deduce these 

equations (3) and (4) by patting -j- for <, and ^ for a, 

in the more simple icaaes. 

235. We have in the preceding investigations expressly 
stated that the function denoted by/(i+ a?) is not to become 
infinite within the range of integration ; this condition may 
liowever be to some extent relaxed, as we shall now shew, 

. 2m+l , 
sm— 2— < 

Put B for ^ ; then we have shewn in Art. 231 

sm 5 1 

rn 

that when m is made infinite I Sf{t) dt = 7r/(0). We add 

Jo 
now that this formula will hold even iif(t) become infinite 

within the range of the integration, provided that lf{t)dt 

remains infinitesimal when taken between limits which are 
indefinitely close but include the value of t which makes 
f(t) infinite. 

Let T be the value of t which makes f(t) infinite, and 
let e and r) be infinitesimals. Divide the interval from to tt 
into three, the first from to t — 6, the second from t — 6 
to T + v> and the third from t + tj to tt. Then the value 

of \Sf{t) dt for the second interval vanishes by our sup- 
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position ; we shall shew that the value for the first interval 
IS 7r/(0), and that the value for the third interval is zero. 

Let j(^ (t) denote a function which coincides with f{t) 
when t is between and t — c, and is zero when t is between 
T — e and TT. 

Then, by Art. 231, we have jSx (0 ^* = ^ (0), that is 

. . .... » D • - 



r. 







Sf{t) dt = 7r/(0). 



^ Again, let x (t) now denote a function which is zero when 
t is between and r + iy, and coincides with/(^) when t 
is between r + rj and tt. 

Then, by Art. 231, we have f'SxC^) cft = ^ (0) = 0, 

that is r 8f(t)dt = 0. 

236. The result obtained in Art. 223 on which the 
subsequent investigations mainly depend may also be esta- 
blished in another manner. 

Suppose that ^8 = a H , so that / sin nt dt = 0» 

Let c be the least value of ^ (^) between the limits a and 
/8, and assume <f>{i)^c-\-u. Then 

I <f>{t)^vantdt^\ {c-\-v)Bmntdt^\ u^mntdt 

J a J a J a 

Let p be the greatest value of u between the limits <= a 
andf = /3, then I usiantdt cannot be so great as I pdt, 

that is as|?(^ — a). 

In this way we can shew by dividing the interval 6 — a 

into smaller portions, that when & — a is a multiple of 

27r C^ 

• — the value of / ^ (t) sin nt dt cannot be so great as 
n J a 

p(J> — a), where p is the extreme difference that can exist 

l)etween the greatest and the least values of ^ (^) comprised 

between one subordinate pair of limits, as a and J8. 
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But when n is made indefinitely great, the dlflference 
between a and 13 becomes indefinitely small; and hence 
(t) cannot experience an appreciable change in the interval 
between a and /3; so that^ ultimately vanishes. 

The process though not extremely rigid throws some 
light on the theorem ; it shews that what is essential in ^ {t) 
is that there should be only an infinitesimal change cor- 
responding to an infinitesimal change in t Hence if n 
should occur in <f) (t) the theorem may cease to be applicable; 
this happens in the case already noticed in Art. 224, in which 
if} (t) = sin nt 

As in Art. 225 we may extend our conclusion to the case 
in which the form of ^ (t) changes any finite number of times 
within the range of integration. 
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^-= 4. 



CHAPTER XIX. 

DIBICHLET'S imrESTIGATION. 

237. Let jP(^,<f') denote any function of and ^ 
which remains finite throughout the range of integration ; 
and let 

2n + 1 p f ' ^^^^ ^^ ^^^^^ . 

Jo •'-1 

then it is required to find the value of the infinite series 

238. We begin with a particular case, from which we 
shall be able to deduce the general result required. We 
suppose that Q which occurs in 1^ is zero. Then Y^ becomes 
a function of & only, and we have with the notation of 
Art. 13, 

r.=p„ (cos^). 

Then we may put 

Here 5— I F{6\ <l>')d(f> will be a function of 0" only, and 

for shortness we will denote it hj f{ff)\ so that f{ff) may be 
described as the mean value of F\0\ ^') taken round a small 
circle at the distance 6' from the pole. 

Thus ET = ?^ jy (^) P. (cos ff) dfj,'. 

To avoid accents we shall use t instead of ^, so that 
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239, We shall now seek the value of the sum of the first 
n terms of the infinite series ; that is, the sum of 

and this we shall separate into two parts. 

Let T, = 1/ VW [P, + Pi + P, + ... + PJ sin tdt, 

and J;=r/W{Px+2P,+ 3P3+... + nPJsin<(f«; 

where P^ is now put for shortness instead of P^ (cos t) : then 
our proposed series is equal to T^ + T^. 

240. Consider first T^. By Art. 50 we have 

o n ooB ^z cos rzdz ^ -^ sin^0cosr;?(fe 
P^(cosO = - j^^^2cos«-2cos<)"*'^J^V(2cos«-2cos^) ' 

but only half of the expression on the right-hand side is to 
be taken when r = 0. 

Hence we find that ^irT^ = 

1 1 

I, IJ, V(2 cos^ - 2 cosO "^i « V(2 cos^ - 2 cos;^)]-^^^)®^^*'^^' 

where ^ stands for 1 + 2 cos -s^ + 2 cos 2^ + ... + 2 cos nz. 
By Plane Trigonometry, Art. 304, we know that 



. 2n + l 
sm — 7^ — z 



S= 



. 1 
sm^^ 



and so this value may be substituted for S. 

241. We shall now change the order of the two integra- 
tions involved in the expression for iirT^. 



l8S dirichlet's investigatiok. 

Let a be any constant, and u any function of x and y ; 
then from simple geometrical considerations, or from the 
theory explained in the Integral Calculus, Chapter xi., we 
have 

By applying this formula to the present case we obtain 
S cos Tzzdz 



r r f' 1- -1 /(e) sin tdt 

h L-/oV{2cos«-2cos^)J''^^ 



iScos ^ zf{{) sin tdt 



J, [i* V(2cos«-2cosoJ ^^ 



Ssinlzdz 



r \ r_- — J- — -i/(e) sin tdt 

K L-'* V(2cos« — 2cos;8;)J'' ^' 



iS sin ^ zflt) sin tdt^ 
V(2cos^- 2cos«) J 



/■' r f /(*) sin «<i< 1 o • 1 J 
= j. Li. V(2cose-2cose)J ^«"^2^^^- 

Thus 2^2; = f ' [cos ^ . r /(O^i'^f 

JoL 2 J^V(2cos^-2cosO 

.^ . 1 f /{t)sintdt 1^, 

+ sm^«/ .^Q*^ ^ . — o r fifefe. 

2 Jo V(2 cos * — 2 cos ;8;)J 

242. The expression here enclosed within brackets is a 
function of z only, and we will denote it by x(^) for short- 

1 f 
ness, so that ^i= o- I x(«) ^^^« 
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Now we have shewn in Art. 231 that the limit of 
1 f» ... .1 

9" I xW ^^^ when n is indefinitely increased is 5 x(0) ; 

and without using the preceding Chapter the same result 
will follow from any method of expanding a function in a 
series of cosines of multiple angles ; for ^ch a method gives 

1 

%(«) = 5 5<, + 61 cos « + Jj, cos 2;? + J3 cos 3« + ... , 

2 f *■ 
where J = - I y{i) cos mtdty 

and so when is = we have 

Thus ultimately j; = ~ x(^)> ^^^^ is 



3; = |/VWcos|«c?^. 



243. The result just obtained depends on the assumption 
thatx(;2?) is finite throughout the range of the integration* 
It is easily shewn that this condition is satisfied by examining 
separately the two terms in xi^)' 

For we assume that f(t) is finite through the range of 
the integration with respect to t ; therefore by the Integral 
CalculuSy Art. 40, 



C- f(t)smtdt ^ ., f- 
iz V(2cos«-2cos^) ''^^Jz 



sin t dt 



V(2cos2f-2cosQ* 
where t is some value of t between z and tt. 

And I -775 77 = VC2 cos « — 2 cos tt), which 

J« V{2cos« — 2cos<) ^^ '* 

is finite. 

In the same manner we may shew that the other term ia 
X(«) is finite, . . 
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244. We now consider the series which we denoted by 
2; in Art. 239. We have by Art. 50 

. 1 . 1 . 

o -^ sin ^ 5? sin nz dz ^ -^ cos ^ z sin nz dz 

^^cos J -j^ V(2cos;8;-2cos^) w^ j ^ V(2 cos « - 2 cos «?) ' 
Hence we find that ttT^ = 

1 1 

r*rtt "-'STsing^Jcfo ., ^S'cos^^c?;? -, 

i, [io V(2cos;5-2cosO"''A V{2cos^-2cos^)J«^(^) ^"'^'^^' 

where iS' stands for 2 (sin + 2 sin 2;? + 3 sin 3;? + ...+ r^ sin n«) ; 

we see that i8"=s — -7- • 

as; 

245. Next we change the order of the two integrations 
involved in the expression for irT^. Proceeding as in Axt&, 241 
and 242 we arrive at the result 

T,-^ll]ii?)S'dz, 

where f {z) stands for 

. 1 f^ f{t)^mtdt 1 p f (t) sin tdt 

""^"^2^j^ V(2cos;8;-2cose)"^^^^2^J, V{2cos«-2cos^) ' 

246. The function f («) is finite throughout the range of 
integration, as we see by the method of Art. 243. It will 
be necessary however for our purpose to shew something 
more, namely that the function is continuous, so that it 
experiences only an infinitesimal change when z does. To 
shew this we examine separately the two terms of which 
f {z) consists ; talie for example the second term, and it will 
be seen that the first term may be treated in a similar way, 

We have then in fact to shew that 

r^f f{t) sin tdt f * f{t) smtdt . , .,, ^ 

f - T-^ - - 7- — vanishes with f . 

•fp V2cost— 2cos(«+f) ^0 v2cos^— 2cos^ 
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This expression is equal to I . ^^ ^' == 

Jz A/2cosi — 2cos(« + f) 

-^m\, ''''* - , '^* , \dt', 

J w 2 cos i — 2 cos z ^2 cos i — 2 cos [z + f ) J 
and we will take these two integrals separately. 

Let g denote the numerically greatest value of / {t) 
between the values z and z-\-^ of the variable ; then the 
former integral is numerically less than 

^+f sin t dt 






Jz ^/2 cos ^ — 2 cos (2? + f) * 

But /, ^ . , . ^, =-V2 cos « - 2 cos (z + ^i 
./v2cosi— 2cos(« + f) ^ *' V 

thus the former integral is less than g V2 cos 2 — 2 cos {z + f), 
and therefore vanishes with f. 

Next we treat the latter integral. Let g now denote 
the numerically greatest value oi f(t) between the values 
and z of the variable ; then the integral is numerically less 
than 

n sin^ sin^ 1 , 
V2cos^-2cos« V2 cos i - 2 cos {z + f)J 
that is less than 

g {V2 - 2 C0S2? - V2 -2 cos (a + f) + V2 cos « - 2 cos {z + f)}, 
which vanishes with ^ 

247. We shall require immediately the values of f (0), 
f (tt), and f'(^)> *^®y ^^7 ^® conveniently determined no'w. 

It is obvious that f (0) and f (tt) are both zero. 

We proceed then to investigate the value of ^'{0), 

1 1 

For shortness, put f (-er) = — r sin ^ z + 8 cos ^ ^, 

so that ^=J^y(2cos.-2cos^) ^^^ "==J, V(2cos«-2co8^} ' 
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^pi_ «, V r 1 8.1 . 1 dr . 1 ds 
jLnus c («) =— j^ COS 7z z — -;z sin ^ is— sin 7zz-^r- + cos t^ ^ -^ : 
* ^ -^ 2 2 2 2 2 dz 2 dz 

and therefore f ' (0) = — s + ^ ; 

where on the right-hand side we are to put for z. This 

df* 
assumes that -j- is not infinite when ^9 = 0, an assumption 

which will be justified immediately. 

ds 
Now the value of j- when z is zero is the limit when 

dz 

z is zero of the expression — I ,./ ^ ^ — s r • We know 

zJo V(2 cos i — 2 cos 2?) 

that this expression =z'LAJ I __- _ — _ _ where t is 

^ z J^ V(2cos* — 2cos«) 

some value of t between and z. And 






V(2 cos * — 2 cos «) 2 



1 

S/Wsin^^ 

so that the expression = , and the limit of it 

when « = is/(0). 

In a similar manner we can shew that j- is finite when 

az 

2 «= ; and we shall not require its precise value. 
Thus finally f (0) =/(0) - | j'f{t) cos 1 1 dt. 
. 248. Now return to the value of T^. We have 

1 f' 

Integrate by parts; thus T, = - I ^ {z)8dz. 

Therefore when n is indefinitely increased, the limit of 
y, is f ' (P), the value of which was found in Art. 247. 
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249. Hence T; + 2;=/(0). 

Thus the limit of T, + T/is ^/^'^(O, <^Vf- 

This will coincide with F{0, <l>) when F(0, ^') is inde- 
pendent of ^'. In other cases it will be what we may call 
the mean value of F (0, ^'). 

250. Thus we have established the required result in 
the particular case contemplated in Art. 238, namely that 
in which is zero. 

"We may state in words what has been shewn. 

Suppose a spherical surface, let F{6'y <f>) denote the 
density at any point, or rather at any element of surface, 
say at S. Then the integral in U^ involves the product 
of the element of the surface, into the density, into a certain 
function Y^ of the arc which joins the element of surface 
to a fixed point in the sphere. In the case in which = 
let us call that fixed point A ; then we see that 2 U^ is 
equal to the mean density round the fixed point. 

Now if 6 be not =0, let us call the fixed point C, 
Then Y^ becomes the same function of the arc CS as it 
was in the former case of the arc AS. Hence the value 
of 2?7^ will now be the mean density at (7; that is it will be 
F {0, ^). Thus the problem proposed in Art. 237 is solved. 
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251, To dbew that 



2" \m \ n-m «?» p^ (a,) cTP^ia;,) 



n + m dx" dx^ 



+ 2.4.(2m + 2)(2m + 4)^ ^nl?;+ — 
Avhere f stands for xx^. and 2> for -7^. 

To prove this we observe that Laplace's n^ Coefficient 
1*5 Pn («)» where z = xx^-\- Jl—a? Jl - x^^ cos ylr. Put ^ for 
Ji — 0?' /s/l — a?,* cos -^Ir, then P^ (2) becomes a function of 
I -h ^, say i^(f + ; stnd this by Taylor s Theorem is equal to 

^ ^^^ + "rfT * "*■ [2 "dp" 

Pick out the coeflScient of cos tw^ from this, and equate 
it to the (- 1)- 6„ (1 - «f (1 - a.,')* ^^ ^^^ of 
Art. 175, that is by the same Article to 

Now the first term *n the series above given for i^(f + f) 
which involves cosm-^ is .— D^F(j^), and this will give 
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for the coefficient of oos sr^ the expression 

|(l-a?)'(l-x.V^.2)-F({). 

The next term which inToIves oos m^ is . ^ IT^F (f). 



and this will give for ooefficdent the expression 



m 



^^(l-aO^(l-;r.')« -^f-JT^FiS). 



Next we get 



l-ii-^^(X-x:f^^J!^±^^^ir^F{S). 



m+4'^ / \ 1/ 2*^ 12 



And so on. Thus we obtain the required result. 

252. In the formula of the preceding Article put a^ = ; 
then we get an expression for — -^^ — arranged in powers 

of 1 — a*. There will be two cases. 

d^P (x) 
L Suppose n -^ m eyen, Then — , \ ^^ contains a 

term which does not vanish when a?, = ; and a similar 
remark holds with respect to ITP. (f), ir^P«(f).... 

Thus we get 



n + m dx" l.r.(m+l) 



p(p-2)(q + l)(q + 3) , ._ ., 
^ |2.2*.(m+l)(m + 2) ^ ^ 

p^p -2) { p-4>){q + l){q + ^)(q+5) _ 

"^ |3.2«,(m + l)(m + 2)(TO + 3) ^ ' 

+ ... 

where p stands for w — «i and g for » + m. 

II. Suppose n — m odd. After the operations denoted 
in the preceding Article have been performed divide by x^ , 
and then put x^ = 0. TJius we get 

13—2 
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?:i^^^^;(^) = «5. where 
n-^Tn ax 






(m + 1) 

(p-l)(p-3)(q + 2)(q+i) ,._,.. 
■^ |2.2*.(to + 1)(»w + 2) ^ ' 

{pr-l) (p- 3)( j>-5)(g + 2)(y + 4)(y + 6) . _ , 

■*■ [3.2».(m + l)(m + 2)(m + 3) ^ '' 

+ ... 

253. The theorem for the expansion of a function in 
ternCis of Legendre's Coefficients may be enunciated thus 

<f>{x)=l^^P^{x)fp,(x')<f>ix')dx', 

where 2 denotes summation with respect to n from to oo . 

In Art. 220 we have deduced this as a particular case 
of the expansion of a function of two variables in terms of 
Laplace's Functions. We will now give another investi- 



gation. 



Let f stand for xx. We know by Art. 251 that 

(i-xyji-xy d*p^(_^) 

"*" 2*.4» d^* ^••• 

Now we know by Ai"t. 200 that 
2 (2» + 1) P, (f ) = the limit when a = 1 of ^~°^ 



(l-2a^+a')<' 



hence S (2n + 1) L^CL^!!! ^!^i|)= the limit when 

a-1 of g,^ ^ _____ = the limit when 

„-1 ^r a-'^')a-^'^3.5a'(l-a') 

2' (l-2af+a')i 
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In like manner S (2n + 1) -^^ ^H? ^ dP" ^ 

limit when a=l of -^-^ ^ ^ ' ii » 

In this way we can transform 2 (2n+l) P^(a?) P„ (a?'), and 
putting a = 1 in the limit we see that the expression will 
vanish provided the following series is convergent : 

3.5 3.5.7.9 , 3.5.7.9.11.13 g 
1+ 2* '^■^ 2*. 4* 2\4j*.6' t+--- 

where t stands for -^i — ^ l . in2 - > that is for . // «.Na • 

(1 — 2f + lj 4(1 — f) 

The application of the usual rule shews that the series is 

convergent so long as — . ^^ g — ■• is numerically less than 

unity. This will be the case provided x and x' are unequal 
and both less than unity. 

Hence we see that S — n — F^ (x) P« {x) is indefinitely 

small for every value within the range of integration, except 
when X =^x', what the value is then we shall not require to 
know. 

Therefore S —^ f P, (x) P^ {x') <l> {x') dx' 

where the limits ^ and 7 may be indefinitely close provided 
the value x is comprised between them. 

Next we transform the last expression into 
and then again since 2 — « — P, (a) P, ial) vanishes except 
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when oi = a?, we may transform this to 

that is to ^(x)S^^^P,(a:)J* P^(x')dx\ 

But / P^ (x') dx' = except when n = 0, and then it 
= 2. Thus finally we obtain <f} (x). 

The preceding investigation seems to throw some light 
on the nature of the result. It has the advantage of being 
quite independent of the theorem that a function of two 
variables can be expressed in a series of Laplace's Functions. 

254 'Let i7= it 

put r» = a? + 2/* + ^, r'' = x'' + y' + z'\ cose=-^^^±^^^±^' . 



1 



Then Z7= ; ^ ; i^ i ; so that if Z7 be ex- 

r \l cos 5+ -^l- 

r' 
panded in powers of - we have P^ (cos 0) for the coefficient 

of f -j , and therefore P^ (cos 5) may be considered to be a 

j» ,- n OCX* 4- yy' + zz' 

function of ^^,— . 

rr 

Now we see that this function has the following pro- 
perties : 

It is symmetrical with respect to the two sets of variables ; 
that is if X and x be interchanged it is not altered, and 
similarly for y and y\ and for z and z. Since cos is raised 
to the power n in P^ (cos 0) it follows that the function 
when expressed in terms of x, y, z and a;', y\ £ will have 
{rrY in the denominator. Hence if we make this the common 
denominator, the numerator will involve each of the variables 
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to the n*^ power, and it will be homogeneous with respect to 
each set of variables. Thus if one term of the numerator 
be ^oj'^y^/y, where A does not involve a/ or y or z, we 
shall have a + /8 + 7 = ». 

We might take the original form of U and develop it 
in powers of x\ y, z by the usual theorem for developing a 
function of three independent variables. Thus we shall ^ec 
for the type of the terms in the development 

(» xy (- yY (- zy d-+p+y V 



\a\l3\y daf- dy^ dz"^ ' 

where V stands for -77-3 5 r- . All the terms of the 

degree n will be found by taking a, ^, 7 of various positive 
integral values subject to the condition a + j8 + 7 = w. 

Suppose a + ^ + 7 = 7i; then the type of the terms just 

expressed takes the form -^ ^**^ r^ > where N is 

a homogeneous function of x, y, z of the degree n. 

Thus we infer that 

y»+-i -f , (.cos (/; - A 1^ j^ j^ da^dfdzy ' 

when for cos we put -^ ^^^ ; the 2 denotes a 

summation for all values of a, ^, 7 consistent with the con- 
dition a + ;8 + 7 = n. 

We may confirm this by supposing that / is very small 
compared with r ; and then our result is in fact obtained by 
equating terms of the same order of small quantities. The 
result is of such a nature that it is then true for all relative 
values of r and r. 

255. Suppose we have to develop in terms of Laplace's 
Functions a function of which we do not know the analytical 
form, but only various numerical values. For instance, we 
might require an expression in terms of Laplace's Functions 
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for the mean temperature at any point of the surface of the 
globe ; we may imagine this expression to be some function 
of the latitude and longitude of the point, and may seek to 
determine the developed form of the function from the 
numerical values given by observation at various places. 
We shall devote the remainder of the Chapter to this 
subject. 

256. 'LeiF{0, <f>) denote the function, and suppose that 

where Zj, denotes a Laplace's Function of the order k. 

We suppose that the development of F {0, <^) converges 
with suflScient rapidity to enable us to stop with the term 
Z^. In Zjg there are 2k +1 constants ; and thus in the 
development of F{0f^) there are altogether (n + 1)* con- 
stants ; we must shew how these can be determined. 

By Art. 192 we have 

^ = 2 sin"* IT Pjt (-4*,m cos m<f> + B^^^ sin m^), 

where X denotes summation with respect to m from to k 

inclusive, D stands for -^- , and P^ for P^ {x) ; also a: = cos^. 

Moreover Aj^^rn, and -B^^^ are constants. Then F(^0^ {f>) is 
to be obtained by summing the values of Z^ from A = to 
k = n inclusive. 

We may also put F{0, <^) in the form 

F{0,<l>)=l.^{G^cosm<l> + 8^smm<t>) (1), 

where 2 denotes summation with respect to m from to n, 
both inclusive ; also 

8„ = Bin" 61,, B,,„jrFj ^-^' 

where S* denotes summation with respect to k from m to n, 
both inclusive. 
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257. We first determine from (1) the values of the 
quantities of which G^ and S^ are the types. 

27r 
Let a = ^ T y suppose that in F{0, <f>) we put for ^ 

in succession the values 0, a, 2a, , 2n2; and that the 

corresponding values of F(0, <^) are known. Then we have 
for all values of k from to 2n, both inclusive, 

F{0^ kz) = C^+C^coskoL + (7,cos2&a+ + G^coankx 

+ iSjSin4a+ 5jSin2&i+ +5^ sin nfet. 

Multiply this equation first by coq ksj, and next by 
sin ksz ; and sum for all values of k from to 2n, both in- 
clusive. Then apply the following Trigonometrical formulae, 
which are easily established, and which we have used in the 
Integral Calculus, Chapter xiii : 

2cosA;«acosfea= 27i+l when s and s' are both zero, 

= ^ (2/1+1) when s and s' are equal but not zero, 

= when s and s* are unequal, 
2cos^wsinfo'a= 0. 

2sinA;5asinte'a= when s and s' are both ^ero, 

1 

= ^ (2/1+1) when s and s' are equal but not zero, 

= when s and s' are unequal. 
Hence we obtain 



C.^^^^tF{e,kx)co^ksx 
8.^-^^^XF{e, kx)^mksoL 



(3), 



where 2 denotes summation with respect to k from to 2n, 
both inclusive ; but for G^ we must take only half the value 
which the formula would give. 
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258. Now from (2) we have 



C.= ^^0 -P« + ^«.. -P. + + ^^,.. -P.-. + ^,.. -P. 

(4). 

A similar set of equations holds in which 8 with suffixes 
occurs instead of G with suffixes, and B with suffixes instead 
of A with suffixes. 

Now it will be seen that the first of equations (4) involves 
only one constant to be determined, namely A„^^] thus it 
will be sufficient to know one value of the quantity denoted 
by On, that is the value of C^ for one value of the polar 
distance 0, The second of equations (4) involves two con- 
stants, namely A^^^^^_^ and A„^^_^ ; thus in order to determine 
them we must know the value of C^_^ for two values of the 
polar distance 0. In like manner C^_^ must be known for 
three values of the polar distance ; and so on. 

259. But suppose that the values of the quantities 
denoted by G with suffixes are known for more values of the 
polar distance than we have seen to be necessary; for 
example, suppose that G^_^ is known for four values of the 
polar distance : then we have more equations than are 
necessary to determine the constants denoted by A with 
suffixes. Two ways have been proposed for treating such 
a case. 

We may use the method of least squares, or any other 
method which the theory of probability supplies, as advan- 
tageous for obtaining the best results from a system of 
linear equations which exceeds in number the number of 
unknown quantities to be found. This method is that 
suggested by Gauss in order to express the elements of the 
earth's magnetism as functions of the latitude and lon- 
gitude. 
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Or, when a suitable number of values is given, we may 
treat the equations in another way which is simple and 
convenient, though it does not possess any recommendation 
from the theory of probability. If the equations though more 
numerous than is absolutely necessary are all consistent with 
each other the results obtained will be exact. If the equa- 
tions though not absolutely consistent are very nearly so, we 
may assume that our results will be reasonably satisfactory. 
To this method we now proceed. 

260. Suppose that we have a number of values of x 
given, and that to each value corresponds a certain coefficient 
f ; and suppose that the values of x and the coefficients are 
80 adjusted that the following relation holds for all positive 
integral values of s from to 2w inclusive : 






afdx (5), 



where the summation indicated on the left-hand side is to 
extend over all the given values of x. 

It follows from (5) that if f[x) denote any rational 
integral function of x^ of which the degree is not higher 
than 2n, then 






Now apply this equation to the formulae obtained in 
Art. 28 ; then so long a,s k + K is not greater than 2n, 

% ^PjcPk = when h and k are unequal/ 

when K = h 



2& + 1 



In like manner by aid of the formulae obtained in Art. 158, 
we have 

2 f (1 —a^yiyPi.D'P^ = when h and k are unequal, 

2\k'\-s , ^ [•••(7). 

s= — - — 1 .-- — — when /c = A; 
(2A; + 1) /c-s 
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The summation indicated on the left-hand side in (6) 
and (7) is to extend over the same given values of a; as that 
in (5). 

261. The relation (5) amounts to a system of 2n + l 
linear equations to be satisfied by the coefficients of which 
f is the type. We take then 2n-\-l values of a? as arbitrarily 
given, and the summations in (5), (6), (7) will refer to these 
2n + l given values. It will be remembered that we have 
a; = cos^, so that when x is given the polar distance is 
given. 

Suppose now that for all these 2n + 1 polar distances 
we have the values of C, and 8, determined by (3). Take 
from (4) the expression for (7,, multiply it by ^sin'BD'Pj, 
and form the sum for the 2n + 1 polar distances. Thus 

2f C. sin* D'Fu = Sa [A^.t^ (1 - xy D'F^D'F,}, 

where 2 denotes summation with respect to the 2w + l 
polar distances, and 2x denotes summation with respect to 
X from X = 5 to X = n, both inclusive. 

By means of (7) all the terms on the right-hand side 
vanish except when X = A; ; and thus we obtain 

2?Csin-5D'P*=^^ lii^A. (8), 



This determines -4jt^, . 

Sinnlarly t^ S.sin'0I)'P,^-^j^\=^^ (9). 



This determines Bjt^,. 

262, We proceed to express in a convenient form the 
coefficients of which f is the type. 

Let x^, fl7j, ...a?g„ denote the given values of x, so that 
for positive integral values of x from to 2n inclusive 
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Put 1^ (x) = (a; - ajp) (x - arj (x - a- J. 

When we divide -^ (a?) by one of its factors, for example 
by the first factor, we obtain an expression which is equiva- 
lent to a rational function of x of the degree 2n, 

Let -^o.C^) = ?^ = «„ + «l« + «2^ + + ^tn^l 

then we know that this expression will vanish for all the 
given values of x except x^. 

Multiply equations (10) in order by a^, a^y...a^, and 
add; thus 

so that fo'foW = l 'foW^^- 

•'-I 

This we may write thus 

= I (oj — a?J {x — x^) ... {x'-x^Jdx, 



or 



f.[^^<4-0^-- 



indicates that i|r (j?) is to be differentiated 



where I ^ ^ (x) 

and then a?o put for x. 

Thus f is determined ; and similarly we may determine 

263. We will now change our suppositions. Instead of 
2w + 1 given values of x we will suppose there are n + 1 
values to be determined as well as the n + 1 corresponding 
values of f . We may then assume 2n + 2 conditions, and 
these shall be that the following relation holds for all positive 
integral values of s from to 2ai + 1 inclusive, 

^.^.•+ fx<+ + ?.'»»*= r '^'^ (")• 
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Then the equations (6) and (7) will hold so long as 
k + Kis not greater than 2u + 1. 

We proceed to eliminate from (11) the quantities f^,, 

Put ;j^ = -i^ + -il- + + -^. 

When we develop the fractions in ascending powers of x, 
we find that the general term of ;^ is 

Hence by (11) we have 



X = t^,jydx + ^,, (^^^' 



l^+'h+-^^+,„ 



where 2 denotes summation with respect to 8 from to 
2n+ 1 both inclusive, and -B is an infinite series of the form 

x a? 

Now X is a fraction of the form 

B.x'^+B^x^''^' +B^,x + B^ . 

a«^^ + ^,aj'^ + +^^aj + ^,^, ^ ^ 

where the denominator = (a? — x^ {x — x^ (fc — irj. 

Let us denote the denominator by tsr (a;), so that the 
quantities x^,x^, x^ are the roots of the equation 

-cr (a?) = 0. 

From (12) and (13) we have 

£,«;•*+ B,a;«"^+ ^B^^^x^-B^ 

= the product of (aj""^^ + A^x"" + + A^^^ 

into [H,x-' + H,x-^ + +H^n^,x^"'^-\'Rx'^'^, 

where JSi=/ ^dx^ -r-y^ or 0, according as h is even 
or odd. 
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Equate the coefficients of the powers of a;; thus 

The former group consists of 7i + l equations between 
the quantities A^, A^, ... A^^, which will suffice to deter- 
mine them. If we restore for 51 its value I x*dx, we find 



I x*dx, 



that these ?i + 1 equations are all cases of the following, ob- 
tained by giving to s positive integral values from to n, 
both inclusive : 



x^ (a?""'^+ ^i«'*+ ... + A+i) dx = 0, 



/: 

that is I x'^sr [x) dx = 0, 

J_i ■ 

Hence it follows, by Art. 32, that xir(x) = CP^^^^(x\ where 
C is Si constant. Thus the values x^, x^, ... x^ in (11) are 
the roots of the equation P^^^ (a;) = 0. 

Then, as in Art. 262, we find that 

where -j-P^^^^x) indicates thatP^^j(a7) is to be differentiated, 

and then x^ put for a?. Similarly we can find f,, f,, ... f„. 
Hence the coefficients f^, f,, ... f^ are identical with the 
quantities, the type of which is A^ obtained in. Gauss's process 
of integration ; see Art. 131, 
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264. As a particular case, let as suppose that the func- 
tion denoted by F does not involve ^^ so that it reduces to 
F{e). Then, by Art 257, 

^ 2F{0) ^ J „ 2F{e) ^ . - 

except that when « = we take only half the value given by 
the first formula. 

Now when « = we have 2 cos ksz = 2n+ 1, and in other 
cases 2cositsz = 0; also ]EsinX;92 = 0. 

Thus S^ always vanishes ; and C^ always vanishes except 
when 8 = 0, and then we have C^ = F{0): or putting f{x) 
instead of F{0) we have C^ =/(«). 

2i+l 
Hence by (8) we have -4^^^= — o — 2f/(ar)P4. 

The constants denoted by A with suffixes vanish by (8) 
except when the second suffix is zero ; the constants denoted 
by B vdth suffixes always vanish by (.9). Thus the value of 

Z^ of Art. 256 reduces to -=^^P^2 $/•(«) P^. 

Hence we obtain for the development of the function /(x), 

where pj^ = 

^{/(^.)?.?.(^J+/K)?.^»K)+...+/[^.)f.P.(a:.)l...(14). 

But we know by Art. 138 that the exact development 
oif{x) is 

/(^) = ?o^o + ?|i'i+...+y«P.+ (15), 

where g>= 2 J /(^)^»^- 

If we make use of this formula in (14) we find that 

pk^ — 2 — •S'* l^f-^«^ (•'•^}i 



MISCELLANEOUS THEOREMS. 209 

where 2 denotes summation with respect to all the ti -f 1 
values of x, and 2^ denotes summation with respect to s from 
to 00 . By virtue of equations (6), which with the present 
notation hold so long as A; + 5 is not greater than 2n + 1, the 
right-hand side of (16) may be reduced. The term which 
corresponds to 8 = k becomes simply g^ ; all the other terms 
vanish so long as 5 is not greater than 2/i + 1 — A; : thus we 
obtain 

2k +1 
where -£^«,= — « — 2fP^Pt> the summation extending to all 

the w + 1 values of x. 

' For instance, 

1^0 ~ ?0 "^ ^an+S-^Stt+a •" ?2n+8-'^2fi+8 "»" ?2n+4 -'^Sn-M + • • • » 
1^1 ~ ?1 "^ ?2»+l -^211+1 ■• ?2n+a-^a«+a'' 2'2n+8'^2«+8 ■" ' * * ' 

where it must be observed that the symbols E with suffixes 
have dififerent meanings in the two lines ; in the first line 

^„ = i2fP„, BMi in the second Hne E^=^llP„P,. 
From (15) we have I f{x)dx = 2q^ 

= 2p, - 2 {q^^E^^ + q^^iK^ +•••}, ty (17). 

Hence by (14) we obtain 

f{x)dx=^J{x,) + ijix,) + ... +?./(a;J 

In this expression for I f{x) dx the first part is identi- 
cal with the SA^f{a^ of Art. 126, so that the second part 
gives us a new expression for the error which arises in taking 
the approximate quadrature for the real quadrature. 



i- 



T. ^^ 
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CHAPTEE XXI, 



SPECIAL CURVILINEAR COORDINATES. 



265. In some investigations of mixed mathematics, 
certain coordinates introduced by Lame have been found 
very useful: these we shall now explain. Lamp's own in- 
vestigations on the subject were first given by him in various 
memoirs, and afterwards reproduced in two works entitled 
Lefons sur les fonctions inverses des transcendantes et les 
surfaces isothermes, 1857; and Legons sur les coordonnSes 
curvilignes et leurs diverses applications, 1859. These co- 
ordinates are also explained in the Cours de Physique 
MatMmatique of M. Mathieu, 1873. 

266. Consider the following three equations where x, y, z 
denote variable coordinates : 

Suppose V less than c', X* greater than c*, /a* between 
V and c*, and i^ less than 6' : then the first equation repre- 
sents an ellipsoid, the second an hyperboloid of one sheets 
and the third an hyperboloid of two sheets. 

We shall sometimes denote these surfaces by 8^^ 8^y S^ 
respectively. 
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267. Suppose the preceding three equations to exist 
simultaneously; then x, y, z will be the coordinates of a 
point or points at which the surfaces intersect. The values 
of oj", y^, / which satisfy these equations simultaneously 
are easily found to be 

These values may be immediately obtained from the 
general formulae given in the Theory of Equations, Art. 291. 

Or we may proceed thus. The three equations of Art. 266 
may be considered as expressing the fact that 

0^ y^ «" 



1--- 



p p—V p—c^ 
vanishes when p = V or p? or v\ Hence we have 

for no constant factor is required since each side becomes 
unity when p is infinite. Then if we decompose the right 
member into partial fractions, in the manner explained in 
the Integral Galfyalus, Chapter ii., we obtain 






^,^ (V^cO(/.^-c')(i;'~c') 



d'ic'-b') 

Since by extracting the square roots of the last equations 
we obtain three double signs, we see that the surfaces of 
Art. 266 have eight points of intersection. 

268. Through any point in space one such system of 
surfaces as that of Art. 266 can be dravm, and only onCy 
b and c being fixed quantities, 

14—2 



• ^M 
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For let (x, y, z) denote the point ; and let it be required 
to find t from the equation 

9 9 9 

This may be considered as a cubic equation in <, and by 
observing the changes of sign in the left-hand member as 
t varies, we see that there is one root of the equation between 
and J', one root between 6* and c*, and one greater than c\ 
We suppose here that none of the three quantities x, y, z 
is zero. 

269. The three surfaces of Art. 266 are mutually ai; 
right angles at the points of intersection. 

Denote the first equation by t^ = 0, and the second by 
« = ; then the condition that the surfaces may intersect 
at right angles is 

du dv die dv du dv ^^ 
dx dx dy dy dz dz ' 

. . a;* y^ 7? _ 

t.iat is -y + j^^^(j^zri^ + (V-0(/ii*-0 ~ "• 

Now this condition is fulfilled at the points of inter- 
section as we see by subtracting the second equation of 
Art. 266 from the first. 

Similarly the other two surfaces intersect at right angles. 

270. By adding the values of a?', y^ and -s* in Art. 267, 
we obtain 

«' + 2/' + 2' = V + /.,' + j;'- 6'- cl 

271. By extracting the square roots of the expressions 
in Art. 267, we obtain 



^^ be '^^ b v'(c' -i') ' ^ ■ c ^{c' - 60 

Some convention as to signs is necessary in order to 
ensure that the last formulae shall have due generality; and 
the following is found sufficient by Lamd. Out of the nine 
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quantities X, fi, v, ^/0^-b'), V(/^'-6'), V(o'- A V(V-0> 
j^{c* — fi^, \/(c^ — v'), three are taken to be susceptible of 

either sign, namely v, VO"-' — ^0 ^^^ V(^^ "~ ^*) > ^'^^ ^^^* ^^^ 
considered always positive. Thus the expressions for x, y, 
and z have each one factor which may be either positive or 
negative. 

272. The quantities X, in, v are called elliptic coordinates. 
When they are given we may suppose the surfaces of Art. 266 
to be constructed, and their common points determined. Or 
we may find a?, y, and z from the formulae of Art. 271. 

It will be observed that if we merely know X, fi^ and v, 
the point in space is not completely determined; for there 
are eight points corresponding to assigned values of \, /a, 
and V. If however we attend to the sign of v, according to 
the convention of Art. 271, the number of points is reduced 
to /o2^r. 

273. Suppose in the first equation of Art. 266 that X 
varies ; we thus obtain a series of ellipsoids, all confocal, that 
is all having the same points for the foci of their principal 
sections. We may suppose X to commence with a value 
infinitesimally greater than c, and then one of the axes of 
the ellipsoid is infinitesimal, namely that which is in length 
equal to 2 ^/{\^—c''). Then X may be supposed to increase 
indefinitely. 

Similarly in the second equation of Art. 266, if fi varies 
we obtain a series of confocal hyperboloids of one sheet. 
The limits between which fi may vary are from a value 
infinitesimally greater than 6 to a value infinitesimally less 
than c. At the former limit the real axis which is in length 
equal to 2 /^{/j? — b^) vanishes, and at the latter limit the con- 
jugate axis which is in length equal to 2 a^(c^ — fju^) vanishes. 

Finally, in the third equation of Art. 266, if v varies 
we obtain a series of confocal hyperboloids of two sheets. 
The limits between which v may vary are from an infini- 
tesimal value to a value infinitesimally less than b. At the 
former limit the real axis which is in length equal to 2p 
vanishes, and at the latter limit the conjugate axi«» ^\>k^:Jsx 
is in length equal to 2 V(&' — v^) vam"&\i^^. 
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274. Take the logarithms of the formulae in Art. 267, 
and differentiate. Thus 

, ^xdK xdfi xdv 

cue — — r I I « 

y ^ y\dX yf^dfi yvdv 
, _ zkdX zfidfi zvdv 

Square and add ; then by the aid of the equations of 
Art. 266, we obtain 

But by the formulae of Art. 267 "we shall obtain 

X* "^ (X* - 6'/ "^ (V - c"/ ~ X' (X" - i') (X* - &) ' 
and then by symmetry 



X 



f .J -I 



Hence, putting d^ for (fe* + t?y* + cZz*, we have 

_ rfx'( x*-/.')(x'-,^ ^f^'CA.'-t^c^'-x') 

<fi;'(i^-X')(i;'-nt') 
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Here ds denotes the distance between the point (a?, y, z) 
and the point {x -i-dx, y + dy, z + dz). 

275. Suppose we put e?\ = in the result of the pre- 
ceding Article ; then the two points both lie on the surface 
8^^ and the formula becomes 

276. Suppose we put J/a = and dli/ = in the result 
of Art. 274 ; then the two points both lie on the surface /S^ 
and also on the surface 8^^ and the formula becomes 

This is therefore the value of the square of the length 
of the infinitesimal straight line drawn normally to ;8^, to 
meet the adjacent surface of the same family as 8^y in which 
the parameter has the value \ + dX, 

A similar expression holds for the infinitesimal distance 
between 8^ and the adjacent surface of the same family, and 
also for the infinitesimal distance between 8^ and the ad- 
jacent surface of the same family. 

We shall now give some examples of the use of the 
formulse which have been obtained. 

277. Let da denote an element of the surface of a solid, 

p the perpendicular from a fixed origin on the element"; then 

1 

^pda represents the volume of an infinitesimal cone having 

its vertex at the origin, and having da for base. Thus the 

volume of the whole solid = s J^cZcr, the integral being taken 

between appropriate limits. 

We will apply this to the ellipsoid given by the first 
equation of Art. 266, taking the origin of coordinates as the 
vertex of the cones. 
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We have by the usual formulae of Solid Geometry 

transforming this by the aid of the expressions in Art. 267 
we obtain 

^ \^/(X'-y)(\^--c') 

Also by Art. 276 we have 



^ dfj-dv (fi* - y') vex' - m') (X' - y^ 

If we integrate between the limits and h for v, and 6 
and c for /*, we obtain one-eighth of the volume of the 
ellipsoid whose semi-axes are \, t^{\^ — b') and t^(X'—c^). 
Thus 

3 ^^ ^^ ^;JoV(6''->'')(c"-^='Kc*-/*)0*"-*) 

and therefore I / - ^ ^ ^ /^ _ ^ 

278. Let G> denote any element of area on the plane 
(x, y), and let z be the corresponding ordinate of a solid ; 
then the volume of the solid is found by taking the integral 
^zd(o between proper limits. If da denote an element of the 
surface, and 7 the angle between the normal to da and the 
axis of z, we may put 0087^0- for d(o. Thus the volume 
= Jz cosy da. 

We will apply this to the ellipsoid given by the first 
equation of Ajrt. 266. We have by the usual formulae of 
Solid Geometry 
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transposing this by the aid of the expressions in Art. 267 we 
obtain 

cos 'V = — — - 

Hence proceeding as in Art. 277 we obtain finally 

279. If we take the three expressions furnished by 
Art. 276 we find that an element of volume of a solid may 
be denoted by HdXdfidu where 



H^ 



(V-;.«)(V-i;») (/.«-!;») 



Apply this expression to the ellipsoid given by the first 
equation of Art. 266 ; then proceeding as in Art. 277 we 
obtain 

j j^^j Hd\dfidp = '^\Ji;x:'-b'){\''-c'). 

280. There is another system deserving of notice in 
which the ellipsoid is replaced by a sphere and the two 
hyperboloids by cones. Here we have 

a? + y^ + z^ = r\ 



0^ 2/^ z 



3 

= 0, 



/t' /** — 6" /It — c' 

^+-J^+_^! 

V V — 6 V — c 
These equations give 
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It is easy to shew, as in Art. 269, that the surfaces re- 
presented by the three equations intersect at right angles. 

281. We may apply the formulae of Art. 280 to obtain 
an expression for the surface of a sphere of radius r. 

If we proceed as in Art. 277 we shall find that the area 
of an infinitesimal element of the surface is 



and if this be integrated between the limits and 6 for r, 
and b and c for /u,, we obtain one-eighth part of the surface of 

the sphere, that is ^ r*. Hence 



JbJi 



This agrees with Art. 277. 
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CHAPTER XXII. 

GENERAL CURVILINEAR COORDINATES. 

282. In the preceding Chapter we have given an account 
of a special system of curvilinear coordinates ; we shall now 
treat the subject more generally. 

283. Let there be three surfaces represented by the 
equations 

/i (^. y> ^) = Pi> ^ 

f^{^^y>^) =P2> [ • (!)• 

Here a?, y, z are variable coordinates and pj, p^? Ps ^® 
parameters which are constant for any surface ; but by vary-' 
ing a parameter we obtain a family of corresponding surfaces. 
For shortness we may denote the surface of the first family 
for which the parameter has the value p^ by the words the 
surface p^\ and similarly the surface p^ will denote the sur- 
face of the second family, for which the parameter has the 
value />,; and a like meaning will apply to the words the 
surface p^. 

284. To given values of x, y, z in {1) will correspond 
definite values of pj, p,, p^; that is, for every point of space 
the parameters of the three surfaces can be determined. 
Conversely, if p^, p^, p^ are given the values of x, y, z may 
be theoretically found ; that is, the points (x, y, z) may be 
considered to be known when the three parameters are given. 
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^■- ^"' (l)'-(|')'-(J)'-»-. 

(£■)■- (|)"Ht)'=v. 

Let CTj, 6 J, Cj denote the cosines of the angles which the 
normal at {x, y, z) to the surface p^ makes with the coordi- 
nate axes ; let a^, 5,, c, be similar quantities with reference 
to the surface p^ ; and let ag, ig, c^ be similar quantities with 
respect to p^. Then 



_ 1 dp^ 









1 '^Ps „ _ 1 ^Pi 






Ag rfiS 



(2). 



286. Let V denote any function of x, y, z; by sub- 
stituting for X, y, z their values in terms of p^, p^, p^ from (1), 
we transform V into a function of p^, p^* P^* Then by the 
'aid of (2) we get 



dV dV . dV . dV . 
-dx^dj.^^^^'^d^y^-^diy^ 

dy dp^ ' ' dp^ ^^ dp^ ' 

dV dV . dV . dV ^ 
dPi ' ' dp^ ^^ dp, 



dz 



8 8 



8'*'8 



• ••••••••• 



(3). 



287. Now let us suppose henceforth the three surfaces 
given by (1) to be mutually at right angles ; then the nine 
cosines a^, 6^, Cj ... satisfy certain well-known relations, and 
with the aid of these we deduce from (3) by squaring and 



adding 
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[dx) '^[dyj '^[dzj 



288. One of the relations between the nine cosines to 
which we have just alluded is 

^1 (6a - &3C^ + a, (63C, - h^c,) + a, (6,c, - b^c,) = 1 ; 

hence by the aid of (2) we have a result which we may 
express in the notation of determinants, thus : 



dp^ 
dx' 


dy' 


dp. 
dz 


dp, 
d.T.' 


dp, 
dy' 


dz 


<?P» 
dx' 


dpt 
dy' 


dz 



=V*A 



289. From equations (2) we deduce 

1 
a^dx + \dy + c^dz =^T-dp^, 

"'I 

a^dx + \dy + c^dz = j- dp^, 

1 
a^dx + \dy + cjdz = j- dp^; 

and from these we deduce 



da? = 



rfy= 



a 



a 



a. 



8 



dz 



hjp^+hdp^+hdp, 



r,^p^+T/p»+ii^p' 



,(5). 
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From (5), by squaring and adding, we obtain 

da? + dy' + d:^ = ^,dp,'+^,dp,' + ^,dp; (6). 

X S 8 

The left-hand member may be replaced by d^, so that 
ds denotes the distance between the adjacent points (w, y, z) 
and (x + dx, y + dj/, z-^-dz), 

290. Three particular cases of (6) deserve special notice. 

Suppose that the adjacent points both lie on the surface p,, 

ana also both lie on the smface />j ; then they both lie on 

the common intersection of these two surfaces, which by 

hypothesis is at right angles to the surface p^ at the point 

{Xy y, z). Thus we have dp, = 0, and dp^ = ; so that (6) 

1 1 . . 

becomes d^ = j-i^Piy therefore j-^Pt ^ numerically equal 

to the distance at the point (x, y, z) between the surface 
Pj and the adjacent surface p^ + dp^. 

Similarly we can interpret the special equations 
291. 



From 


equations (5] 


1, we 


obtain 




(ir 


-"t 


dx 


-Of 


dx 


.0, 


dp\ 


"A> 


t 


dp. 


"*.' 


dp,' 


"A. 


rf.v 


_^ 




dff. 


J, 


dy. 


.*. 


dp. 


"*. 


> 


dp,' 


'K' 


dp,~ 


K 


da 


_<*, 




ds 


.c. 


ds 


.c. 


dp: 


~K 


> 


dp,' 


"*.' 


dp,' 





These equations may also be obtained in another way. 

dx 
For if a small change rfpj be ascribed to p^ we hare ^ dp^ 

for the corresponding change in x. This expression most 
therefore be equal to the projection on the axis of x of 
the normal distance between the adjacent surfaces p^ and 
Pi + dp^ at the point (x» y» r)« Now this nonnal d^tance 
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by Art. 290 is r- dp^, and the projection on the axis of x 

is obtained by Lltiplying by a., which is the cosine of 
the angle between the normal and the axis of a:; so that 

— — dp, = T^dp,, and therefore -^ = t-* . 
dpt K dp^ K 

Similarly the other cases can be established. 
By the aid of Art. 285 these become 

dx _1^ dp^ dy ^ 1 dp^ ^ _ _1_ dpi 



dpi K dx ' dp^ h^ dy ' dp^ h^ dz 

dx^ __1 dp^ dy __ 1 dp^ dz^ __ 1_ dp^ 

dp^ " h^dx^ dp^'^ h^ dy ' 'dp^ "~ h^ dz 

dx _ 1 d/>g dy __ 1 dp^ dz^ __ 1_ dp^ 

dp^''K~dx' d^s^K^' dpz^Kdz 



^ .•••.i/). 



292. From equations (7) we obtain, by the aid of Art. 288, 
in the notation of determinants 



dx 


dy 


dz 




dp,' 


dp,' 


dp. 




dx 


dy 


dz 


1 


dp,' 


dp,' 


dp. 


h,hji^ 


dx 


dy 


dz 




dp,' 


dp,' 


dp. 





"8 
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CHAPTER XXIII. 



TRANSFOBMATION OF LAPLACE'S PBINCIPAL EQUATION. 



293. In equation (4) of the preceding Chapter a certain 
expression involving first differential coefficients is trans- 
formed from the variables x, y, and z to the variables />,, />2, 
and pg. It is the object of the present Chapter to effect 
a similar transformation with respect to the expression 

-j-t + -f-^ + --f^ ; the expression is very important on ac- 
count of the well-known equation which Laplace first con- 
sidered : see Art. 167. The expression is called by Lamd 
the parameter of the second order of the function V. 

294. The parameter of the second order of any function 
Y can be ewpressed in terms of the parameters of tlie second 
order of the functions p^y p^, and p^. 



For -^-^= ^- ^ + ^^P-^ + ^^» . 
dx dp^ dx dp J da; dp^ das ' 



da? 



dp^ \dxj dp^ \dxj dp^ \dx) 

dp^dp^ dx dx dp^dp^ dx dx dp^dp^^ dx dx 

dV (Tp^ dV d^p^ dVd'p^ 
dp^ dx* dp^ dx^ dp^ da? ' 
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Similar expressions hold for ^-^ and -tt; hence by 

addition, observing that the surfaces of Art. 283 are at right 
angles, we obtain 

^dp, U^ ^ df ^ dz'J^dp,\dx' '^ df "^ dz^) 

"^ dp,\da? ^2/* dz'J ^^''• 

Thus the parameter of Fof the second order is expressed 
in terms of p^, p^, and p and of the parameters of the second 
order of p^, p^, and p^: it remains to transform these three 
parameters. 

We shall use the symbol V as an abbreviation of the 

(P d^ d^ 
opemtion^+^+^. 

295. The relations among the nine cosines to which we 
have alluded in Art. 287 may be made to give the following 
results : 

together with two other similar sets. 

Hence by the aid of Art. 285 we obtain 



dx hji\dy dz dy dzj^ 

dpi ^ K (^P2 <^Ps dPs dp2\ 
dy hji^\dz dx dz dxj* 

dPi^A. (^ ^ - ^^ ^Pi] . 
dz . hji\dx dy dx dy)^ 



(2) 



together with two other similar sets. 

Differentiate the first of (2) with respect to y, and the 
second with respect to a?, and equate \ thus we get 

T. 1^ 
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;) 



Jiji^\dy^ dz dy dydz djf dz dy dydzj 

, ^ fK\ (^9^ ^9^ ^9s d9,\ . 
dy \hjij \dy dz dy dz ) 

^ K f^92 iEzj^ih ^8 _ ^9^^_^ ^\ 
hji^dxdz dx dz da? dxdzdx dz dx^J 

dx \hjij \ dz dx dz dxJ ' 

• Ee-arrangmg, and introducing terms for the sake of 
symmetry, we get 

AJi^\dx dx\dzj dy dy\dz) dz dz\dz J) 

hji^\dx dx\dz J dy dy\dz) dz dz\dzJ) 

^dp^{dp^ ^(K\ ^^9, d /\\dp, d f h, M 
dz \dx dx \hjij dy dy \hjij dz dz \hjij) 

dz [dx dx \hjij dy dy \hjij dz dz \hjij^ 

= (3). 

Now the expression within brackets in the second line, 
by equations (7) of Art. 291, 

" \dp^ dx\dzj dp^ dy\dzj dp^ dz\ dzj) 

= V|;(t) W- 

A similar transformation can be effected of the expres- 
sions within brackets in the remaining three lines oi (3);^ 
and thus (3) becomes ' 
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n. 



'dp, 
dz 



w.-iv/> 



.) 



dz ^ dp^ dz * dp^ 



where H. stands for 7-^ . 

KK 

Divide by JBT^, then we obtain 

-fw.-f'vp, 

dz " dp, rf;5 * cZ/3j 

Similarly we have 

^ dpjKdx) ' dp^\dx) 

^dp^^^dlogH^^df^^^dhgH^^^ 
dx ^ dp^ dx ^ d/>. 



and 






rfy • dp, dy * dp^ 
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(5). 



(6). 



(7); 



(8). 



Multiply (6) by ^ , (7) by J% and (8) by I; , and add ; 

then by virtue of the i^elations alluded to in Art. 287| we 
obtain 

15— ^ 
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h 



' '^' '\dzdp^\dzj dxdp^\dxj dydp^\dyj) 

"« \dz dp^ \dz ) dx dp^ \dx) ^ dy dp^\dyJ) 

+ VV^^ = (9). 

This may be simplified ; for we have 

dz dp^ \dz ) dx dp^ \dx) dy dp^ \dy) 

- 2 d/>,tU« J^\dxJ ^ \dy) ] - 2 dp,* ~ 'dp, ' 



az 



i_£/dpA ^ dp^J_ /dp^ ^ ^_i_(^\ 
',dp^\dzj dxdp^\dx) dydp,\dy) 



dz dp, V ' dp J dx dp, \ ' dp,/ dy dp, \ ' dp,) 

» [dz dp, \dpj dx dp, \dpj dy dp, \dpj) 

^ ^ , f ^, _^ /d« \ ^_^ /^\ ^, ^ /^N"! 
* \dz dp, \,dpj dx dp, \dpj dy dp, \dp,)) 

~ '{dz dp, U," dz)'^ dx dp, \h,* dx) ^ dy dp, \h,' dy)) 

-"'X Kdp,''*^hi''*dp,\— h,dp,- 
Hence (9) becomes 

therefore ^yp^ + ^log^« = (10). 



•8 ^ft 

In the same way we have 
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^V/>. + |;log^^=0 (11); 

-•^ i^VP. + |;log^' = .....(12). 

By the aid of (10), (11), and (12) we obtain from (1) 

"^ \dp;-^dp, A. dpAWi ' Up:'*' dp, K 4'AwJ 

^"'{dp.'^dp, h, dp,\\KI)' 

296. Hence we see that the equation VF=0 trans- 
forms into 

_ifA_4r\+A/'A^'\+AfA^^=o (14) 

dpiVi'A'^pJ d,Pi\f>'A^p*^ dp^\KK^pJ 

As a particular case we may suppose that p.^ p^, p^ are 
respectively the \, /jl, v of Art. 266 ; for the equations of that 
Article theoretically express each of the last three quantities 
as functions of x, y, and z. 

By comparing Art. 274 with Art. 289 we have 

and these may be substituted in (14). 

But we may make another supposition which will give a 
still simpler form to (14). We may suppose that p^ is any 
function we please of \, that p^ is any function we please of 
p., and that p^ is any function we please of v. Let us ijut 
a, )8, 7 respectively for p^, p^, p^ whei^ 
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Jc V(\'-6»)(X'-c') ' Jb V(c' -/)(/*' -6') ' 



J t 



dv 



Let ^j, ^2, ^3 denote respectively what h^, h^, h^ become 
when a, j^, y respectively are put for p^, p^, Ps- 

From Art. 274 we now get 

Thus 

(? <? (? 

Therefore 

Hence (14) becomes 

that is 

(J^V d*V 3}V 

297. We have obtained equation (13) by the direct 
processes of the Differential Calculus ; we shall now however 
follow Jacobi in deducing the equation in another way, by 
the aid of the Calculus of Variations : see History of the 
Calculua of Variations, page 361, 

298. Let V be any function of Xy y, z; let F be any 
fanction of ^> -r- > -t' > "T" > ^^^ ^^^ shortness put 
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dv_ dr_ dV_ 

dx^P'' dy^P^' dz"^^' 

Consider the triple integral 1 1 \Fdx dy dz, which may be 

supposed to be taken between fixed limits. Let the variables 
be changed to the p^, />,, p^ of the preceding Chapter. By 
Art. 290 we have 

the element of volume dxdydz^ TTT ^Pi ^P^ ^P^ 

-Edp^dp^dp^ say. 
Hence jjj Fdxdydz==jjji:Fdp,dp^dp^ (16). 

Let V receive a variation SV, then each side of (16) 
receives a variation which we will now express, beginning 
with the right-hand side. We have 

BJfJEFdp, dp, dp, = jjjs {EF) dp, dp, dp, . 

J^ or shortness put -r— = "OTj, -t- = "OTj , -r— = -oTg. 
Then 

dV disr^ * d^^ * atD-g * 

Hence reducing jl\S{EF)dpidp^dp^ in the usual way 

we find that it becomes 1 1 jKS Vdp^ dp^ dp^^ where 

dV dp^\ durj dp^\ d'mj dp^\ dtsj 

together with certain terms in the form of dorible integrals 
which depend on the limiting values of the vaiiaJAse^ 
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In the same manner if we develope the variation of the 
left-hand member of (16) we find that it becomes 

together with certain terms in the form of double integrals 
which depend on the limiting values of the variables. 

The terms which are in the form of tripU integrals must 
agree ; and therefore putting Edp^ dp^ dp^ for dxdydz in the 
second we obtain 

^ {dF _ d fdF\ d /dF\ d fdFS\ 
\dV dx\dpj dy\dpj dz \dpj) 

dV dp^\ durj dp^ \ dm J dp^ \ dtsrj ' 



so that 



dx \dpi / dy \dp^ ) dz \dpj 



299. As a particular case of the preceding general result 
suppose we put (-j-) + {--t- ) + ( ;/" ) for jP on the left- 
hand side ; then, transferring to the new variables, we see by 

Art. 287 that we must put V (j^J + K ff-J + K (j^J 
for F on the right-hand side. Hence on the left-hand 
side j~ = 2 -7— , and so on ; and on the right-hand side 

-7— = 2A * -T- * and so on. Thus (17) becomes 
rfcTj dp^ ^ ' 



VF 



^ « ""Xdp^^^dpJ dp\WdpJ dp^^ji^dpj) 



which agrees with (13)« 



PEINCIPAL EQUATION. 233 

300. Another very instructive method of establishing 
equation (13) is given by Sidler in the treatise mentioned in 
A. 4 ; aid i ap^arentlj ascribed by him to Dirichlet 

Let V be any function of a?, y, z, which together with its 
first and second differential coefficients with respect to the 
variables remains finite throughout the space bounded by a 
given closed surface ; then will 

jjjvVdxdydz = -j^d8 (18); 

where the integral on the left-hand side is extended through- 
out the space, and that on the right-hand side over the whole 
surface : dS is an element of the surface, and dn an element 
of the normal to the surface drawn inwards at dS. 

The theorem is well known ; it may be obtained as a 
particular case of Oreeris Theorem : see Statics, Chapter xv., 
putting unity for Z7in the general investigation there given. 

Now conceive an infinitesimal element of volume bounded 
by the three surfaces of Art. 266, and by the three surfaces 
obtained by changing p^, p„ p^ into p^ + dp^, p^ + dp^, p^ + dp^ 
respectively. To this six-faced element we propose to apply 
equation (18). 

As we have already seen the element of volume dxdydz 
becomes , , , dp^dp^dp^ when expressed in terms of the 
new variables; hence the left-hand side of (18) becomes 
W -T-j—r dp^dp^dp^, where W is what VF becomes when ex- 
pressed in terms of the new variables. 

Now consider the right-hand member of (18), Take first 
the face which lies on the surface p^. Here dS=^ j-j- dp^dp^j 

and cZti = T- dp^ ; so that -*— d8 becomes yjT ~T' ^Pi^Pa* ^® 

corresponding value for the opposite face would be found 
nvmerkally from this by changing p^ into p^-Vd^^N^"^ *^^ 
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sign must be changed because the formula (18) supposes dn 
always measured inwards ; hence this value is 

( h, dV^ d ( h, dV\^ ) , , 

Hence the balance contributed by these two faces to the 
right-hand side of (18) is — -r- \t\"t~] ^Pi^Pa^s* 

Similar expressions arise from the other two pairs of 
faces of the element considered ; and the aggregate is to be 
put equal to the expression already found for the left-hand 
side of (18). Therefore 



'l"'2"'8 



_{d (h, dV\,d (h.dV\^d(\ dV\\^ , , 
- fe \\h, dfj + dp, \K\dpJ + dpXhK dpj\ '^P^'^P^'^P^ • 

Then by simplifying we get for W the form already 
obtained in equation (13). 



( 235 ) 



CHAPTER XXIV. 



TRANSFORMATION OF LAPLACE'S SECONDARY EQUATION. 

301. We shall find it useful to transform into Lamp's 
variables the equation satisfied by Laplace's nl^ coefficient ; 
this equation we may call Laplace's secondary equation, to 
distinguish it from that considered in the preceding Chapter. 

302. Denoting the tjI^ coefficient by F, we have by 
Art, 167 the following equation expressed in terms of the 
usual variables. 

Now the following is a very common system of relations 
connecting pola^ co-ordinates with rectangular, 

a? = r cos 0^ y^rsmOcostf), « = r sin ^ sin ; 

and by comparing these with Art. 280 the following relations 
are suggested : 

CO^e^y^, SmgcOS0= ^^^(,.^:y) ^ 



sin^sin0 = ^fci^(^) 



(2). 



We propose then to transform (1) by the aid of (2) ; and 
we shall also introduce auxiliary variables ^ and 7, which are 
connected with fi and v respectively by the equations 

iQ - f ^ dfi _ f " dv . 
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We shall shew that the transformed equation is 



(*)• 



303. From equations (2) we have cos^ and tan0 ex- 
pressed as functions of fj, and v. These give 

do V dO a 

dfi be Bind' dv icsiud' 

<^M VO*'-^*)(c'-/**) ' M^^-b'o 
d4>^ hc j{ti'-b''){c*-ii') p__ 



2^8* 



8^8 9 



therefore -:r?^ = 



V(/*"-60(c*-A 



(i)8 6c' sin 



ftc* sin 5 



d(f> ^ hv 



r^VC^^VK?^. 



(5). 



d^7 dY 1 <f*F 

Let us now suppose that -jm +<^oi0— rr,+-^9-n-rT^ 

^^ da* dti sura d6 

transforms into A,^+A,-^ +B,-^ + B,-^ + C,^^; 

we want to find A^, A^, B^, B^ and C^. 

• , dY dYdd . rfF<?A ^, - 
We have ^ = ^^ + _^; therefore 

d'Y_d*Yfdd\* .d^(d^\* . 9 i^ ^ ^ 
tZyS' ~ dd" W) ■•" (?f U;8J "^ d0# <;/3 d/3 

^ dYd'0 , <?r<?*^. 



d^ (i^» "•■ rf^ dyS* ' 
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similarly -3- and —^ may be expressed ; and 

d'Y ^d*Y de do dY d*0 d*Y d4> d<f> dY d^4> 
d^dy de' d^dy"^ dd d^&y dip* d^ dr^"^ d<f> d^dry 



d*Y (de d4> d0 d^\ 
"^dedtltWdy^dydfi)' 



Substitute these values in 



O'Y dY d^Y dY d>7 

^"W 'W 'W ''^ "Wd^' 

and compare the terms with those in the original expression; 
thus we obtain 

Mm ^Hdi^j +^05^^=^ (^)' 

^'WJ ^^Ad^) 'd^ dy siD'e ^^^' 

. de d(f> ^j, de d4f> ^ fde d<f> de d<f)\ . 

^^Tfi-^^^di^+^od^-^^ow^^^'dm^'''^^"-^^^' 

Now equations (6) give 

rfyS sin^t^y ^^^-' ' 

# L_^ /19^ 

<?y~ sin^d^ ^...{i.^h 

Multiply (7) by sin* e, and subtract from (6) ; then by 
(11) and (12) we have 
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Also (8) may be written 

The last two equations give 

From (6) we have now A^ l(^) + (;t* ) f = 1> so that 
^« 6Vsin*^ 

therefore A^ and B^ each equal 



2 3 

fjr — v 



We have still to find A^ and 5^ ; the equations for this 
purpose are (9) and (10). 

Now from (5) we get 

therefore <? sin 6 i-r^ + -1-5 J = (/a* — i;^ cos 5. 

: And from (11) and (12) we have ;j^ +;t? = 0- 
Hence equations (9) and (10) become 

therefore -4^ = and 5^ = 0. 

Thus Ihe truth of (4) is established. 
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Another investigation of this process of transformation 
will be found in Liouville's Journal de Math^matiques for 
1846, pages 458... 461. 

304. Another transformation of the equation (1) deserves 
notice. We will express the equation in terms of a and t, 
where 

cos^ = d-, sin 5 sin0 = T (13). 

From (13) we have 

-1^ = — sm ^, -Tai = — cos ^, -^ = cos^ sm9, ^, = — sm^sm 9, 
^^ dY dYd<r dY dr dY . ^ dY .. . 



d'Y_ d^fdars* ■ ^fdr\' 
dS' ~ da' [ddj di* [ddj ■*■ 



dY^jr dY^ 
da- d^^ dr dff' 

d'F da dr 



+ 2 



dadT de dd 



dT . ,. , d?Y ,. . , , dY „ 
= -7-T sm + -TT COS 6 sm A — j— cos p 
da dr ^ da 

dY . . d^Y 

— -5- sin ^ sin ^ — 2 -■,—,- sin ^ cos ^ sin ^; 

d'Y d*Y fdT\* dY d^T dT . ,^ ,, dY . a ' ^ 

Thus (1) becomes 

-7-2 sm* + -j-y cos ^ sm' 6 — 5- cos — -j- sm ^ sm 6 
a<7* dr^ ^ da dr ^ 

— 2 ,— ^ sin ^ cos ^ sin + cot ^ (— -T" sin ^ + ^ cos^ sin^J 

. ^^ «sjL -cZrsin<ji .^ 
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that 



is -T-| sin' ^ + -Tj (cos" + cos' ^ sin' ^) — 2 -^ cos 5 



- 2 -J- sin (9 sin — 2 , , sin ^ cos ^ sin + 71(11 + 1) F= 0, 

^2o-^-2t^+w(»i + 1)F=:0 (14). 

305. If now we transfonn (14) by putting 

cos X = <y, sin ;^ sin -^ s= t, 

we shall obtain an equation like the original with v instead 
of By and i|r instead of <^. But as (14) is symmetrical with 
respect to a and r we shall obtain precisely the same result 
if we put 

cos X = T, sin ;^ sin i|r =s a. 

Hence we arrive at the following conclusion : if we trans* 
form (1) by supposing 

cos ^ = sin ;^ sin -^j sin ^ sin = cos ;^ (15), 

we shall obtain an equation like (1) with x ii^stead of ^, and 
•^ instead of <f>. 

From (15) it follows that 

sin 5 cos = sin X cos 1^. 

306. From the two preceding Articles we may now draw 
the following inference : we shall obtain the same result from 
equation (1) if instead of equations (2) we take any other 
mode of associating the old and new variables differing from 
(2) merely in order of arrangement For instance, instead of 
(2) we might put 

T- = sm5sm6, ^ ., / — 75^ — ^ = sm^cos6, 
00 o^{c —0) ^ 



V(e'-^')(c'-.') 
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PHYSICAL APPLICATIONS. 



307. Although in the present work we are concerned 
with pure mathematics, yet it must be remembered that 
much of the value of the formulae which are obtained depends 
upon their application to physics. As we have stated in the 
beginning, the researches of mathematicians in the theories 
of the Figure of the Earth and of Attraction first introduced 
the functions with which we have been occupied. The 
investigations of Lam^ which we are now more especially 
considering, were connected mainly with the theory of the 
propagation of heat, and accordingly we propose to devote 
a few pages to this subject in order to increase the interest 
of the subsequent Chapters. 

We shall however treat the matter very briefly, as our 
object is rather to shew the meaning of the symbols employed 
than to furnish very elaborate demonstration. The reader 
will see that some of the processes resemble one with which 
he is probably familiar in the modem treatment of the 
Equation of Continuity in Hydrostatics. 

308. Suppose a homogeneous solid bounded by two 
parallel planes; let c denote the thickness of the solid. 
Suppose one face of the solid maintained at the fixed tem- 
perature a, and the other at the fixed lower temperature 
d. Suppose a plane section parallel to the faces, and on 
this section take an area 8. The solid being supposed 
in a state of equilibrium of temperature there will be a 
constant transmission of heat from the face which has the 
higher temperature to that which has the lower. 

T. A.^ 



242 PHYSICAL APPLICATIONS. 

We take it as a result verified by experiment that the 
quantity of heat which passes through the area iS^ in a time 

t is expressed by StK , where #c is a constant depending 

on the nature of the substance. If c is the unit of lei^ 
S the unit of area, t the unit of time, and a — b the unit of 
temperature, the expression reduces to k ; and we have thiw 
a definition of what is meant by the conductivity of the given 
substance. 

309. To form the equation f(yr determining the varidiM 
state of temperature of a homogeneous body. 

Conceive an elementary rectangular parallelepiped having 
one corner at the point (a:, y, z) and its edges parallel to the 
coordinate axes : denote the lengths of these edges by Sap, 8yi 
and hz respectively. 

Let V be the temperature at (a:, y, z) : then the quantity 
of heat which passes through the face hy hz into the 
parallelepiped during the infinitesimal time ht is by the 

preceding Article ultimately xByBz ^^ Bt, that i9 

dv 
^ Khyhz-T- St, where k is the constant which measures the 

conductivity of the substance. The quantity which passes 
out of the parallelepiped during the same time, through the 
opposite face, will therefore ultimately be 



-«8yS.S<{g + ^(|)s^|. 



d^v 
Thus the augmentation of heat is k Bx By Bz Bt -j-^ . 

Cm) 

Similarly we may proceed with respect to each of the 
other pairs of opposite faces. Thus on the whole the aug- 
mentation of heat is k Bx By Bz Bt \-7-^ + ^ + TTf • 

Now let T be the specific heat, a the density of the body : 
then the mass of the element is a Sx By Bz ; and the quantity 
of heat acquired by the element in the time Bt is 

oT-j-BtBaBy Bz, 



PHYSICAL APPLICATIONS. 24$ 

Thus finally 

dv K {d\ , d^v . d^v] 



dt 



_ K (d^v d^v d^v) ,-. 

^arlda^'^df'^dz'j ^^^• 



310. If the body is in a state of equilibrium as to 

dv 
temperature, then ;tt = 0, and we obtain 

S+^+S-« (^)- 

This important equation coincides with that which we 
obtain in treating the theory of the Potential Function, and 
which we have already noticed in Art. 167. 

311. Besides the general equation (1) or (2) we may 
have to satisfy special conditions relative to the surface of 
the body considered. 

Thus, for example, the surface of the body may be 
maintained at a temperature which at any time is an as- 
signed function of the coordinates of that point ; and then 
V must be so taken as to have the assigned value at the 
surface. 

Or the space external to the body may be maintained at 
a given temperature, say zero. Then let B8 denote an 
element of the surface of the body, Sn an element of the 
normal to BS measured outwards. Let rj denote the con- 
ductivity of the surface of the body. Then the amount of 
heat which passes through the area S8 outwards in an 

dv 
element of time St is measured by —K-j-SSBt, and also 

by TjvSSBt. Thus 

"^^-"^ ^^)- 

Equation (3) may be developed. We have 

dv dv dx dv dy dv dz 
ah dx dn dy dn dz dn ' 
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Now -T- = the cosine of the angle between the normal 

to the surface at (a?, y, z) and the axis of a? ; so that if w = 
be the equation to the surface, we have 

dn dx ^dx) \dy) \dz) ) 

Similar expressions hold for -— and 3- . 
^ dn an 

312. The equations (1) and (3) of Arts. 309 and 311 
take other forms in special cases, as we will shew in the 
next two Articles. 

313. Suppose we have a right circular cylinder in which 

the temperature remains unchanged as long as we keep 

to a straight line parallel to the axis. Take the axis of 

d\ 
the cylinder for the axis of z\ then -ri is zero, and the 

equation (1) becomes 

dv^K fd\ d\\ .j^ 

Tt^'^\^^^'af) ^ ^' 

We may transform the variables x and y to the usual 
polar variables r and 6 : and thus (4) becomes, if we assume 
that V is independent of 6y 

do^_ jc_ (d^v 1 dv\ .j,v 

Tt'^arW^rM ^^' 

The equation (3) will become 

,7t» + «^ = (6). 

* 

This is to hold at the curved surface of the cylinder where 
r has its greatest value. 

314. Again let the body be a sphere, and suppose the 
origin of coordinates at its centre. Assume that t? is a 
function of r the distance from the centre alone; then 
(1) becomes 

dt^iTT [ar^'^rdi') ^^^' 
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This may be written 

The equation (3) will become coincident with (6) : it is 
to hold at the surface of the sphere^ where r has its greatest 
value. 

316. Let /(a?, y, z) denote any value of v which satisfies 
(2), and let c be any constant ; then the surface determined 
by the equation 

is called an isothermal surface, being a surface every point of 
which has the same temperature under the circumstances of 
the problem. 

The constant c is called the thermometrical parameter of 
the surface. If different values are ascribed in succession to 
c we obtain a, family of isotherTnal surfaces. 

316. Suppose that the equation F(x, y, z, X) = re- 
presents a family of isothermal surfaces, by varying the 
parameter X. Suppose that two of the surfaces form the 
boundaries of a solid shell, and that these two surfaces are in 
contact with constant sources of heat ; then the temperature 
V, and the geometrical parameter X will have constant values 
in each individual surface of the family, and will vary from 
surface to surface. Thus these two quantities will be mutu- 
ally related ; or we may say that v will be a function of X. 
Hence we shall be able to find the condition which must 
hold in order that an assigned family of surfaces may be 
isothermal. 



For we have 



dv ^dv d\ 
dx d\ dx ' 

d^v dv d*X . d"« fdxy 



da? dx da? d\} 



s + 



vfdKY 
? [dxj ' 



and similar equations hold with respect to y and z. 
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Thus equation (2) becomes 

d\\da? "^ dy" "^ d2^j "^ d\^ \\dx) '^\dy) "^'Wj" ' 

d'X d^ d^\ dS 

,, - da^ dx? d^ dk^ ,o. 

\dxj \dy) \dz) d\ 

But the right-hand member is a function of \ only, and 
therefore the left-hand member miLst be a function of \ only. 

This is the necessary condition in order that a family 
of surfaces in which \ is the geometrical parameter may be 
isothermal 

It is also sufficient; for when it is satisfied we can de- 
termine v as a function of \ from (8), and v will satisfy (2). 

317. We shall now investigate by the aid of Art. 316 
whether the family of ellipsoids obtained by varying \ in 
the following equation is isothermal : 

X? + Vrjs + ^«3^=1 (9)- 

We have, by diflTerentiating with respect to a?, 
dX {of 'if «* } a? 

-y^£^=S -(i^)' 



-7irfg^(|)}-^'(|)'«*^l4-(")- 
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Similar formula) follow from (9) by differentiating with 
respect to y and z respectively. 

S(j|iiaure (10) and the two corresponding equations^ and 
add; thus 

^•{0-(iy-©]^- (->■ 

Again; from (10) we have 

^i't^-i ('')■ 

From this and the two corresponding equations we obtain 
by addition 

From (11) and the two corresponding equations we obtain 
by -addition and the aid of (12) and (14), 

^jrid^X d^ ^_ 1 . 1 ._, 

From (12) and (15) we have 

d^ d*\ d\ 

da? dy^ dz^ \ \ ,-^. 

\dx) '^\dy) +U/ 

The right-hand member is a function of \ only, and 
thus the condition of Art. 316 is satisfied : hence by varying 
X in (9) we obtain a family of isothermal surfaces. 

318. If V denote the temperature in the case of the 
preceding Article, we have by equations (8) and (16) 

dS 

dK XX 

dX 
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Hence, by integratioD, 
log ^ = constant - ^ log (X* - 6*) - g log (X* - c*) ; 

therefore v = A?, I , , 

where k^ denotes a constant. 

319. In the manner of Arts. 317 and 318 we may shew 
that a family of hyperboloids of one sheet represented by the 
second equation of Art. 266 is isothermal ; and that the 
temperature v is determined by 






where h^ denotes a constant. 

Also a family of hyperboloids of two sheets represented 
by the third equation of Art. 266 is isothermal; and the 
temperature » is determined by 



•i>/(6^-i/»)(c»-i/*)' 



where i, denotes a constant. 

320. We will now obtain by a direct process the equa- 
tion in polar coordinates which corresponds to (2); the 
result will agree with the well-known transformation of (2) : 
see Differential CalculiAS, Art. 207. 

Let r, 0, if> be the usual polar coordinates ; then the known 
expression for an element of volume is r^ sin dr d0 d<f>. 

Put a)j for rd0dr, o), for rsmOdrdtj}, w, for r^sin 0d0dj>, 

Then to^, ©,, w, denote ultimately the areas of the faces 
of the element of volume which meet at the point (r, 0, ^). 

Let K denote the conductivity of the body, v the tem- 
perature at the point (r, 0, <f>). 
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The quantity of heat which passes through the face 
Gij into the element during the infinitesimal time Bt is 

ultimately — /cod. — — jt-jT S^> that is ; — ^ -yj Bt The 

•^ ^8m0rd<l> 8m0 d6 

quantity of heat which passes out of the element auring the 

same time through the opposite face will therefore be 

ultimately r— ^ j ;m "*" ^^ ^^ I ^^' ^^^ *^® augmenta- 

.. 1.1. . . KdrdddS d\ ^^ 

tion of heat is ; — ^-^ -r/a S<« 

Bin Q a<f> 

Again the quantity of heat which passes through the face 

Q>2 into the element during the infinitesimal time Bt is 

dv • dv 

ultimately — ko)^ —t^ Bt, that is — /e dr d^ -r^ sin ^ Bt The 

quantity of heat which passes out of the element during the 
same time through the opposite face will therefore be 

ultimately '~Kdrd(f>\-j^8md + j^f -t^ sin djdOlBt. Thus 
the augmentation of heat is k dr d0 d(}> -^ (-rjn sin 0]Bt 

Finally the quantity of heat which passes through the 

face Wg into the element during the infinitesimal time Bt is 

dv dv 

ultimately — Kta^ -^ Bt, that is — /cr' sin dO dj> ^ Bt The 

quantity of heat which passes out of the element during the 
same time through the opposite face will therefore be 

ultimately — ic sin ^ d^ d^ 1r^ ^ + — (^ _ j dr[ Bt. Thus 
the augmentation of heat is k sin dr d0 dj>-^ Ir^ ■^\ Bt. 

Now the sum of the three augmentations must be zero 
since the temperature is supposed stationary : thus 

1 d'v 1 d (dv . /i\ . d / , dy 



>+ 



sin'' e/ d^*^ sin ^ d^ Vd^ 



d fdv . y d f ^do\ 
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321. We shall finally obtain the equation corresponding 
to (2) when Lam^s elliptical coordinates are employed : see 
Art. 272. 

We suppose that we have a set of variables a, 13, y con- 
nected with X, fi, V respectively by the relations 






dv 






It may be observed that these relations are not assumed 
arbitrarily, but are suggested by the process of Arts. 318 
and 319. We may consider that these relations give, at 
least theoretically, a, ^, 7 in terms of X, fi, v respectively ; 
and conversely that they give \, ^, v m terms of a, yS, 7 
respectively. 

322. Let ds^ denote the length of the normal to 8^ 
intercepted between this surface and an adjacent surface 
of the same family ; so that by Arts. 266 and 276 we have 

eZX'(V- /.')(X'-i;«). 

then from the value of a in Art. 321 we obtain 

cds^ =^daJ(\^^fjL'){X^-i^). 

Similarly let ds^ denote the length of the normal to S, 
intercepted between this surface and an adjacent surface of 
the same family ; and let ds^ denote the length of the normal 
to 8^ intercepted between this surface and an adjacent 
surface of the same family. We shall have 

cds, = dfi JW^^H^TO^^^f 
c&3 = c?yV(V-i;)(/t»-j/'). 

The three normals are all supposed to be drawn from the 
point (X, fly v). 

Put », for ds^ds^, ©, for ds^ds^, ©3 for ds^ds^. 
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Take an elementary solid which is ultimately a rect- 
angalar parallelepiped having <o^, w^, and cd^ for adjacent 
faces. 

The quantity of heat which passes through the face ©^ 
into the element during the infinitesimal time Bt is ulti- 
mately — K(D^ -7- Bt, that is — dfidy(ji* — i^)-r- St. The 

quantity of heat which passes out of the element during the 
same time through the opposite face will therefore be ulti- 

mately d^dy {fi*— i^ \-t- + -j-^ day St. Thus the aug- 
mentation of heat is -dadfidry {fi^-- 1/) ^ St 

Proceed in the same way for the other pairs of opposite 
faces ; and thus finally we obtain as the condition of station- 
ary temperature 
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lame's functions. 

323. We are now about to introduce the student to 
certain functions which we shall call Lame's Functions; their 
character will be seen more distinctly as we proceed, but 
in the mean time we may say that they are analogous to 
Laplace's Functions, only that instead of the variables r, 0, ^ 
with which these functions are concerned, we now have 
Lam^s variables \ iijV involved directly or indirectly. 

324. Suppose an ellipsoid of which the semi-axes in 
descending order of magnitude are r, r , r '. Put h=»J(j^—r^\ 
and c=^ hjir^^r"^). It is required to determine F so that 
for every point within the ellipsoid it shall satisfy the 
equation 

^•-'^^+(^*-'^^+('^'-'**^§?=^ «• 

and moreover shall have at the surface an assigned value 
which is fixed for any point but variable from point to point. 

The variables a, ^9, 7 are connected with X, /tt, v respect- 
ively by the equations 



A 



,V(6"-i;')(c*-v'j 



(2). 
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Thus F may be supposed theoretically to be a function 
of X, fij V or of a, /3, 7. The condition relative to the surface 
which we are to satisfy may be expressed by saying that 
Fis to be equal to F(a,fi), where jF denotes a given function, 

when X = r, that is when a = c ( , ,-. - , — - . 

325. We have in the preceding Article enunciated the 
problem in a purely mathematical form ; but the student 
who has read Chapter xxv. will readily give to it the 
additional interest of a physical application, for it amounts 
to the following : the surface of an ellipsoid is retained at a 
temperature which is fixed for each point but variable from 
point to point, and it is required to determine the temperature 
at any point in the interior of the ellipsoid in the state 
of equilibrium of temperature. 

326. Let us examine whether we can obtain a solution 
of (1) by taking V=LMN, where L involves a alone, M 
involves /3 alone, and N involves 7 alone. 

Substitute in (1), and divide by LMN\ thus we get 

^i^^v' d^L V-^i/ d^M X'-^^' d^N 

Now we have identically 

(^««,;*)X«+(i;»-X^/^«+(X'-/iV=0. 
Hence if ^r and A be any constants 



(/*•-"') (^'-^)+(''-'^')C#-^) 



+ (X«-/.')(^-e7) = 0. 



327. Thus we see that equation (3) will be satisfied 
if we put 

da' 






254 lame's functions. 

Now from (2), we have 

develope this, putting 5' + c* =/?, and bV = q, and treat the 
other equations (4) in a similar way ; thus we obtain 



dX* ^ ^ ■' d\ 



...(5), 



These three equations it will be seen are identical in 
form. 

328. It will be seen from the commencement of Art. 326 
that we do not profess to investigate the most general solution 
of (1), but only to obtain a solution. Thus guided by the 
analogy of Laplace's Functions, we shall ascribe to the 
arbitrary constant h of equations (5) the value 7i(w + l), 
where n is a positive integer, and then we shall endeavour 
to find a solution of any one of the three equations (5), 
involving 2n + l terms ; and we shall assume the solution 
to be of the degree n in the independent variable which 
occurs, 

329. Take then the first of equations (5), put w (w + 1) 
for h, and pz for g(? ; thus we have 

{\''p\'+q) ^ + (2\«-|)\) ^ + {pz-^n{n+l) \'}L=0...(6). 

We shall now examine whether this equation has a solu- 
tion of the form 

L^X' + k,\''-' + k,X'''+... + k^,X^'^+ky^+ (7). 

Substitute this value of L in (6) ; it will be found that 
the first term, which involves X""", vanishes of itself; and by 
equating to zero the coeflScient of X"~**^ we get 
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Vl 



+ j(w-2« + 4f)(n-2« + 3)A:^ (8). 

In this equation put for s in succession the values 
1, 2, 3, ... ; then observing that k^=^l, and that k_^, k_^, ... 
do not exist, we obtain 

2(2w-l)A:i=i)(a;-n'), 

4(2n - 3)^:^ =^p{z-(n-2y]k^ + qn{n-l), 

6(2n-6)A:3=i){-8r-(n--4)»}^,+ 2(n-2)(n-3)A:,, 
and so on. 

The first of these equations gives k^, and it is of the first 
degree in « ; substitute the value of fc^ in the second equation, 
and we obtain &,, which will be of the second degree in z ; 
substitute the values of k^ and k^ in the third equation, and 
we obtain k^, which will be of the third degree in z; and so 
on. Thus the coefficient k^ will be of the degree 8 in z. 

But we require the series (7) to be finite, and thus the 
coefficients of which k^ is the type must vanish from and 
after some certain value of s. This will happen if we can 
make two consecutive coefficients k^_j^ and k^^ vanish ; for 
then by means of (8) we have k^ = 0, and also all the sub- 
sequent coefficients. Thus we have two conditions to satisfy ; 
one may be satisfied by properly choosing the value of z, 
which is as yet undetermined ; the other may be satisfied by 

taking 8 equal to — ^ — or — ^ — , for in this case the last 

term of (8) vanishes : the former or the latter value of s 
must be taken according as w is even or odd. 

Let then a denote the value of 8 which causes the last 
term of (8) to vanish ; then kg. is expressed as a multiple of 
k^r^i, and therefore if we take z such that A?^-i vanishes, then 
k^ wiU also vanish. 

The equation A?^-i= is of the degree a—lin z, and so 
has <r— 1 roots; any one of these roots may be taken: it 
will be shewn hereafter that these roots are all real. 



256 LAMKS FUNCTIONS. 

When « is even the expression (7) contains only even 
powers of X, and the last term is the constant &0-2 ; when n 
is odd the expression contains only odd powers of \, and the 
last term is k^r^^. 

330. We shall next examine whether the equation (6) 
has a solution of the form L = Ks/Q^ — V) where 

^ = r-^ + A;,\"-'+...+ifc^V^' + A..,X'^^ + (9). 

Substitute Ks/Q^ — V) for L in (6) ; thus we obtain 

+ [pz - c'- (n-l)(n+ 2)X*} J?'= 0. 

Substitute in this the value of K from (9) ; it will be 
found that the first term, which involves X***\ vanishes of 
itself; and by equating to zero the coeflGlcient of X****^^ 
we get 

25(2n + l-25)£. = {jp£r-p(ft-25 + l)*-c»(2n-4j? + 3)}A:^j 

+ j (ri- 25+ 3) (ti - 25 + 2)&^. 

We then proceed to ensure that the series in (9) shall 
be finite, by a method like that of Art. 329. We take 

5 = — ^— if n is even, and = — ;r— if n is odd. Let a denote 

the value of s thus taken ; and let z be found from the equa- 
tion Ato-i = 0. Then all the coefficients in (9) from and after 
/fc^-i will vanish. 

The equation k^^i = is of the degree <r — 1 in ^, and so 
has <T — 1 roots ; any one of these roots may be taken : it will 
be shewn hereafter that these roots are all real. 

When n is even the expression (9) contains only odd 
powers of X, and the last term is fco— 2X ; when n is odd the 
expression contains only even powers of X, and the last term 
is the constant A?^-.2« 

331. In the manner of the preceding Article we may 
also shew that the equation (6) has a solution of the form 
L = K\/{>^ — c*), where K is of the same form as in (9). We 
have only to change V into c' in the investigation of the 
preceding Article. 
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332. Finally we shall examin e whether the e quation (6) 
has a solution of the form L = KJ{\* — b') (X* — c*), where 

ir = X"-*+A:,X*-*+... + V.^-^ + V,X-«'+ (10). 

Substitute Kj{X''-b'){X'-(f) for L in (6) ; thus we 
obtain 

(X^-^X«+ff)^+(6X»-3;>X)g^ 

+ {p(;5-l)-(n-2)(n + 3)X'}ir = 0. 

Substitute in this the value of K from (10) ; it will be 
found that the first term, which involves X*, vanishes of 
itself; and by equating to zero the coefiScient of X""** we get 

2s(2n + l - 2s)k^=p{z - 1 - (w- a?) (n- 25 + 2)};fe.., 

+ y(7i-2s + 2)(n-2s + l)A:^,. 



We then proceed to ensure that the series in (10) shall 
be finite, by the method already used. We take 8 = 

71 "4" 1 • • •¥• 

if n is even, and =— » — if w is odd. Let a denote the value 

of 8 thus taken; and let z be found from the equation 
J!;<r-i = 0. Then all the coefficients in (10) from and after 
Ic^^x will vanish. 

The equation A?^-i = is of the degi'ee <r~ 1 mzy and so 
has <r — 1 roots ; any one of these roots may be taken : it 
will be shewn hereafter that these roots are all real. 

333. We may now sum up the results obtained in 
Arts. 329... 332. 

First suppose n even, let it be denoted by 2m. Then L 
may have m + 1 values of the form discussed in Art. 329, and 
m values of each of the forms discussed in Arts. 330, 331, 
and 332 : thus on the whole there are 4m + 1 values, that is 
2n + 1 values. 

T. ^ 
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Next suppose n odd, let it be denoted by 2m + 1. Then 
L may have m + 1 values of each of the forms discussed in 
Arts. 329, 330, and 331, and m values of the form discussed 
in Art. 332 : thus on the whole there are 4m + 3 values, that 
is 2w + 1 values. 

The values of M and N may be said to be determined by 
those of L ; for by Art. 327 the same form of dilferential 
equation applies to all three, and the value of « must be 
simultaneous for the three. 

334. We have still to attend to the condition relative 
to the siurface which is mentioned in Art. 324, and also to 
shew that the equation &o— i = which we have used has all 
its roots real : these points will be considered in the next 
Chapter. 
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CHAPTER XXVII. 



SEPARATION OF THE TERMS. 



335. When a function is expanded in a series of sines or 
cosines of multiple angles, the coefl&cient of each term can be 
found separately; or at least can be expressed in the form of 
a definite integral: see Integral CalculuSy Chapter xiii. In 
like manner when a function of one variable is expanded in 
a series of Legendre's CoeflScients, or a function of two 
variables is expanded in a series of Laplace's Coefficients, 
the coefficient of each term can be separately expressed : see 
Arts. 138 and 204. The object of the present Chapter is to ob- 
tain similar results with respect to Lamp's Functions. Lam^ 
does not attempt to give any evidence to shew that an assign- 
ed function can be expanded in a series of his functions; but 
assuming that such expansion is possible he shews in fact 
how to determine the coefficients. Admitting, however, that 
the possibility of expansion in a series of Laplace's Functions 
has been established, we may by the aid of the transformations 
of Chapter xxrv. grant that a similar proposition holds with 
respect to Lamp's Functions. 

336. In Art. 324 we have defined a, 13, 7; we shall now 
introduce two new symbols connected with $ and 7. Let w 
denote the value of $ when fju = c, and a> the value of 7 when 
z/ = i ; so that 

da [^ dv 

^ — ■ • 



p d^i [ 



We shall now demonstrate two important propositions rej* 
lating to the limiting values of fi and v. 
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337. At the limits and tr for y3 we have either 21=^0, 

The values of Jf may be inferred from those of L ; and by 
Arts. 329... 332 there are four forms to be considered. 

I. See Art. 329. When )8=0 we have fi==h; and 
therefore J = 0; and smce — = — ^ we have -^ =0. 

Similarly when )8 = w we have fi = c; and therefore ;^ = 0; 

dp 

II. See Art. 330. When )8=0 we have fi=^h; and 
therefore -3f = 0. When )8 = -or we have /a = c; and therefore 

vy-, = ; and therefore -33 = 0. 
dfi ' dp 

III. See Art. 331. Here when )8 = we have -t-q = 0, 
and when )8 = -or we have -3f = 0. 

IV. See Art. 332. Here we have i[f=0, both 'when 
)3 = and when )3 = -or. 

338. At the limits and a> for 7 we have either N^ 

or -^ = 0. 
07 

I. See Art. 329. When 7 = we have v = ; and then 

dN 
N^O if w be odd, and -3- = if n be even: in the latter 

av 

case since -^ = we have also ;j- = 0. When 7 = © we 

have y = 6; and therefore -7- = ; and therefore — r- = 0. 

07 dy 

II. See Art. 330. When 7 = we have N^O if n be 

dN 
«ven, and -^ = if w be odd. When 7 » a> we have N^Q. 
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III. See Art 331. When 7 = we have jV^= if ti be 

dN . dN 

eveu, and -r- = if n be odd. When 7 = o we have -3— = 0. 
ay 'ay 

IV. See Art. 332. When 7 = we have N=^ if n be 

dN 
odd, and -^- = if n be even. When 7 = © we have N^ 0. 

ay • ' 

339. Let M and If' denote two different expressions of 
the same form, out of the four forms considered in Art. 337; 

then M —ttt — M ~tk vanishes both when iS = and when 

)3 = tsr. This follows from Art. 337. 

340. Let N and W denote two different expressions of 

the same form, out of the four forms considered in Art. 338; 

and let n and ti be the corresponding exponents; then 

dW dN 

N — , N' —r- vanishes both when 7 = and when 7=0), 

dry ay 

provided n and n are both even or both odd. This follows 

from Alt. 338. 

341. We can now estabKsh the proposition that the roots 
of the equations in z obtained in Arts. 329... 332 are all real. 

For take any one of the equations, and suppose if pos- 
sible that it has a root f + ?' V— 1; then since the coefficients 
of the equation are all real, there must also exist the root 

f — f V— 1. We may suppose that in M we put the former 
root, and in M' the latter root. Suppose then that M takes 
the form Z+Z' V^, then M' will take the form Z^ Z V^. 
Substitute these values of M and M! in the expression of 

Art. 339; then it reduces to iZ -^ — Z-j^ j V— 1; hence 

Z' ^^'- Z -TrT must vanish both when )8 = and when )8 = «r. 
up ap 

Now the value of M must verify the second of the dif- 
ferential equations (4) of Art. 327 when we put w(nH-l) for 

A, and ^, that is Tl +-,] «, for g. Thus we obtain 
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<f Z d'Z' 



Change the sign of J — 1 and we ohtain the equation 
which M' must satisfy.* Then from the two equations by 
addition and subtraction we obtain 



d*Z' 



r={(i+?)i:-»(„^i)^}^-(i4)r^, 
= |(i4*)!:-»(«+i)S]^+(i+^)f^. 



Multiply the former by Z', and the latter by Z, and sub- 
tract; thus 

Multiply both members of this equation by dl3, and inte- 
grate between the limits and cr. Then the left-hand member 

vanishes, because the indefinite integral Z'-r^ — Z-r^ 

vanishes at both limits. Therefore 

this is impossible unless f' = 0, because every element of the 
definite integral is positive. 

342. We shall now advert to the condition relative to 
the surface which is mentioned in Art. 324. 

The process which we have given leads us to express V 
by an aggregate of terms each of the type LMN\ each term 
may also be furnished with an arbitrary constant as a multi- 
plier. Now at the surface the value of \ is given, so that 
the term L becomes constant. Hence in fact we have to 
satisfy a condition which may be expressed thus 

F{&, i) = CMN-v CMN + C"M"N"+ ,...(1), 
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where J/, Jf , M\ ... N^ N*, N", ... are terms of the nature 
indicated in Art. 333; and C, C, G", ... are arbitrary 
constants. On the right-hand side of (1) we have 2w + 1 
different terms for every value of n. 

We shall shew how the values of the arbitrary constants 
may be determined. The essential part of the process is a 
proposition analogous to that of Art, 187, which we shall 
now give. 

343. Let M and N be two expressions of the nature 
indicated in Art. 333, and let them correspond to the values n 
and z ; similarly let JT and N' be two other expressions of 
the same form as M and N respectively, and let them cor- 
respond to the values n and «?'; then will 

Jq Jq 

n and n! being supposed both odd or both even. 
Wehave ^=|n(r. + l)^-. (l+^).}iV; 



d'lr 

df 



= {^'(^'+i)^-(i+^)4^'; 



hence N -y^ — N -j-^ 
ay* drf 

= (l +^^ (0-«') NN'^{n (n + 1) - w'(7i'+l)l~ViV^'. 

Multiply by dy and integrate between the limits and &> ; 

the left-hand member vanishes because the indefinite integral 

dN' dN 

N^ W -J- vanishes at both limits by Art. 340. Thus 

ay dy '^ 

the right-hand member vanishes ; and therefore 



[n (» + 1) - »' (n' + 1)} f i^NN'&i 



= Q} + <?){z-z')rNN'&f (2). 
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In a similar maimer we may shew that 
{n{n + l)-n' («'+ V)}^ fi^MM'd? 



(fc' + c") [z-z') rMM'dfi (3). 

Jo 



If neither w(ri4-l) — n (n'+ 1) nor z — z' is zero, we 
obtain by cross multiplication 



and therefore { {"{jjtf-i/^MM'NN'd^&i = (4). 

Jo Jq 

If however n(n + l) — n (n' + l) is zero but «— «' is not 
zero ; then we have from (2) and (3) 

Hence 
rNN'dy r,i'MM'dfi - rMM'dl3 ^i^NlTdri = ; 

•^ • •'o •'0 •'0 

and thus we again arrive at (4). 

Finally, ii z — z' is zero but n(n + 1) — w {n* + 1) is not 
zero, we have from (2) and (3) 

Jo Jo 

and as before we again arrive at (4). 

Thus (4) holds universally except in the case where we 
have simultaneously n = n', and z = z\ 

344. It appears from Art. 337 that in two out of the 
four forms M vanishes when )3 = 0, and in the other two forms 

T^ vanishes when )3 = : in the first case M must be an odd 

function of fi, and in the second an even function. 
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It appears also from Art. 338 that in two out of the four 
forms N vanishes when 7 = 0, and in the other two forms 

-T- vanishes when 7 = : in the first case N must be an odd 

function of 7, and in the second an even function. If n be 
odd the forms I. and IV. make N odd, and the forms II. and 
III. make it even. If n be even this is to be reversed. 

This leads us to break up our equation (1) into four parts. 

345. Let^08,7)=/.(/8,7)+/.(A7)+/.('3.7)+/«(/9.7) 
where fi{fi,y) denotes an expression which is even with 
respect both to ^ and 7; f^(^,y) an expression which is even 
with respect to )8 and odd with respect to 'y; f^i0, 7) a func- 
tion which is odd with respect to )8 and even with respect 
to 7; and f^{^, 7) a function which is odd with respect both 
to $ and 7. 

Then the terms on the right-hand side of (1) must admit 
of a similar distinction ; so that the equation resolves itself 
into four, of which the type will be 

/OS, 7) = CMN+ CM'N' H- G"M"N"-\- (5), 

where /()8, 7) may denote any one of the four terms/ (^, 7), 
/(A7)> fz(fiyi)> /(A 7) ; and the terms on the right-hand 
are all of the same kind as f(fi,y); thus N, JN\ JV", ... are 
all odd or all even functions of 7. 

Now to determine G; multiply both sides of (5) by 
(jj? — i/^MN'dfidrf, and integrate between the limits and w 
for )3, and and &> for 7. Then by equation (4) all the terms 
on the right-hand side vanish except that involving G; and 
we obtain 

CrrM'N'(fi'~p')dl3dy^ rrf(fi,i)MNQi^-v^dpdrf. 

J J •'0''0 

This theoretically determines G. In like manner G\ G'\, . . 
may be determined. 

We proceed to discuss the value of 



rr- 



« 
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346. We have by Art 324, 
By differentiating these we get 



(6). 



d^ 



2/*''+(J' + c')/t* 



&^= 2v*-{V + <?)v 



(7). 



],-%dp = ^-|- (2m + 1)/;*- (|y^^-(9)- 



Now, m being any positive integer, multiply the first of 
equations (7) by fi^^^dfi, and integrate between and w; 
thus 

By integration by parts we have 

.2«+l ^V 

When y8 = we have /x = 6, and when )8 = cr we have 
/A == c ; hence we see by (6) that -i^ vanishes at both limits, 
so that from (8) and (9) we get 

c'(2m + l)jV(^)V = 

2 f fi^*dfi - (0* + 5')r/i,*"«(?)8 (10). 

Substitute for I -i^ j its value from (6) ; thus we get 

(2m + 3) f V'"'*^/^ = {2m + 2) (c* + V) ffi^'^dfi 

Jo J 



-(2m + l)cVJ ^ITdfi (11). 
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Treat the second equation (7) in the same manner as we 
have treated the first ; thus we get if A; = - 

(2m + 3) fif^&i = (2m + 2) c'Cl + ;fc«) fv^dy 

- (2m + 1) c^Je'Ti^dy (12). 



Put 






then if we take m = in (11) and (12), we get 

J^/iW/3 = |c»(l+i')i^-|c*A;V, 

[Vd7=|c*(l + A;')t;-ic*A;'a>. 

Then in (11) and (12) put for m in succession the values 
1, 2, 3, ... ; thus we shall obtain 



(13), 



Jo 
Jo 

where P and Q are integral functions of i?. 

Now -3f * is some function of fi^, and JST o{ ^; and there- 
fore by the equation (13) we get 

[ ]iPdl3=-Gfu + H^, 

J a 



Jo 



= (?!; + Bg) ; 



(14), 



where G and H are integral functions of k^ and c* and of the 
coeflScients of JHoiIf. 
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And in the same manner we get 



Jo 

r i/'IPdy = G^v + Ei 



(15). 



From (14) and (15) we get 



Jo Jo 

then rrM*IP Ij^-j^ d^dy ={G,H- GB;) («<» - w). 

•'o •'o 



But 



urn 



-•w^rr{iJ^-'iJ^dpdy\ 



" 

TT 



and by Art. 277 this = c' « • 
Thus finally 



j^j''M'lP{^'-'V^)d^&y = '^{G,H^GH;)(?, 



IT . 



where the multiplier of ^ is an integral function of c?, A?, 
and the coefficients of M or ^. 
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SPECUL CASEa 



347. It must be observed that the formulaB which we 
gave in Chapter xxi. are not applicable to the case in which 
6 = c, nor to the case in which 6=0. 

For since /i' is supposed to lie between V and c*, when 
J = c the values of y and z take the form ^ . And if 6 = 

then V also = 0, and the values of x and y take the form -r » 

Now the advantage of the formulee already used is that 
they enable us to solve problems in which the general 
enunciation is accompanied by some special condition which 
is to hold at the surface of an ellipsoid; but when that 
ellipsoid becomes one of revolution, we have either 6 = c, 
or 6 = ; and hence the investigations hitherto given become 
inadmissible. 

Lam^ accordingly supplies special investigations, which 
are applicable to the case in which the problems are modified 
by reference to an ellipsoid of revolution instead of a general 
ellipsoid : these special cases are also treated by Mathieu 
in the work cited in Art. 265 ; his method is not identical 
with Lamp's. These special investigations however add 
nothing of importance to the analytical results already given ; 
and we shall accordingly confine ourselves to a few para- 
graphs giving the method of Mathieu. 
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348. In order to obtain formulae which shall be uni- 
versally applicable, let us introduce two angles <f> and '^, 
connected with Lamp's variables by the relations 

fi = V(c* sin* ^ + 6* cos' ^), v = b cos yfr ; 

hence V(&'-^') = *siii'^> V(/^'-&') = VCc'-fc*) sin^. 

Thus we have for x, y, z by Art. 271 the expressions 

X cos -^Ir ,, 9 . ft , 7 9 a ,. 

X = V (c sin* 9 + 6 cos'* 9), 

c 

y = sl^—V) sin ^sin ^, 

z = /^/(V — c ) cos ^ -^^ ^ . 

c 

These formulae are universally applicable. 

If 6 = c, they become 
a? = \ cos '^, y = V(^*— c*) sin ^ sin ^, « = /^/(X*— c*) sin-^ cos ^. 
' If J = 0, they become 
cc = \ cos '^ sin <^, y^\ sin -^ sin ^, « = V(X* — c^ cos 0. 

349. It is easy to transform the differential equations 
which are given in Art 327 for M and N, 

The equation for M may be written 

We have Ji^' JI^' ^= >^{<f- (c*- 6») cos' ^) ^ ; 
and thus we shall obtain the equation 

{c*— (<^ — J*) cos*^} -Jjt + {">* ~ ^*) sin^co8^-i-r 
- {A (c" - J*) cos» ^ - (A - ^) <!•} ilf = 0. 
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In like manner the equation for N may be transformed 
into 

(c»- 6' cos' ^) ^, + J' sin ^ cosi|r ^ - (AJ'cos'^- ^c*) iV^= 0. 

The simpler forms which these equations assume when 
h = c, and when 6 = 0, can now be readily obtained. 

350. We will give finally an investigation which in- 
directly establishes the transformation of Art, 303, though 
not in a very rigorous manner. 



We have by Art. 327 



Multiply the first equation by N, and the second by M, 
and add ; then putting F for MN we have 

d F , d F , h / ^ •\7-r/\ /-•v 

^+^7+?^-'^)^=^ W- 

Here ^ and 7 are known theoretically as functions of fi 
and V respectively; we propose to transform (1) by the 
relations 



^ = cos ^ sin 6 



c ^c^^V 



= sin ^ sin ^ 



= cos^ 



(2). 



Instead however of effecting the transformation directly 
as in Chapter xxiv. we will adopt an indirect process. 

Let us suppose that instead of the variables which occur 
in (1) we substitute a corresponding system in which ac- 
cented letters are used to denote quantities analogous to 
those in (1). Moreover, let us assume consistently with (2) 
that 
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We have also 

cd/i _ ^^ cdv _^ 






Now suppose V and c' proportional to h and c, so that 

Denote this ratio by a ; then 

cr = - = - = 5^^2 

Hence we shall get from (3) 



1 w 



and /i*+i'" = p0'" + O; 
therefore fi=:- fju, v^-v\ 

Hence (1) becomes 

ujF d F n , ,^ #M .. 

Hence, without interfering with the final transformation 
bv the aid of (2), we may change h and c respectively into 
h and c, where V and c' may be as small as we please, pro- 

h' h IT IT 

vided only - = - . So that we may ultimately suppose b 
and c to vanish. 
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Thus the transformation of (1) by the aid of (2) will be 
fully effected if we ascertain what (1) becomes consistently 
with (2) when b and c are supposed ultimately to vanish. 

Now we have in general 



H, 



then fi^k — fj, and & is a constant^ so that 

d^ " drf • 

When h is veiy small we may assume consistently with (2) 

v = h cos j>, /LA = c sin ; 

,, - /*« cco^Odd f* dO 

therefore ^ = c | » . ^ tt = I -: — . 

j^ c smacos^ j^sint^ 



Hence 



dn^ 1_ 

dd'' Bind' 



Thus ^=sin^^(sin5g), 

, d*F_ cPF 

and therefore when h is indefinitely small (1) becomes 

This equation does not involve c, and therefore remains 
the same when we suppose c = 0. Thus we have the required 
transformation. 

T. \^ 
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CHAPTER XXIX. 

MISCELLANEOUS PROPOSITIONS. 

351. In Art. 296 we introduced certain auxiliary varia- 
bles a, ^, 7, connected respectively with the original variables 
X, fi, V, We may observe that these auxiliary variables can 
be made to depend upon elliptic functions, 

352. For begin with 7; we have 

dv 



^laJb'-- 



o^/*•-I^^/?^=V' 
Assume v = Jsini|r; thus 

'^"■^Jo>/c*-6«sin*i|r 
'* df 



-. 



=v f 



on/I — A;* sin' -^ 



where & = -• 
c 



Thus k is the modulus, and -^ the amplitude of 7, which 
is an elliptic function of the first kind ; see Integral Calculus, 
Chapter X, 

Let to have the meaning assigned in Art. 336 ; so that to 
is the value of 7 when v has the value 6. Then, as v is sup- 
posed to vary between — I and h, we have 7 varying between 
— to and to. 
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353. In the notation of elliptic functions the relation 
!» ss 5 sin '^ may be expressed thus 



V = 5 sin am 



(-!). 



that is^ T is the sine of the angle which is the amplitude 

of 7 corresponding to the modulus - . 

c 

Then i^iV—v*) =s I cos am fy, -j ; and 

Jo'-j/'^cy l-p=c/^l-^g5 = cy^l-^sin*f : 
the last result is usually expressed thus 

Jc^ — u*^cAam ( 7> ~ ) • 
354. Next consider the equation 



h: 



Assume Jc*—fi^ = <r, «/c* — b* = h ; and then we shall have 

d/i da 



Hence, by integration, 

c I , , + c I , , . , = constant 

To determine the constant, we observe that for ii^c 
we have <r=0; so that the constant becomes the w of 
Art. 336, Hence from the preceding equation we have 

r<r d<cr^ 
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and then as in Arts. 352 and 853 we get 

o- = A sin am f «r — /8, - j . 

Thus <r may be c onsidere d known in terms of /3; and 
then ^, V/A* — i", and Vc' — /ia* may also be considered known. 
For we have 

Vc'* — ft'=5 A sin am f «r — /8, -J , 

V/A*— 6' = A cos awi [ «r — ft -j , 

/A 3= c A am ( «r — ft -J • 
355. Finally, consider the equation 

Assume \ = — : then we shall have 

T 

T T ' 

therefore 



a 



Hence, by integration, 

c I . — , + I — === — . = constant. 

To determine the constant put \ = c, then the first in- 
tegral vanishes and the second becomes o); so that the 
constant is equal to a). Hence 

r dr 

From this formula we deduce 



T 



h sin am 



(«-a,-). 
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Hence 



\ = 



VX«-i?= 



VK?" -' 



c* = 



sin am (ci) — a, k)^ 

c A aw (o) — a, k) 
sin am (« — a, fe) * 

ccos am (» — a, A;) 
sin am((o — aj k) ' 



where A; is put for - • 

356. The results of Art. 354 and 355 may be put in 
a more convenient form by the aid of certain elementary 
formulae in elliptic integrals. Thus take the notation of 
Art. 355, and assume that the modulus is k throughout^ 
which will save the trouble of repeating it. We have 

cos am a 



sin am (od — a) = . 

^ 'A am OL 

• \ 1^ — Fa sin am a 
cos am (w — a) = V 1 — k -r 



(1). 



A aw (o) — a) = -r 

^ ' A am OL 

Thus the results of Art. 355 may be written 

Aama 



\ = 



cos am a 



Vx-T^^.^^?^, 



V>7--? = 



cos am a 

Vc* — 6* sin am a 
cos am a 



357. To prove the formulae (1) we observe that by the 
fundamental property of Elliptic Functions explained in the 
Integral Calculus, Chap, x, if we have 

h Vl-yfsinV Jo Vl-A'sinV Jo Vl-ifc'sinV"*^ 
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then 0^ <f> and fi are connected in the manner which may be 
expressed by any one of the following equations, 

costf cos ^ — sin tf sin ^ Vl — A* sin* fi = cos/i,% 

cos^cos)[t + sin^sin/i Vl — Aj'sin' 5 = cos5,> (3). 

cosOcoa fi + shi0 sin fijl — i^ sin'* <f> = cos ^ J 

The modulus being supposed to be k throughout, let 

0=samu, and ip^amv; 
then (2) gives 

Thus equations (3) may be expressed as follows, 

cosam(«H-v) =c6samwcosa»n7--sinamw sinam vAam(u+v) 
co&amu^co8amvcosam{u+v)+BmamvBmam{vr^)Aamu, 
coaamv=cosamucosam{u+v)+fiinamusmam{yr\'V)Aamv\ 

(4). 

Suppose that /* = ^ , then j y =rr becomes the 

^ Jovl — Arsmy 

ft) of Art. 336; also sin am (w + v) = 1, and cos am (w + v) =0. 

Thus the second of equations (4) gives 

cos am If = sin am v A am i« (5). 

This coincides with the first of equations (1), for we may 
put a for u, and then (2) gives v = o — a. 

Again, supposing still that fL = -ai ^^^ ^^^^ ^^ equations 

(4) gives 

cos am u cos am v = sin am u sin am v >/l — A;* ; 

divide this by (6) ; thus 

sinamwVl— A;* ,^. 

cosami;= v (6). 

Aamu ^ ' 

This coincides with the second of equations (2). 
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Finally, square the first of equations (1), and multiply by 
1 — i* ; then square the second of equations (1) ; add the two 
results and extract the square root, and we obtain the third 
of equations (!)• 

358. In like manner the results of Art. 354 may be 
modified in form by the use of equations like (1) of Art. 356. 

359. In the results of Art. 353 we see that v is expressed 
in terms of a sine, and so may be regarded as an odd function 

of 7 ; while V6' — y* and Vc* — i^ may be regarded as even 
functions of y. Again, in the results of Art. 354 when we 
use equations like (1), we shall see in like manner that 

V/t' — 6* may be regarded as an odd function of fi ; while 

slc^—fj? and ii may be regarded as even functions of /8. Finally 
in the results of Art. 355, as modified in Art. 356, we see 

that VX* — c* may be regarded as an odd function of a, while 

X. and V\* — 6* may be regarded as even functions of a. 

360. As an example of the values of the auxiliary 
variables a, )9, 7 at special points, consider the ellipsoid 
represented by the first equation of Art. 266. At all points 
of the surface of the ellipsoid X has the same value, and so 
a will have the same nvmerical value. 

At the ends of the major axis we have iS = + «r, and 
7 = + 01 ; the upper signs belonging to one end and the lower 
to the other. At the ends of the mean axis we have /8 = ± tj, 
and 7 = 0; the upper signs belonging to one end, and the 
lower to the other. At the ends of the least axis we have 
i8 = and 7 = 0. See Art. 267- 

361. We shall not enter here further into the considera- 
tion of Elliptic Functions ; we may observe that the first of 
Lam^s works, cited in Art. 266, is much concerned with this 
department of analysis, but by no means supersedes the 
necessity of studying the systematic treatises on the subject. 

362. In Art. 326 we do not profess to obtain the most 
general solution of a certain dififerential equation, but only 
a solution. Also when we treated one of the differential 
equations of Art. 327 we did not seek the most general 
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solution, but only obtained a solution. In this latter case 
however it is easy to complete the process, at least theoreti- 
cally, and thus to obtain the most general solution. 

For let L denote one solution of the differential equation 



S = f(« + l)^*-4^ (7). 



and let 8 denote a second solution ; so that 



d% 
From (7) and (8) we obtain 



?={n(n + l)^-i,|flf..... (8}. 



^6L'8 ^^L - 



therefore, by integration. 



L 3 — (Si -r- = C, a constant. 
aoL da. 



Divide by L*, and integrate ; thus 

fda 



8 



= 0,LJf, (9). 



Thus the solution of (7) may be given in the form 
+ C^L, where C^ is another constant ; and as there 



0,LJ'i 



are here two arbitrary constants this is the general solution. 

863. Lam^ tacitly assumes that for the solution of his 
problem we must put G^ = 0. Mathieu gives on his page 255 
a reason for this. We have 



Sv'h 



'^ (10). 



Now corresponding to a = we have \ = c ; and then the 
first surface of Art. 266 degenerates from an ellipsoid to the 
area on the plane of (a?, y) bounded by the ellipse 
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The value of V ought to differ very little for two points 
which are very near the area bounded by the ellipse (11), 
one point being on one side of the plane {x^ y), and the other 
on the other. But the formula in (10) changes sign with a, 

for it changes sign with Vx* — c*; and thus F would differ 
to a finite extent for two such points though indefinitely 
close. 

Hence for the solution of Lam^s problem we must put 

364. But for the solution of other problems it might 
happen that we must put (7, = 0. Suppose for instance we 
want to find the potential of the ellipsoid defined by the 
first equation of -Ait. 266 for all external points. Then for 
all such points the equation (1) of Art. 324 must hold with 
respect to the potential V. Moreover for points at an in- 
definitely great distance from the ellipsoid the potential 
must vanish. Now when X is very great we find that the L 

of equation (9) or (10) varies approximately as \% and then 
1 1 

L I j^ will vary approximately as r-^^ . It is obvious there- 
fore that the potential cannot involve the term C^L, though 
it may involve the term C^L ly, . 

365. In Art. 341 we have shewn that all the values of z 
are real ; this result can also be deduced readily from equa- 
tion (4) of Art. 343, as by Mathieu on his page 265. 

For if possible let f+f V^ denote a value of z; let 
M^ + M^ V— 1 denote the corresponding value of M, and 
iVj 4- N^ V— 1 that of N. Then there must also be a value 
f — f ^/'-L of z, and we may take for M' the value Jlf,-if, V^, 
and for N' the value iV^^-iV; V=I. Thus (4) of Art. 343 
becomes 

Jo Jo 

but this is obviously impossible, for fi* is greater than i^, so 
that every element of the integral is positive. 
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366. If we compare equation (4) of Art. 343 with the 
corresponding e(iuation respecting Laplace's coefficients, 
which is given in Art 187, we shall be led to anticipate 
that (/*' — 1^ d^drf is the variable part of the transformation 
of sin 0d0d(f>, This is easily verified. For we know by the 
Integral Calculus, Art. 246, that dddif) transforms to 



\dy dfi dl3 dyj ^^ 



Now by Art. 303 we have ^ ^-g g 
-■- c-singJv-6V) f ^6"-^^(^--^ + ^>--&')(^-4 

so that c' BinOddd^ is equivalent to (/*' — i^) dj3drf. 

367. It ought to be remarked that the notation of the 
present volume is not coincident with Lamp's ; for English 
readers would be displeased with his neglect of symmetry. 
The following table will exhibit the principal changes which 
have been made ; the first column contains the symbols of 
the present volume, and the second column Lam^s corre- 
sponding symbols, 



\ 


H, V 


P> f», V 


a, 


A 7 


y, A a 


L, 


M, N 


B, M, N 



368. In Chapter xxvi. we have investigated Lamp's re- 
sults independently as he does, himself; they might however 
have been derived from Laplace's results, by the aid of the 
transformation of Chapter xxiv. Heine pays some attention 
to this mode of derivation ; I may remark that he states on 
his page 207 the result obtained in Chapter xxiv. without 
reference to a place where it is worked out, or any warning 
of the length of the necessary process. 



MISCELLANEOUS PBOPOSITIOKS. 283 

Lam^ says on his page 196 with respect to his indepen- 
dent treatment : Facilement applicable k tout autre syst^me 
de coordonn^es curvilignes, cette m^thode directe a Tinap- 
pr^ciable avantage d'^viter tout passage par Tantique systfeme 
des coordonndes rectilignes ; instrument d^sormais impuissant 
et sterile, dont Temploi abusif sera plut6t un obstacle 
qu'un secours pour les progrfes futurs des diverses branches 
de la physique math^matique. It may however be doubted 
whether Lamp's opinion of his own methods as compared with 
those of his predecessors is not too favourable^ 
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CHAPTER XXX. 

DEFINITION OF BESSEL's FUNCTIONS. 

369. The functions we are now about to consider were 
formally introduced to the attention of mathematicians by 
the distinguished astronomer Bessel^ in a memoir published 
in 1824 in the Transactions of the Berlin Academy. They 
have since been the subject of investigations in various 
memoirs, and have been discussed in two special treatises 
which have the following titles: Theorie der BessePschen 
Functionen .,* von Carl Neumann, Leipzig 1867; Studien 
iiber die BesseVschen Fmictionen, von Dr Eugen Lommel, 
Leipzig 1868. These two treatises supply references to 
various memoirs on the subject. 

In the present and following Chapters we shall give all 
the most important theorems relating to these functions. 

370. If we seek for a series proceeding according to ascend- 
ing powers of x, which satisfies the differential equation 



d^ 1 du 
da? (cdx 



+(i-S«=o w. 



we obtain 



fl ^ - ^* 



\ 2 (2w + 2) ^ 2.4 (2?i + 2) (2it + 4) 



x^ 



2.4.6 (271 + 2) (2» + 4) (2/i + 6} 
where C is an arbitrary constant. 



•• f > 
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If we suppose n a positive integer, and ascribe to G the 

value ^osp* ^^^ expression is called BesseVs Function, and is 
denoted by J^{x), so that 

•^n(^) = 2^|l-2(2w + 2)"''2.4(2n + 2)(2w + 4) 



(2w+4)(2n + 6) "*"••• j'-^^^* 



2.4.6(2» + 2)(2w+4)(2 

The series within the brackets is alv^ays convergent; see 
Algebra, Art. 559. 

Or^ taking a somewhat more general view, let us ascribe 

to the constant G the value ^^^, — --tt ; this will agree with 

2"r(n + l) ° 

the former when n is a positive integer, and will be real and 
finite, whatever n may be, provided w + 1 be positive. Thus 
we have 

X* ( a? x^ 

•^n(«) = 2T(n + l)r ""2(2n + 2)"'" 2.4(27i + 2)(2n + 4) 

'"2.4.6(27i + 2)(27i + 4)(2n+6)'*'j ^^^• 

This then is the definition of Bessel's Function, n being 
any real quantity algebraically greater than — 1, and x any 
real quantity. 

The student is supposed to be acquainted with the pro- 
perties of the Gfamma Function: see Integral Calculus, 
Chapter xii. 

371. We may also express Bessel's Function in the 
following manner by a definite integral for any value of n 

which is algeJyraically greater than — ^ : 

J^ix) = — — ^— — i I COS [x cos^) sin*''<^(?<^...(4). 
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Q? 0^ 0^ 

For cos (xcos^) = 1 — t^cos*^ + jrcos*^ — 7^co8^^ + ... ; 

and thus the general term under the integral sign may be 
denoted by 

■fc^ a?- r cos'"* ^ sin»" ^ d^. 
Put cos* ^ =s ^ ; thus we get 

Jo Jo 

^ t^{l-t)—dt V/ i In 

Jo ^ ' T(n + m + l) 

^ (2m-l)(2m-3)...ir(l)r(n+|) 
^2r{n + m)(ntm-l)...{n + l)T {n + 1)' 

Thus the general term on the right-hand side of (4) 
becomes 



2"2.4...2w 2"*(wH-m)(n + m-l)...(w + l)r(7H-l) ' 
and this coincides with the general term in (3), 

372. We may also express Bessel's Function in another 
manner by a definite integral, for any positive integral value 
of n, thus : 

J^(x)sz^ I COS (n^ — a? sin ^) d^ (5)* 

For this expression 

= — I {cos n^ cos (x sin ^) + sin n^ sin {x sin <f>)} d<f> ; 

it is necessary to treat separately the cases of n odd and n 
even. 



DEFINITION OF BESSEL'S FUNCTIONS. 287 

First suppose n even ; then I sin nff> sin {x sin ^) dj> van* 
ishes. For by changiDg ^ into tt — ^ we have 

I sin w^ sin (x sin ^) c?(^ = I sin n (tt — ^') sin (a? sin ^') rf<^' 

Jo •'0 

= — cos mr j sin n^' sin (x sin ^') rf^' 
= — / sin n^ sin (a? sin <{>) d<p ; 
thus 2 I sin n^ sin {x sin <l>)d<p=^0. 

Jo 

Hence the proposed definite integral reduces to 

1 r ' 

- I cos n^ cos (oj sin ii^) d<f>, 

J ,, . If"" . f, aj*sin*6 . aj*sin*<i 

and this =- ( coswd-^l ,«— ^ + — \a—^' 

ir]^ ^1 [2 [4 



■*■ I2m 



— • • . f a <^. 



Now let the powers of sin ^ be expressed in terms of 
cosines of multiples of ^ by the formula 

^^^ (_ 1)« sin*" ^ = cos 2w<^ - 2m cos (2m - 2) ^ 

, 2m(2m-l) .^ ... 
+ ~r^ cos (2m — 4) <p — ... ; 

if 
then if there be a term which involves cos n^ there will be a 
corresponding term in / cos nj> sin*" ^ d^, and no other. In 
this way we obtain the required result. 

Next suppose n odd; then I cos n^ cos (a; sin ^) c?^ van* 
ishes. For by changing <f> into tt — ^' we have 
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j cosw^cos(a?sin^)cZ^= r cosn(7r-^') C08(«sm^'){?^' 

= cos nir j cos n<f> cos (x sin ^') dif/ 
= — I COS w^ COS (a? 8ia<l>)d<l>; 

thus *2 I COS n^ cos (^ sin ^) J^ = 0. 

Jo 

Hence the proposed definite int^ral reduces to 

If. 

- I sin n^ sin (^ sin ^) (2^, 

and this ss - I siiX7i<&-!a;sm^ r7r-^+." 



^ '-^'r;t-"^ ^-}-» 



Now let the powers of sin <f) be expressed in terms of 
sines of multiples of (f) by the formula 

2««(-l)~sin*^'^ = sin(2m+l)^ - (2m+l) sin (2m- 1)^+... ; 
then proceeding as before we obtain the required result. 

373. We may observe that for the case in which n is a 
positive integer the formula of Art. 371 may be deduced from 
that of Art. 372. 

First suppose n even; then by Art. 372 

1 f"' 
J^{x) = - I cos n<p cos {x sin <p) dj>. 

^J 
IT 

Change 6 into « + <^'; thus we get 

IT 

J^ {x) = ~ COS -^ I ^ COS nf\> cos (a cos ^') dif> 
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= — COS -^ I COS n(f> cos {x cos 6') d^' 
IT Z J ^ 







1 ntr 
= — cos 



/ cos nj> cos {x cos j>) dj> ; 

•^ 



TT 2 

see Integral Calculus, Art. 42f. 

But by Jacobi's Formula, given in Differential Calculus, 
Art 370, if ^ = cos 0', then 

-« "^' ^^' = 1.3.i".'(2l-l) £ (^ - ^'^'^^ '^- 

Therefore if /(cos 0') denote any function of cos^', we 
have 

I /(cos ^') cos w^' d(f> 

integrate by parts n times in succession, and we finally 
obtain 

j7(cos ^0 COS rup' #' = i.3.5..^(2^_ij >'(0 sin" .^'#'. 

Put /(cos ^') = COS {x COS ^') ; then 

/^''^(^) = a?" cos (x cos ^' + -^ J = a;** cos -g^- cos (x cos ^'). 

which agrees with equation (4). 

Next suppose n odd ; then by Art. 372 

J^i/v) = - / sin n<l) sin (x sin ^) e/0. 





7r 



Change into o + ^' ; tl^^s we get 
T. 19 
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IT 

1 . fiTT r* 

J (a?) = - sin -^ I cos nd>' sin {x cos (j/) dd! 



2 . TJTT f « 

= - Sin 

TT 



1 . nir 



IT 

-^- I COS n<f>' sin (a? cos <f>) d^' 
I cos n^' sin (aj cos ^') f?^'. 

•/ n 



Then use Jacobi's formula as before, and we arrive at the 
same result. 

374. In equation (4) put z for cos ^ ; thus we obtain 

e/,(ic)=--=. 7 --f cos(^a:)(l-«T--^d^...(6). 

^^2»r(n+l)-'-i 

375. In the expression just obtained put 1 — v for « ; 
thus 

Jn H = 'r 'f TT I cos {a; (1 - v)} {« (2 - v)}*-i <?» ; 



now 



I cos {a!(l -»)}{» (2- »)}"~4c?w = 



COS a? I cos(ajt;){i;(2— v)}* irf»+sina?/ sin (an;) {i; (2 -v)}* ^dv. 

If we expand cos (am) and sin (ocv) in powers of aw we 
obtain expressions to integrate of which the general type is 

j\^[v(2-v)}'"idv. 
J ^ 

Pot 2y for v; thus we get 2"»-"" [ y'^'^'''^ {1 - y)""'^ dy, 



that is 



2'"^'"r(m + n+|)r(n + |) 



r(w4-2n + l) 
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1 «" 

Thus J, {x) = -^ ^ ((7cosar+ Sainx), where 



(7= 



2-r(.+ |)r(.H-|) ^ 2-r(2+n+|)r(n + |) 

r(2n.+ l) 2 r(2 + 2« + l) 



+" 



,2-r(4+n + |)r(« + |) 



{± r(4+2«+i) 



2-r(i + n + l)r(n + i) 



r(i+2n + i) 

^. 2-r(3 + . + |)r(.-H|) 

[3 r(3 + 2n + l) 

_^. 2-r(5-hn+|)r(.+ |) 
15_ 1' (-5 + 2» + 1) *•• 

We may change the expressions for C and 8, since 

r(>»+n+|)r(n + |) 

r(m + 2^14-1) 

(wi 4- 2/2) {m + 2/1 - 1) ... (2/1 + 1) r (2/i + 1) ' 

2** / 1\ 
and r (2?i + 1) = -T^ r ( 71 + - ) r (w + 1), {Integral Calculus, 

Art. 267). 
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rrn- T / \ «* COS a; f- 2n 4- 3 a? 
Thus J,(x) = yr(n+1) 1^-2^212 

(2w + 5) (2w + 7) X* {2n +7) (2ro + 9) (2n + 11) a;* ) 
"^ (2n + 2) (2» + 4) [4 (2n + 2) (2» + 4) (2n + 6) [6^ ••■} 

g* sin X f 2 «+5 a^ (2ra+7) (2ra+9) aj* ) ^-v 
"*" 2"r(w+l) r 2n+2 [3 "^ (2w+2) (2w+4; [5 -j-W- 

The series within the brackets are always convergent. 

-('- -) 

376. Suppose e'^ '' to be expanded in powers of z. 

Since this is the same as e' e ", we obtain 

l^"*" 2 ^2'|2^2»|3"^*"J t 2a''"2*|2^8'~2»|3a»'^*"J • 

Multiply out and arrange in powers of z ; and then ac- 
cording to the notation of Art. 370 we obtain 

e*('~') = J. (a;) +zJ^ {x) + z*J, (x) + ^J,{x) + ... 

_JM + JM^iM + (8). 

z z z 

Thus we see that for positive integral values of n we 
have «/_ (aj) equal to the coefficient of ^s" in the expansion 

of e in powers of z. 

377. It should be remarked that the definition of the 
Functions has been slightly modified by Hansen who is fol- 
lowed by Schlomilch ; see Zeitschrift fur Mathematik, Vol. Ti. 
page 145 : according to these mathematicians we should 
have 2x instead of x in the various expressions which we 
have given for J^ (x), so that for instance they put 

IT' 
J^ (a?) = - I cos (n(f> — 2a? sin ^) d<^. 

We mention this in order that the student may be pre- 
pared for the diversity if it should occur in other works ; 
but we shall adhere to the definition we have formerly given. 
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378. As a simple example, we observe that by Art. 371 
we have 

J^ (a?) =- I cos (a?cos^) sin*^f?^; 




TT 



by changing ^ into -^ — ^ we obtain 

J"j (a?) = — I cos (x sin ^) cos' ^ e?^. 

By integrating the following expressions by parts, we see 
that each of them is also equal to J^ (x) ; 

If. If'.. 

— / sin {x cos ^) cos ^ d^, - I sin (x sin ^) sin ^ (2<^ : 

either of these may be obtained from the other by changing 
(f) into o "" ^« 

Again, by comparing the equation (3) with the known 
expressions for cos^ and sin;;, it is easy to see that 

when w = s , we have t/L (a?) = a / — sin x, 
and when n = ^, we have J"^ (a?) = a/ — ( cosa?). 

i2 V TTX \ X / 
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PROPERTIES OF BESSEL'S FUNCTIONS. 

379. Differentiate both sides of equation (8) of 
Art. 376 with respect to z : thus 



i(>4) 



gl(-i) = j-^(^) + 2zJ^{x) + 32V,(^) + ... 



J,{x) 2J,{x) SJ,(x) 
'^ z' z' '^ z' 

Hence if we multiply the series on the right hand of 

equation (8) of Art. 376 by o ( 1 + -< J tbe result must be 

equal to the series on the right hand of the equation just 
given. Thus we obtain for any positive integral value of n, 

|{^»-»(^)+^^.(^)}=««^.(^) (1). 

380. The equation (8) of Art. 376 can be made in this 
manner to furnish various formulas, which may if we please 
be verified by the use of some of the other expressions given 
for Jn{x). Thus for instance we may obtain (1) by the aid of 
the expression of Art. 372. For let y^ = n(f> — x sin ff>, so that 

1 f 
e7"^(a:) = -/ cos-ft?^, 

1 f » 

«^«« (aj) = - /'cos (f + 4>)d<l>; 
therefore J^i {x) + J^^ (a?) = - I cos -^ cos ^c?^. 
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Now d sin -^ = COS -^ dy^ = cos yjr (nd<f) ^ x cos <f>d<l>) ; 
integrate between the limits and tt for ^ : thus 

0=1 cosy^{n — xcos(}>)d<]> 
Jo 

= wi cos-^d^ — aj| cos -^ cos ^d^; 

Jo •'0 

therefore = nJ^ (x) - 1 {J^_, {x) + J^, (x)]. 

This investigation, like that of Art. 379, applies to the 
case in which ti is a positive integer ; but we may verify the 
equation by means of equation (3) of Art. 370, and thus it 
will be seen to hjold for every positive value of n. 

381. Diflferentiate both sides of equation (8) of Art. 376 
with respect to x; thus 

l^ i(-i) _ '^J.i'") . ^ dj,{x) dUx) dJXx) 

ax ax ax ax 

l dJ,(x) ^ 1 dJ,{x) 1 dJ^{x) ^ 
z dx z* dx z* dx 

Hence if we multiply the series on the right-hand side of 

equation (8) of Art. 376 hy -^iz — j the result must be equal 

to the series on the right-hand side of the equation just 
given. Thus we obtain for any positive integral value of n, 

^^-\{J..M-J^M) (2); 

and we have also the special result 

dJ^{x) ^ 



K-S 



dx 



-JM (3). 



The equation (2) may also be obtained by the aid of the 
expression of Art. 372. For as in Art. 380 we have 



«4/: 



cos '^d<f>^ 
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therefore — p-^ = -| — —-Lj^=, — l sm-^sm^^i^; 

therefore ^ = | {J^,(x) - /^.(x)]. 

Similarly (3) may be obtained, observing that we have by 
Art 372 

If. 
«7^(a?)=-l sin^sin(a;sin^)^^. 

We may also verify equation (2) by means of equation 
(3) of Art. 370, and then it will be seen to hold for every 
positive value of n. 

382. From (1) and (2) we obtain 

383. We have by Art. 376 
Change the sign of z; thus 

Hence since e*^ '' xe *^'~' = 1 we have unity for the 
product of the two series just written ; and this gives rise to 
various results by equating to zero the coefficients of various 
powers of z. By considering the terms independent of z we 
obtain 

1 = W<')]'+^ K(aj)}' + 2K(a.)}' + 2 {J,{x)Y+ (5). 
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384j. Multiply both sides of equation (4) by n ; thus 

Ascribe to n in succession all positive integral values 
1, 2, 3, ... and add; then the terms on the right-hand side 
reduce to the series which occurs in (5), and thus 



U^'i{Jnix)r=i. 



X dx 

385. Diflferentiate (2) ; thus 

da? dx dx * 

substitute for the diflferential coefficients on the right-hand 
side their values from (2) ; thus 

Similaily 2'^^=J^{x)-SJUx) + SJUai)-J^M> 
and so on. 

These formulae must be understood with the conditions 
which follow from (2) ; thus in the last which is expressed n 
may be any positive quantity greater than 3. 

Thus the successive diflferential coefficients of any one of 
Bessel's Functions can be expressed in terms of Functions of 
higher and lower orders. 

386. From (1) and (2) we have 

Jn.^{-)-lJA-)-^ (6). 

and /^^(a,)=:?j-,(^) + *^ (7). 
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Then from (3) and (6) we obtain in succession 

''*^'"' X dx '^ d^ ' 

TM- 3 dJ, {x) 3 cTj; jx) dV, (x) 
''»^^" «• dx ^x dj^ daf' ' 

and so on. 

Thus for a positive integral value of n we can express 
J^ (x) in terms of J^ (a) and the diflferential coefficients of 

387. From (6) we have 

therefore ^!54^ = -« J.(x)+^^^-%i^ 

by (6) and (7). 
Thus 

^Jn (^) _ ( « (W - 1) il T /^N , 1 T /^V 

-^ — •■[— ^— -lp-(^)+i«^««(^)- 

We may now differentiate again, and thus obtain — ,*^' 
in terms of J^ (x) and J^^^ (ar) ; and so on. 

388. Let Q. (x) stand for '*j V • From (1) we have 
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therefore _^ + «>!==!!?; 

a? 
therefore Q, {x) = 2n - ^ — ^ ; 

therefore Q^, (a;) = 2 (n + 1) - ^-^ ; 



therefore 



a? 



Hence, continuing the process, we have 



e» (^) = 



a;* 



and SO on. 

Moreover we can shew that Q,^^ (ar) vanishes when m is 
indefinitely great \ for, by Art. 370, 

a? 



O rrr^=^n4«+ij>)___^ 4(n + m + 2) "' . 

^"^^^ ^«^(i) "SCn + m + l). 0^^ ' 

4 (ti 4- w + 1) 

the first factor vanishes, while the second factor is finite 
when m is indefinitely great. 

Hence our process develops Q^ (a?) into an infinite con- 
vergent fraction of the second class, in which the first com- 

ponent is -^r-. — rr^ > 8,nd the r*^ component is 75-7 — ; --r-v : 

^ 2(n + l)' ^ 2(n + r + l) 

see Algebra, Art. 778. 

389. Various interesting theorems have been obtained 
with respect to Bessers Functions when the variable is not x 
but ts/x\ with some of these we shall close the present 
Chapter. 
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390. To shew that 

By Art. 371 we have 

-* I- 1 1 f* — 

X *JjJx)=-f=' T TT coa{Jxcos(l>)Qm^^d4>i 

thus ^{x"V,(Vx)} 
= — —-/-=. .. I sin(^/iccos^)sin*•^cos^e?^; 

but by integration by parts 

I sin (^a? cos ^) sin** ^ cos ^ d^ 

= g— Y sin*^*<^sin(ya?cos^) + ^^^^ /cos(Viccos^)8in*"*'^;^. 
Thus, taking the integrals between the limits we have 

1 If" 

= -r;7=. 7 rr cos(Vacos0)sin*'**<^(?^ 

-iVTT 2"(2a + l)rf» + ij-'» 

1 1 f 

= — —-7= / IX I COS (V» COS A) sin**^ A rfi 
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Then differentiating again we have 

= (-l)V"-^j;^(Vi). 

In this way we obtain the proposed theorem. 
391. To shew that 

We have ± {J J. (J J)} = ^ {afoT" J. (Jx)} 



But by (1) we have /,„ (Vx) = ^ «/» (V?) - /... (V!^) ; 
hence by substitution we get 

Then differentiating again, we have 

In this way we obtain the proposed theorem. 
392. By TayWs Theorem we have 
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where f is put for x + dh, and denotes a proper fraction. 

The diflferential coefficients which occur on the right-hand 
side of this formula may be conveniently expressed by the 
theorem of Art. 390. 

Similarly by Taylor s Theorem we have 



and the differential coefficients which occur on the right-hand 
side of this formula may be conveniently expressed by the 
theorem of Art. 391. 

393. In the theorem of Art. 391, change n into n + m; 
thus 



(nxm n Jm n+m 



by the theorem of Leibnitz, the right-hand member is equal to 
m(m — 1) cP 



«r--r^{^~ *~J^{Vi)} + m^(ar-^)^-^,{ar * J^iJx)} 



ft-1) d* d^ f --^ /-) . 
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and by Art. 390, this 

- 2J «=' ^^<^^ (^^) + »t («i + «) (- 2) ^ ' «4^.4« (^a') 

+ ''^^ (m + «) (m + « - 1) (- |)""<r^/^.^(Vi)+... 
Thus 

2^m fm — 1) (m 4- yi) (m + ?? — 1) ^ / /Tn _ 1 
Then putting i^ for a?, we have 

2'm {m — l)(m + n){m + 7i'-l)j . . ] 

"f" ^ 1 2~^« •'sm+n-a W ■" • • • j • 

In this theorem m may be any positive integer, and n 
any quantity which is algebraically greater than — 1. The 
demonstration, as it rests on Art. 371, would require n to 

be algebraically greater than — ^ ; but from the form of the 

result it is easily seen, by the aid of Art. 370, that n may 
be any quantity which is algebraically greater than — 1. 

Lommel proposes to define J^ (x) for negative values of x 
so as to make this theorem always hold. Thus, for example, 
suppose n a negative integer, and put it equal to — m ; then 
we have by this theorem 
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FOURIER'S EXPRESSION. 



394. Suppose n = in the equation (2) of Art. 370; thus 

*'o l^) = I — 2**^2* 4*"" 2' 4* gt^""'"« 

This expression had been studied by Fourier before 
Bessel brought forward his general Functions : see Fourier's 
Theorie de la Chaleur, Chapitre VI. We will reproduce 
Fourier's results, and then shew that they may be extended 
to Bessel's general Functions. 

395. Put for ^ in the preceding series, and denote 
the expression then by/(^); thus 

J \y) = J- — V + gt — OS Qs * OS OS A^ — • . • . 

We shall first shew that the equation f(j9) = hcis an 
infinite number of roots, all real and positive. 

In treating this proposition, and that of the next 
Article, it is really assumed that f{0) may be considered to 
be a finite algebraical expression; the justification of this 
assumption must be found in the fact that f{0) is a rapidly 
convergent series, and thus whatever may be the value of 
0, and whatever may be the closeness of approximation we 
desire, the terms in f(0) after some finite number of them 
may be neglected. 

It is easily seen by two diflferentiations that 
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or this may be obtained from the general differential equa- 
tion of Art. 370 by changing the independent variable. 

By successive differentiation we now obtain 

f[e) +2f\0) +0f"{0) =0, 

f {0) + 3/'" {0) + 0/"" (0) = 0, 

/'" {0) + 4if"" [0) + 0f"" {0) = 0, 
and so on. 

These equations shew that when any one of the derived 
functions, /'(^), f"i0), ... vanishes, the preceding and follow- 
ing functions have contrary signs, if 5 be positive. 

Now suppose we consider f{0) to be of the m^ degree 
in 0y where m may be as large as we please. Take the series 
of functions 

this series may be caUe!! Fmriefs Fwictims, and the student 
may be assumed to be acquainted with their importance; 
see Theory of Equations^ Chapter XV. 

No change of sign in the series can be lost by the passage 
of through a value which makes any of the derived 
functions vanish ; for as we have just seen when any de- 
rived function vanishes the preceding and following functions 
have contrary signs. Hence a change of sign in the series 
can be lost only when passes through a value which makes 
f{0) vanish. But m changes of sign in the series are lost 
as passes from to + oo . Hence the equation /(6) = has 
m real positive roots; that is all its roots are real and 
positive. 

We may remark that it is obvious that f[0) cannot 
vanish when is negative. 

396. If Xhe any given positive quantity the following 
equation has an infinite number of roots, all real ana positive: 

■^-^ff =« m. 

Let a and c denote two consecutive roots of /(^) = 0; by 
the Theory of Equations /' (0) = has a root between a and 
c : denote it by 6. 

T. "iS^ 
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Then as changes from a to 6 the numerical value of 
r,)tJ diminishes from oo to 0, while the sign remains un- 
changed. As 6 changes from 6 to c the numerical value of 

j.f)J increases from to oo, while the sign remains un- 
J\y) 

changed, but contrary to what it was before. Hence -^ziv - 

takes, once at least, any specified value as changes from 
a to c. Therefore (1) has a root between a and c. In this 
way we see that there is a root of (1) between every two 
consecutive roots of f{0) = 0. And since \ is positive there 
will be one root of (1) between and the least root of 
f{0) = O. Thus all the roots of (1) are real and positive. 
Moreover only a, single root can lie within each interval 
which we have considered. « 

897. The equations of Art. 395 which connect the suc- 
cessive derived functions may be put in the form 

.f"(ff) 1 

f{0)- g , g/"'(g) ' 

f"{0) 

f"'{0) _ 1 
f\0)- df"'(d) ' 



and so on. 
Thus 



.m 1_ 

2- ' 



and X = 



O "" ... 





1 i 



2- ' 



O — .«• 
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Thus \ is exhibited as an infinite continued fraction of 

g 

the second class in which the r*^ component is - ; see Algebra^ 
Art. 778. 

398. The results obtained by Fourier admit of easy 
extension to Bessel's general Functions^ as we shall now shew. 

We have by Art. 370, 

«?* •^^"" 2(2;i + 2)'^2.4(2n + 2)(2w + 4) "• 

Put 6 for 55 in the preceding series, and denote the 
expression then by F{0) ; then 

^^^^"■^■" ^1 "*■ 1 .2(7i+l)(7i+2) " 1.2.3(n+l)(7i+2)(7i+3)'*"'" 
It is easily shewn by two diflferentiations that 

F[e) + (71 + 1) F\e) + eF\e) = o ; 

or this may be obtained from the general differential equa* 
tion of Art. 370 by first putting vaf" for u, and then changing 
the independent variable from x to 0, 

By successive differentiation we now obtain 

F(e) + (n + 2) r\e) + eF"\e)^o, 
r\e) + (n + 3) F"\0) + 0F"\e) = o, 

and so on. 

399. The equation F{0)=^O has an infinite number of 
roots all real and positive. 

The demonstration is precisely like that of Art. 395. 

400. If\he any given positive quantity, the following 
equation has an infinite number of roots all real ana positive : 

The demonstration is precisely like that of Art. 396. 
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401. From the preceding equation, by a process precisely 
like that of Art. 397, we deduce the following expression 
for \ as an infinite continued fraction; 

X ^^ 

n + 1 ?— 

» + 2--— s 

n + o— ... 



( 309 ) 



CHAPTER XXXTTL 

I.ABOE BOOTS OF FOTTBIEB's EQUATION. 

402. FoissoK has shewn how to determine the large 

roots of the equation eT^ (a?) = : see Journal de VEcole 
Polytechmque, Cahier 19, pages 349... 353. We will give his 
principal results though not altogether according to his 
method. 

Let y stand for irJ^ (x), so that 

y=: I cos(a?cos^)(?<^ (1); 

Jo ' 

-«^-« S+ll+y=« (2)' 

this may be written 

£^^(^^x),7.-.o „C3). 

This suggests that when w id very great, so that j-ji niay 

be neglected in comparison with unity, we shall have very 
approximately 

y V^ = -4^,cosaj + 5^sinflj (4), 



where A^ and B^ are constants. 



403. Poisson assumes that the integral of (3) can be 
put in the form 

+ (^o + §+§ + § + ...)sin., 
where A^, J„ ... 5^, -B,, ... are constants to be determined. 
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Substitute in (3) and equate the coefficients of distinct 
terms to zero ; thus we obtain the following equations for 
expressing the constants -4^, A^, ... B^, B^, ... in terms of 
A and B^. 



2^x+5-B«=0, 



2r^,+ {(r-l)r + ^}5^,-0, 



-25,+ |A=0, 



-2.25,+|l.2+i|j,= 0, 
-2r5,+{(r-l)r+||^^=0, 



But the series we thus obtain are divergent for any 
assigned value of x. 

404. Let us however assume that (4) is admissible when 
X is very large ; thus 

__ J.^^cosa? + jBoSinfl? dy _ B^ cos x — A^ sin x 



V; 



X 



X 



approximately. 

A 
Therefore y vanishes when tanaj= — -^ ; so that a?=W7r+a, 

A . . ^ 

where tana = — ^, and n is any integer. In like manner 

till "R 

-v^ vanishes when x^^mir+fi, where fi is such that tan fi=^-T > 

and m is any integer. But m and n must be supposed very 
large integers, as we are concerned only with very large 
values of x. 

405. It is natural to conjecture that A^^^B^; for then 

the large roots of -^ = are midway between those of y = 0. 

This conjecture may be verified. We have 



y = I cos [2a? cos' ^—xjdcf) 
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= COS a? I COS (2x COS* 2j d^+sm xl sin f 2a? cos* 2 j d(f). . . (5). 

We shall investigate the value of y when x = inr, where 
r is a large integer. We have then from (5) 

y = I cos (2x cos' ^ J d^. 



Put 2d? cos'- = t ; thus 



y 



co^tdt , f* cos^d^ 



^ p cos^t?^ r_oostdt_ p_j 



V< V(2a? - •' ^^V(2iB -t) Jx \^t V(2a? - 1) ' 



In the second of the two integrals put ^ = 2a? — r ; then 

observing that cos (2a?— t) = cos t, it becomes I -y— — , 

^0 VTV(2a?— t) 

so that we have 

* cos^d* 2 r cos^rf^ 



^ r cos^d^ ^ 2 r 



VW(2a?-«) V2a? Jo ^ /A n ' , 

This integral when x is very large may be replaced by 

2 f cos tdt A 1 < 1. X 1 -x 1 

-7=. I — =: — ; for 1 — ^^ may be taken as xmity so long 
V2a?io ^t 2x ^^ J B 

as t is not large, and when t is large the corresponding 

elements of the integral are of no account because then 

cos t . II 

— jzz- IS very smalL 

Hence we may say that ^=-7-= | — 7=r dt and this = ~ ; 

see Integral Calcultis, Art. 303. 

Comparing this result with the value given by (4) when 
a? = 2r7r, we see that A = Jtt. 

Similarly by finding the value of the right-hand member 
of (5) when x:»[2r + ^ j tt, we shall see that B = Vw-. 
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406. The method of the preceding Article admits of 
extension to Bessels general Fimctions. 



Let u stand for J^ {x) ; we know that 
da? 



and when pn is very great, provided n be finite we have 
approximately 

dVu ^x) r r. 

do? +^^^ = Q> 

so that wVS=-4^cosa? + -B^sina? (6). 

Now by Art. 371, adopting the same method as in 
Art. 405, we have 



oleosa? 



("-i) 



— I COS (2a! cos' ^ j Bin*"^ A^ 



a:" sin a 



Vw2"r 



("■^-l) 



— I sinr2a?cos'|jsin*'0cZ^...(7). 



Suppose fl? = 2r7r, where r is a large integer; then we 
have from (7) 

^= , / cos 1 2a? cos'?) sin*" 6 d<&. 

Put 2a? cos' ? = ^ ; then proceeding as in Art. 405, we get 

2 r» , / /\«-4 



w = 



V27ra?r 



:— jrrcos«.r4(l-4)""<?« (8). 
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The equation (8) is exact. If we continue as in Art. 405, 

(t \*"^ 
1 — ^1 may be replaced by 

rss 

unity ; and thus the integral reduces to I cos t.f^dt. Then 

replacing the upper limit by oo , and using Art. 302 of the 

Integral Calculus, we obtain T [n + ^ J cos (^ + o) « • Thus 

finally 

2 /riTT , 7r\ 

V27ra? \ 2 4/ 

Hence by comparison with (6) we have 

Similarly by finding the value of the right-hand member 
of (7) when a?= [2r + ^J tt, we get 



Hence by (6), 



-o. = -V sm 



\/2 /WTT 

t£ = -7= cos ' 



V 



irx 



(?+i-) (»)• 



407. The approximations which we employed after ob- 
taining the exact equation (8) are not very satisfactory for 
every value of n ; but at least they involve little difficulty 

so long as n is less than ^ . The formula of Art. 371 from 

which we started supposes n to be algebraically greater than 

1 

— 5 . Hence we may consider that (9) is fairly established 

1 1 

for any value of n between — ^ and ^ . Then we infer that 

it will hold generally by the aid of equation (6) of Art. 386 ; 
for when x is very great we obtain from thalT* formula 

/^j(a?) = 5"^ 5 ^^^ ^^^^ (^) ^® ^^^® approximately 
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80 that if (9) holds for any value of n it holds when that 
vahie %8 mcreased by unity. Hence since it holds when n lies 

between —^ and 5, it holds when n lies between ^ and ^ > 

3 5 
then it holds when n lies between ^ and ^ , and so on. 

408. Another method of obtaining the result in Art. 403 
has been given. We continue to use y for irJ^ (x), 

Thu8y=| cos(ajcos^)dA = 2 I cos (a? cos ^)d^; 
Jo ' Jo 

f cos *c l X ■" Z) 

put 1 — « for cos 6 ; then v=2 | — , ^ ^ dz 
^ ^' ^ Jo Jz(2^z) 

f-T f* COS (xz) dz , /s • r sin (xz) dz 



,- /" COS (xz) (.1 2^1.3 /2V_L 1 , 

;s . f sin (xz)L 1*1.3 fz\\, \ , 
+ 72 sin «,J^ -^11 + ^.2 + 274(2) H'^' 

xi- 1 r f ^ COS (xz) J , f * sin (a?^) , 

As soon as the values of I j=-^ dz and I — ;= — az 

Jo ^z Jo *^z 

are known we can obtain by differentiation with respect to x 
the values of the other integrals which occur in the expres- 
sion for y. Thus denote the former by P, and the latter by 
Q J then we have 

p z cos (xz) , _dQ r^ z sin (xz) y _ dP 

Jo Ji ^^'dx' J. Jz ^'^ dx' 



/, 
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*^cos (xz) 
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Jz 

and so on. 

Thus we find that 






1.3 



^=sV2 •|Pcosa?+ Q sin ar— ^-^ (P" cos a: + ^'sinaj) + 

+ T (^ cosa? — P* sina?) - ~^^-^ (Q''' cosaj-P'^'sina?) +...^ 

(10), 

where the accents denote differentiation with respect to x. 



^0 yz Jo Nz j\ 



cos {xz) 
\/z 



dz 



Nnr r* cos (xzS 
= -T= — I — j:=-^ dz, by Integral Calculus, Art. 303. 

" By integration by parts we have 

J Va «Va 2a! J ^4 

_ sin {xz) cos (ar«) 1 ; 3 f cos (ar^) , 



In this way we find that 

V^ . . fl 1.3 . 1.3.5.7 



„ V^ , . fl 1.3 , 1.3. 

V2aj \iB 2V 2*i 



f 1 1.3. 

-cosa!|2aj»- 2V 

we will denote this result thus. 



1.3.5 , 1.3.5.7.9 



_ 1. 

•••f > 



P = -j= + ^ (a?) sin a? — '^ (a?) cos a?. 
In the same manner we may shew that 



i 
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Q = -^==^ — if) (x) COS « — '^ (x) sin X. 

Hence we find that 

Pco8x+ Qsina? = -^co8 [a?— jj— '^(«). 
Also 

^ = — I + ^ (a?) cosx+if) (w) sina?+'^ (a?) sin a?— ^'(a?) cos a?, 
^ = — ^T-r| + (a?) sina?— ^'(ar) cos a?--^ (a?) cosa?— -^X^) sina? ; 

therefore cosa?-~ — sina? -r- = — j sin [a? — ^j ) "*" 4>X^) "" "^W' 

Therefore if we stop at this stage of approximation, we 
get from (10) 



-if(^)-|^^-ai). 




Thus as far as we have gone we see two classes of terms 
in y ; one class involves fractional powers of a? with trigono- 
metrical functions, and the other class involves whole powers 
of X without trigonometrical functions. We shall shew how- 
ever that the latter class of terms will disappear as the pro- 
cess is continued. 

I. We shall shew that ^ (a?) and y^ (a?) and their diflfer- 
ential coefficients will occur, as they do in (11), free from 
sin a? and cos a; as multipliers. For we have 

Pcosa?+ Qsina? = — ^(a?)] .^ 

P sin a? — Q cos a? = ^ (a?) J 

omitting the terms which are multiplied by .— ■, for we 

v2a? 

not concerned with them here. 
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Then, by diflferentiating, 

P'cosay+Q'sina? — Psina?+ Qcoaic = ^'>]r'{x), 
P'sina? — Q'cosa? + Pcosa?+Qsina?= ^'(^)« 

From these and (12) we obtain 

P' cos a? + Q- sin a? = — '>y(ai) + <f> (x) | 
P'sina?-Q>sa?= f(a?)+^(a?)j. ^^^^' 

In like manner from (13) and its derived equations we 
obtain 

P" cosa?+ ^' sin a? = «r, (ar), 
P^sin a? — Q" cos a?= Xa (^)> 

where w, (a?) and ;^, (a?) involve only ^ (a?) and '^ (a?) and 
their derivatives. 

Then again we obtain 

P" cos a? + Q'" sin a? = 'OTg (a?), 

F" sin a? - Q"' cos a: = Xa (^)» 
and so on. 

Then substituting in (10), we see that in the value of y 
we shall have ^ (a?) and y^ (a?) and their derived functions 
free from sin x and cos x as multipliers. 

II. But on the whole the terms involving ^ (x) and 
t^(a?) and their derived functions must adjust themselves 
so as to cancel and disappear. For if they did not suppose 

— the first term which remained in y: substitute in the 

diflferential equation -j^ + - ^ + ^ = 0, then as none of the 

terms involving fractional powers of x and trigonometrical 
functions can combine with this, we see that the differential 
equation will not be satisfied unless -4 = 0. 

Thus omitting all the terms which depend on ^ {x) and 
'^ (x) we obtain finally 
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V2^ 

y = —j=r COS 



/ 1 \ L I'.SV 1 V . l'.3*.5ir / 1 \* I 

vs ™r"4vi ^Tsvw "^4.8.12.16 te; "■•••} 



\/2^ . 
H — pr-sin 



This will be found to agree with the result obtained by 

Poisson, when in his result we take A^^B^^ ^. The series 
within the brackets are divergent; but we may in our 
process instead of infinite series use finite series with symbols 
for the remainders. Thus when we apply integration by 

/cos (*CZ) 
— y=~- dZf we may, as we have seen, denote the 
yz 

remainder by an integral after any number of terms we 

please. So in the expansion of [1 — ^^ J which we have 

used we may express the remainder after any number of 
terms in the method given by the modem investigations of 
Maclaurin's Theorem. 
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. CHAPTER XXXIV. 

EXPANSIONS IN SEBIES OF BESSEL'S FUNCTIONS. 

409. We shall in the present Chapter give examples 
of the expansion of various functions in infinite series of. 
Bessel's Functions. 

410. We know by the Integral Calculus that 

cos (x sin <f>) = aQ + a^ cos ^ + «, cos 2^ + ag cos 3^ + . . ., 

2 f« 
where a^=^— \ cos (a? sin <f>) cos n^d<t>, 

except when w = 0, and then we must take half this value. 

Hence, as we have shewn in Art. 372, we have a» = 
when n is odd, and a^ = 2e7^(aj) when n is even ; except when 
71 = 0, and then a^ = J^ (x). Therefore 

cos {x sin <^) = eT^ (a?) + 2/, {x) cos 2^ + 2J^ (a?) cos 4^ +.... 

411. In the manner of the preceding Article we can 
shew that 

sin(ajsin^) =2e7i(a?) sin ^ + 2e7], (a?) sin3^ + 2e7i(aj) sin5^+«.« 

412. As particular cases we have 
l=e7;(a?) + 2/,(aj) + 2/,(a?)+..., 

X = 2. Ie7;(a?) + 2. 3/3(3?) + 2.5J,(x) +...; 

the former is obtained from Art. 410 by putting 6 = 0, and 
the latter is obtained from Art. 411 by dividing by ^ and 
then putting ^ = 0, 
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TT 



413. In Art. 410 change <f> into -a + 4>l thus 

cos (a? cos <!>)== Jq (x) — 2/, {a) cos 2<f> + 2J^{x) cos 4^ — .... 
Similarly from Art. 411 we get 
sin (a? cos^) = 2J^(x) cos^ — 2/3(0?) cos3^ +.2e7,(a?) cos50 +.... 

Various particular cases may be deduced. Thus putting 
^ = O9 we have 

cosa? = e7^ (a?) — 2/, (a?) + 2/^ (a?) — ..., 

sina; = 2/^ (a?) — 2J^ (a?) + 2e7i (a?) — .... 

Again differentiate these two formulae twice with respect 
to (j), and then put ^ = ; thus we get 

a? sin a? = 2 {2V, (x) - 4V, {x) + 6V, (a?) - ...}, 

a; cosa? = 2 {IV^ (a?) - 3V3 (a;) + 5V, (a?) - ...}. 

414. In Art. 410 we have shewn that 

cos {x sin (j)) = Jq (x) + 2/, (x) cos 2^ + 2/^ (a?) cos 4^ + .... 

Now we know by Plane Trigonometry, Art. 287, that if 
n be even, 

cos 719 = 1 — 1^ sm^ H ^-j^j ^ sm*9 — ... ; 

J / • j\ •• a5"sin'6 . aj*sin*A 
and cos(aJsm9) = l 19 "^ [17^ — .... 

Hence equating the coefficients of the powers of sin ^ 
we have the following results in which 2 denotes summation 
with respect to even values of n from 2 to infinity : 

1 =e7;(a:)+22/.(a:), 

a;' = 2lnV^ {x), 

aj* = 22n«(«*-2»)/Ja:), 

a« = 22n"(n«-2')(n*-4')e7'.(a;), 
and so on. 
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416. In Art. 411 we have shewn that 

sin {x sin if>) = 2/^ {x) sin <^ + 2/, {x) sin 3^ + 2/^ {x) sin 5^ +... 

Now we know by Plane Trigonometry, Art. 287, that if 
n be odd^ 

smn^ = n sin^ ^-r^ — - sin'*<^ + — ^ ^^ ^ sm"*^-...; 



. • • • 



, . / . ,N . . aj^sin'^^ . flJ^sin''^ 
and 3m {x sm ^) = a; sin 9 r^-^ H rr-^ 

Hence equating the coefficients of the powers of sin ^ 
we have the following results in which 2 denotes summa- 
tion with respect to odd values of n from 1 to infinity, 

«»=22n(n»-r)e7;(aj), 

x' = 2Xn (n' - 1') (n' - 3«) /. {x), 
and so on. 

416. Suppose n an even number. If we combine two 
of the results obtained in Art. 414 we deduce the following : 

2XnV^ {x) = a?* + 4a». 

In like manner we see that 22nV^(a?) can be expressed 
in terms of x\ x\ and x\ Thus we are naturally led to 
conjecture that 22w**"J^(a;) can be expressed in terms of 
aj*"», ar**""*, ...aj*, x\ To shew the truth of this conjecture 
take the expansion given in equation (2) of Art. 370, and 
substitute in every term of 22n*"/„(a?); then picking out 
the coeflScient of x^ we shall find it to be 

|(2ry*»-2r(2r-.2)«" + ?^^.2— ^(2r--4)^"»-...l, 

that is 

2 La« o... ,,,« 2r(2r-l) 



2^ 2r 



)«r-:im 



|r*" - 2r (r - 1)*"+ ^""^^.^ ^^ (^ _ 2)*" - ...| ; 



\2r\ -- > ^ \2 

the series within the brackets is to continue until 1*** 
occurs, so that there will be r terms. When m is specified 

T. *^ 



»ar-8i» 



2r 
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the value of this expression can be calculated for any Talue 
of r ; and it will be found to vanish when r is greater than 
wi, and to be equal to unity when r is equal to wi. To shew 
the truth of these statements it is convenient to put the ex- 
pression in the form 

where the series within the brackets is now to be continued 
until it ends with - 2r (r - 2r + 1)"^ + (r - 2r)^, that is with 
- 2r (- r + 1)*"* + (- rf^\ thus there are now 2r + 1 terms, 
of which the middle one is zero. With the notation of 

Finite Differences the expression becomes oar-xmio A*V*, 

where we are to put — r for a? after the operation~denoted 
by A^ has been performed. Then it is known by the theory 
of Finite Differences that the expression vanishes when r is 
greater than m, and is equal to unity when r is equal to 7n. 

417. Suppose n an odd number. If we combine two of 
the results obtained in Art. 415 we deduce the following : 

22nVJa;) = a' + a?. 

In like manner we see that 22nV^(a?) can be expressed 
in terms of a;*, a;', and x. From this we are naturally led to 
conjecture that 227i**^'*"V„ (a?) can be expressed in terms of 
^2TO+i^ ^8m-i ,^8^ ip. To shew the truth of this conjecture 
take the expression given in equation (2) of Art. 370, and 
substitute in every term of 2%n^^^J^{x); then picking out 
the coeflGlcient of a^^ we shall find it to be 



)2r+l 



2r + 



^ {(2r + 1)*«+^ - (2r + 1) (2r - 1)*"*^ 



+S!:^'(2,_3)-....J, 



the series within the brackets is to continue until l**"*"^ 
occurs, so that there will be r + 1 terms. When m is 
specified the value of this expression can be calculated for 



i2r— 8i»» 
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any value of r; and it will be found to vanish when r is 
greater than m, and to be equal to unity when r is equal 
to m. To shew the truth of these statements it is con- 
venient to put the expression in the form 

where the series within the brackets is now to be continued 

thus there are now 2r+2 terms. With the notation oiFlniie 
Differences the expression becomes ogr-am o . -1 A^V*""^^, 



1 

where we are to put — r — ^ for a? after the operation denoted 

by A*"*"^ has been performed. Then it is known by the theory 
of Finite Differences that the expression vanishes when r is 
greater than m, and is equal to unity when r is equal to m. 



418. From Art. 376 we have 



act 

e 



Expand the exponential functions ; and then equate the 
coefficients of z^ ; thus 



Equate the coefficients of -^ ; thus 



= gy i /.(-) + (If ^ m + (If ^'^^-^ + • • • 



'^V— ^ 
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419. From the latter formula, by putting for r in suc- 
cession the values 1, 2, ... we obtain 



X 



2.4 



X 



2.4.(5 



X 



X 



2.4«^o(^) + 2:4;6'^.H + 274.6:8 *^»(''^ + ---'2'^'(*^-'^«(^)' 
and so on. 

420. From the two expressions just given, we obtain 

In like manner by proceeding to a third expression in 
Art. 419, and combining with the other two, we can deduce 
a formula for J^ [x) \ and so on. The general formula is 



r(r+l) 



JM = ^«^.W + 2^r|^'-j;(a.) + 2^^^ ^ 



J,(x) 



X 



.r+8 



>r+8 



r + 3 



^'^> <(«) + ...(1). 



This may be established by induction. For assume that 
(1) is true, divide by x^ and diflFerentiate ; then by equations 
(6) and (7) of Art. 386 we obtain 

1 /7 

- x^ J^, (x) = 5, - ^- J, (a;) + 



X 



dx 



»r+l 



:f^ ■'■J^i") 



a? r(r + l) j , . 



+ 



^^J^:±^(r±^ j,ix) + ,.. 



2"^" r + 3 



l^ 



rfeT; (X) 



Now by Art. 381 we have - \\ ' = — J^{x) ; substitute 
from Art. 419 ; thus 
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+ 



X 



»r+l 



r + 



•C 7* (f "4" 1 ) 

1 '•'^«('") + 2--' r + 2 |2~*^'^^^ 






so that finally eTj^j (x) = 



)'-+i 






a; 



.r+8 



»H-3 



r+3 



(r + l)(r-h2) 



«/«(^) + ...-(2). 



Thus (2) is the same formula as we should get by- 
changing r into r + 1 in (1). But we have seen that (1) is 
true when r = 1, and when r = 2, hence it is true when 
r = 3, and when r = 4, and so on. 



thus 



421. In equation (8) of Art. 376 change x into kx ; 



1 .., . 1 



thus 



--J,(kx)+-iJ,{kx)...{S). 
Again, in equation (8) of Art. 376 change z into kz \ 



*^fc,_l^ ^r«-n "Tfc-^'^i 
But e"^ '"^ = 6" ^ '^ X e" ^ ""^ ', so that the product of 

the right-hand side of (4) into e ^^ *^ ' must be equal to 

the right-hand side of (3), Thus putting /a for A: — t , we have 
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J^ikx) •\- zJ^iJcx) •\- z^J^fJcx) + ... J^{hx) -^^J^ijcx) - 

9 ZT 



fim 






thus 



Expand the exponential and equate the coefficients of z^; 



,«7-.r+« 




J,{kx) =¥J^{x) -ari-| j;,.(x) + ?* (I) e7;,,(a,) - ... 

For a particular case we may suppose k = \/2, and 
then ^ = -12. 

422. Take equation (8) of Art. 376, and suppose both 
sides inteojrated m times with respect to x\ the integration 
can be elBFected on the left-hand side, and may be denoted 
by the symbol S^ on the right-hand side. Thus we have 

2" [z - ^J e ' ^ "' = 5""/. {x) + zS'^J, {x) + s^S'^J^ {x) + ... 

-^fifV,(a;)+j5"/,(x)-...; 
and therefore 

2«2-» ^1 _ \^[j,{x) + zJ,{x) + ^J,(x) + ... - i J,{x) + ...| 

= -SV,(ar) + zS'^J^x) + z'S^J^ix) + ... 

-ifirV.(x) + l5V.(ar)-...(5). 

From (5) we may deduce various formulae. Thus for 
example equating the terms which are independent of z, 
we have 
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SO that 

Iw + l ] 

+ ^=^Y= Jfn^i^) + -I (6). 



Particular cases of (6) may be obtained by putting for 
m in succession the values 1, 2, 3^ ... 

In the same way as (6) is obtained we may by equating 
the coefficients of «*" in (5) obtain a formula which differs 
from (6) in having the order of every Bessel's function 
advanced by r; so that 



m-l^"/»==2"||m-l/^(^) + g^/^^.(x) 



«i+l 

f 



+ - "nr" e^«fr44(^) + ••• | • 
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CHAPTER XXXV. 

GENERAL THEOREMS WITH RESPECT TO EXPANSIONS. 

423. In the preceding Chapter we have given various 
examples of the expansion of functions in infinite series of 
Bessers Functions; in the present Chapter we shall give 
some general theorems relating to the subject. 

424. We know that the function J^(x) satisfies the 
differential equation 

Let a be a constant, and put u for Jq{olx)\ thus 

Qru + --j- + -r-^=0 C^;- 

X ax ax 

Let j3 be another constant, and put v for J^ {^x) ; thus 

^''+^d^+^=^ ^^^' 

Let f be any assigned quantity ; then we shall shew that 

(^-•)/>»"<^-f[«s-4] p)> 

where the square brackets denote that for x we are to put f 
after the operations indicated have been performed; we shall 
employ square brackets throughout the Chapter in this sense. 
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For by the aid of (1) we have 

= --/'—/' —\dx 
a^J dx\ dx) 

If du f dudv J ] 
a I ax J dx ax ) 



- j + — ^ Ixuvdx, by (2). 
Thus if we integrate between limits and f , we have 



1 ( du dv , 

_ X f du dv 
0,^ \ dx dxi 



03'-a')£a.««dx = f[t,g-«^]. 



425. We shall next determine the value of / xu^Jx. 

•'0 

AVe have shewn that 

f^ J ^ \ dx dx 
I xuvax=^ 

J A 



Now let us suppose that /8 approaches a as a limit, then 

the expression on the right-hand side takes the form - ; and 

hence its limit found in the usual way is 

f Vdv du _ d% 1 
2i[d0 dx " '^ d0dboj ' 

where fi is to be made equal to a ultimately. 

dv X dv 



Now v=J,(fix) ; thus ^ = ^ ^, and 



d^v _1 dv X d^v 
d0dx'^di'^^dj^'' 
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^p, dv da d*v __x du dv u (dv (i^v\ 

d^dx d^dx fidxdx ^ \dx ax'J 

X /du\* 
When /8 is made equal to a this becomes - ( t- ) -hascu*; 

so that finally 

/>^-=£h'+(£)] w- 

426. We are about to particularise the values of a and 
)S. Suppose p and g two roots of the equation (1) of Art. 396; 
and let a and ^ be determined by 

JP = -^» 2' = -2^ (5). 

then will I xuvdx = 0. 



J 



For we have \ + ^^^ = 0, 

JiP) 

Now/ (2?) is the value of u when we put ^ for a?; so that 
/(jj) = [«]. And -^/' (iJ) is the value of -^ when we put 

f for a;; so that -^-f {p) = j^^ I . 

Therefore ^^'^^^ = ~^^'^^^ = ^ R '^«1 • 
Iheretore ^.^^ - ^^^^ " 2 [« «&J ' 



so that ^ = ~ 9 



[u ax J 



In the same way we obtain \ = — | - -^ . 
Hence the right-hand side of (3) vanishes, and therefore 

I xuvdx ==0 (6). 
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427. With the value of a assigned in the preceding 
Article we shall have 

\'xu*dx=\i^y-+r)w\ (7). 

For, as we have just shewn, \ = — | - ^ > ^^^ there- 

~ 2X 

^ ~ t M- Hence substituting in (4) we ob- 



fore 



du 

dx 

tain (7). 



428. Suppose now that any function, as ^ {x), can be 
expanded in the following form 

^ {x) = AJ, {ax) + BJ, (fix) + CJ,{yx) + (8), 

where a, ^, 7, ... are constants determined by (5) and other 
similar equations, and A, B, (7, ... are constant coefficients, 
then the preceding theorems enable us to find the values of 
these constant coefficients. 

Suppose for instance we wish to find the value of A ; 
multiply both sides of (8) by xJ^{olx) and integrate between 
and f ; then by (6) we have 

I x(^(x)J^{oLx)dx = A I X [J^{ax)Y dx 'y 

Jo J 9 

and by (7) the value of the right-hand side is 

thus A is known, or at least its value depends only on the 
single definite integral 

I x<f>(x) J^ {ax) dx. 
Jo 

Similarly B, (7, ... can be found. 

429. It will be seen that in the preceding Article we 
do not undertake to shew that <f> {x) can be always expanded 
in the assigned form, but assuming that it can be so 
expanded we find the values of the constant coefficients. 
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The fact is that the solutions of various physical problems 
lead to such processes as we have given, and the nature 
of the problems themselves may perhaps give some evidence 
of the possibility of the expansion : writers for the most 
part content themselves with finding the values of certain 
coefficients, as in Art 428. Thus for instance Fourier 
discusses in the Chapter cited in Art 394 a problem re- 
specting the propagation of heat in a cylinder. He arrives 
at the general equation 

^^ki^'UiPj (9); 

this is to be satisfied consistently with the following special 
equation which is to hold when x has its greatest value ^, 

^'' + 1 = (10): 

V is the temperature, t is the time, x is the distance from 
the axis of the cylinder. Assume v = e'^^u ; then if we put 

q for -r we obtain 

1 du . flfw ^ /T T X 

2« + ^d^ + ^=0 ('')• 

The constant g will have various values to be found by 
the aid of (10). The general solution of (9) is taken to be 

V = 2e"**'w, where 2 refers to the different values of m. 

The mathematical investigations which Fourier gives are 
equivalent to those of Arts. 395... 397 and 424... 428. 

430. Suppose that a, /3, 7, . . . instead of being determined 
as in Art. 428 are such that 

^o(a?) = 0. JM) = ^> «^o(7f) = 0, 

and that any function, as ^ (a;), can be expanded in the form 
^ {x) = AJ, (ax) + BJ, (fix) + CJ,(yx)+ (12); 

then we may find the values of the constant coefficients 
A, B, 6^, ... by a process like that applied in Art 428. 
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For equation (3) holds as before ; and then since in the 
present case [u] = 0, and [v] = 0, we should obtain equa- 
tion (6) as before. 

Also equation (4) holds as before; and then since in 
the present case [w] = 0, it reduces to 

//"■^-fipi w 

Hence we may if we please put (13) in the form 
Hence by (6) and (14) we have 



/, 



^^(a:)j;(a^)cir = 4l'{/.(a?)r. 



2 
Similarly B, G, ... can be found. 

431. The process of Art. 430 may be regarded as an 
easy modification of Fourier's, and by several German writers 
is stated to be given in the Chapter of Fourier which we 
have cited : but what Fourier really gives is that which we 
have ascribed to him in Art. 429. 

432. The investigations of the present Chapter admit 
of obvious extension, as we will now briefly indicate. 

433. Let a and ^ be constants. Let J^{olx) = {axfu and 
J^{fix) = [^xfv. We shall find from Art. 370 that 

, 2n + 1 dtt d'w . . 

*"+-^^+dp=^ (^^^' 

r^ 2n+ Idv , d\ ^ .-^. 
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434. Let I be any assigned quantity; then we shall have 

08.-a«)£a-««««i. = r"[t'|-«£] -(17). 
The demonstration is precisely like that of Art. 424. 

435. Also 

/^-V^= g [-V + 2»„g +. @] ...(18). 

The demonstration is like that of Art. 425. 

436. Let p and q be roots of the equation of Art. 400 ; 
and let a and ^ be determined by 

p = -l^> ^ ~^ ^^^'> 

then will [ a?'*\vdx=0 (20). 

The demonstration is like that of Art. 426. 

437. With the value of a assigned in the preceding 
Article we shall have 



/. 



* a!'"*'MVx = -p (a'f - 4»\ + 4X*) M (21). 

^^ 



The demonstration is like that of Art. 427. 

438. Suppose then that any function, as ^ (x), can be 
expressed in the following form 

^ (a?) = Au + Bv + Cw + ..., 

where u, and v are as already stated, %u is similarly related 
to J^yx), where 7 is of the same nature as a and ^, and so 
on ; then the constant coefficients A^ B, C, ... may be found. 

For by (20) we have 

f aj'"«w^ {x)dx = A f^x'^'u'dx, 

and the integral occurring on the right-hand side is known 
by (21). Similarly B, (7, ... can be-found. 
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439. Suppose now that a, ^, 7, ... instead of being 
determined as in Art. 436 are such that 

then if any function, as <f> (x), can be expanded in the form 

^ (a?) = Au + Bv+ Cw + . . ., 

we may find the value of the constant coefl&cients A,B, C,... 
by a process like that applied in Art. 438. 

For equation (17) holds as before ; and then since in the 
present case [u] = and {v] = 0, we should obtain equation 
(20) as before. 

Also equation (18) holds as before ; and then since in the 
present case [u] = 0, it reduces to 

ly^^-mi)! ••••«■ 

Thus as before we can find A, B, G, .... 

440. If in Art. 434 we put for u and v their values in 
terms of Bessers Functions we shall find that equation (17) 
becomes 

(/3'-a*)fW,(aa;)J,0a;)c& 

•'0 

and by equation (6) of Art. 386 the right-hand member may 
be transformed into 

In like manner equation (22) becomes 

= f U«+i (a|)} . ^y equation (6) of Art. 386. 
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441. We shall now give a remarkable theorem due to 
Schloiiiilch by which any function is expressed in an infinite 
series of BesseFs Functions. 

We know that it F(z) denote any function of z, then for 
any value of z which lies between and h, we have 

F{z)^^A^ + A^Qos-^ +^,cos-f- +-4, cos -^ + ....(23), 



where -4^ = y I F{u) cos -T** da. 



nwu 
h 



For h put ^z IT, and for z put /luc ; thus 



1 

i^ (/lir) = ^ J^ + -4 , cos 2/ia; + ^ J, cos 4/Aaj + ^, cos 6fwj +. . ., 

4 fi' 
where ^^ = - F{u) cos 2nudu. 

** J 

Multiply each side of this equation by — . ^ and 

7r v(l — A^ ) 
integrate between the limits and 1 ; this gives, by Art. 374, 

(24), 

the relation holds for values of x between and ^ tt, be- 
cause fjL is never greater than unity. 
Now suppose that 

2 C F(xu)dLL ., , 

^i.V(wr/(-) (25); 

diflferentiate with respect to x, thus 



2 {' ,iF' (jxx) d^, 
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In this equation write k^ instead of x, multiply both sides 
by ^ , and integrate between the limits and 1 for f : 

thus 

Tj.v(i-r)Vo v(i-/*') j^~ ioV(i-r)' 

Hence by a theorem due to Abel, which will be estab- 
lished in the next Article, we shall have 



.,,_.<„,..r^?fi|. 



When a! = we have F{0)=f(0) from (25); 

hence F{k)=fiO)+kf^-^^^^^... (26). 

Equation (26) involves the solution of (25), when in (25) 
we regard /as a given, and ^ as an unknown form. 

Substitute in (24) for F in terms oif: thus 
f{x) = ^A,+ A,J,(2x) + ^/„ (4a!) + A,J,(6x) +..., 

where ^, = ^ J ' 1/(0) + m f ' Cn^S } cos ^nudu : 

for every value of n except zero the last equation reduces to 

A = -j^ucos2nu\j^-L±^\du, 

but in the case of n = we must add 2/(0). 

Thus f{x) is expanded in an iniSnite series of Bessel's 
Functions. 

442. It remains to establish the theorem due to Abel. 
It is immediately obvious that 

r* .v(»'-x«) F' jx) dxdy _'T.„.,. „ ,^., 

T. "^a^ 
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Transform the definite double integral by the usa of 
polar coordinates ; then it becomes 

^[^'^ r{r cos 0)rdrde 



J a J o 



Put COS 5 = f, and r = kfi'j then the definite double integral 
becomes k I I ,.^ yl n^ «x • Hence we have 

this is the theorem which was to be established. 

443. DifiFerentiate with respect to x the result obtained in 
Art. 441; and put <f>{x) for /'(a?); then since — ^— = — e7,(a?), 
we have 

where ^^ = n\ ucos2nu\\ -— — ^af 

444. If we put A = TT instead of A = ^ tt in equation (23) 

and proceed as in Art. 441, instead of the result of that 
Article we shall obtain the following : 

fix) =^^a^-¥a^Jo {x)+a^J^ {2x) + a^Jo (3a?) + ... , 



du. 



du, 



where a* = - u cos nu^ I -" ,' ^^ ^^r 

for every value of n except zero, and when n is zero we must 
add 2/(0). The formula holds for values of x between 
and TT. 

By difierentiating this, as in Art. 443, we obtain 

^ ix) = \J^ (x) + \J^ (2a?) + \J^ (3a?) + ... , 

, , 2n{- , C^{u^)d^ 

where o. = I ucosnudu \ ,,\ J* . 

^Jo JoV(i-r) 
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The formulae of the present Article might also be deduced 
from those of Arts. 441 and 443 by putting in them a? = ^ . 

445. In the first formula of the preceding Article change 
X into Jx ; thus 

"where 2 denotes summation with respect to n from 1 to 
infinity. 

DifiFerentiate both sides m times with respect to x ; then 
since by Art. 390 we have 

we obtain 

where a„ has the value assigned in Art. 444. 



""iSlr-^ 
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CHAPTER XXXVI. 

MISCELLANEOUS PROPOSITIONS. 

446. In this Chapter we shall collect some miscellaneous 
propositions which involve the use of Bessers Functions. 

447. Having given y^z-^-xBxny it is required to ex- 
press y in terms of z. 

This problem may be stated in Astronomical language 
thus ; to express the eccentric anomaly in terms of the mean 
anomaly: see Hymers's Astronomy, Art. 315, or Godfray's 
Astronomy, Art. 179. 

When y = we have « = 0, and when y = 7r we have 
z = ir. Thus y — z vanishes both when ^j = and when «=7r; 
and we may therefore expand y — zin the following series : 

y^z^ (7jSin^+ CjSin2ir+ CgSin3« + ..., 
where 0^-=- \ (i/ -^z) sin nzdz 



2 [^ . 



sm nzdz + - cos wtt. 
n 



By integration by parts we have 
ly sin nzdz = — - cos nz + - I cos nz dy 

therefore 



cos nz + -l cos n{y--x siny) dy ; 



/ ysmnzdz = cos wtt + - I cos n (y — a? sin y) dy. 
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Thus 

2 /•» ^ 2 

6» = — I cosn (y — a?8iny)dy = -e7»(rw;), by Art. 372. 

Therefore 
y — ^=2]e7'j(aj)sin j8+ ^ J^(2x)sm2z+ ^ /j(3a?)sin3«+. . . }•. . .(1). 

448. In like manner we may find expressions for cos ky 
and sin ky. where k is any integer. 

For we may put 

cos ky = A^ + A^ cos « -f A^ cos 2z + A^co8Sz + ... 

Then -<4o=- I coskydz=-l coshy {l-^-xco&yjdy; 

this vanishes if A; is not unity, and is equal to — ^ if A? 
is unity. 

2 r* 

Moreover -4^ = — I cos % cos tmj t?2j 

= ?^ r sin % sL „. dy, by integration by parts, 



2k f^ . 
= — I sinA?ysinn(y— a;siny)(Zy 



= — I cos (wy '^ky^nx sin y) cZy 



/ cos (ny + Ary — wa? sin y) c?y 



In like manner we may put 

sin ky = B^ sin z + B^ sin 2;r + jB^ sin 3« + ... , 

and proceeding as before we shall find that 

k 
n 
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Suppose for example that A? = 1 ; then by Art. 379 

" n xn *^ ' nx *^ '* 
therefore 

fl:siny=2 \j^{x)smz+ ^J,(2aj)sin2;5+^J^(3j7)sm3-2r+...|-...(2). 

Thus (2) agrees with (1). 

449. Let r denote the radius vector from the focus in 
tlie ellipse corresponding to the eccentric anomaly y, and 
.suppose the semi-axis major to be unity; then r=l — ajcosy, 
.'ind this can be expressed in terms of z, since the series for 
,cos y is known by Art. 448. 

Also we have ^ (1 — a? cos y) = 1 ; therefore " = ;^ : and 
finding / from (1), we have 

- = 1 + 2 {e/; (x) cosz + /, (2a;) cos 2z + J^(Sx) cos Sz + ...}. 

450. To shew that 

1 



"We have 



therefore 



/^e-J.(ax)cfo=-^^^._^^.^. 



1 f* 

Jq {ax) = - I cos (flx cos <f>) dif> ; 



I 6"""' Jq (ax) (Za; = - / I 6"^ cos (ax cos 0) efo rf^. 
Integrate with respect to x first ; thus we get 

Put 6 = in the preceding result ; thus 



/, 



e/o (<W7) C& = - • 
"^ O 
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451. To shew that 

I g^ Vg (cm?) aa? = 4 m sJii ^^> 

where m denotes a positive proper fraction. 

We have 

1 f 

J (ax) = - I cos {ax cos ^)d<f>\ 

hence the proposed definite integral 

= - 1 I a?"*"^ cos (aa? cos ^) da; J<0. 

But I COS {ax COS ^) (?^ = 2 I cos (ax cos 0) t?0 ; thus the 
proposed definite integral 

2 r* fJ' 
= — / I aj**"^ cos (cw? cos 6) dx d(f>. 



"^ 



Integrate with respect to x first ; then by Integral Cal- 
cidus, Axt. 302, we get 



irnr 



2r H cos -^ ^, ^^ 

•n-a" Jo cos"*^' 

But 2f^'_^f^^r 2c£. p 2.cfe 

r % f -"V"-/-. x-ij ^ (~2~J ^ (2) 

r(f)r(i-^)=^j^: 
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thus the definite integral 



rwr(^B)r(|)r@ 



WITT . WITT 

cos-^r- Sin 



i^cT 2 2 

r(„)r(4B)r(|)^ 



Sin mTT. 



27rV 
452. We have, by Aii. 371, 

1 T' 
«^o(^ +y) = ~ I cos {x cos + V cos ^) (/6 

1 /*' 
= ~ / cos {x cos ^) cos (y cos ^) d^ 



I sin u 



[x cos ^) sin {y cos ^) c^^. 

But, by Art. 413, 

cos (^ cos 0) = e7^ (^) — 2e7, (a?) COS 2^ + 2e7^ (a;) cos 4^ — ... , 
cos (y COS <f>) = /^(y) - 2J^{y) cos 2<^ + 2J^ (y) cos 4^ - ... ; 

1 f 

therefore - I cos(a7cos0)cos(ycos^)dl^ 

^Jo{^)Jo{y) + 2e7.(a:) «7,(y) + 2J,{x)J,{y) + ... 
Also, by Art. 413, 
sin (a? cos ^) =2/^(0?) cos^— 2e73(aj)cos3^+2e7'5(a;) cos 5^ — ... , 
sin(ycos^) =2/j(y) cos^—2e73(y) cos 3^+2/5(^)003 5^ — ... ; 

1 f'^ 
therefore - I sin {x cos ^) sin (y cos 0) d^ 

= 2J,{x) J,{y) + 2e7.(a;) J,(y) + 2e7;(x) /, (y) + ... 

Hence finally e/o (^ + y) =* 
J,{x) J,Q,) - 2J,{x) J,{y) + ZJM J,{y) - 2J,{x) 7.(y) + ... 
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453. Let P, Q, B, k be constants which satisfy the 
relations 

ScosA? = P, R&mk=^ Q\ 
so that jB» = i^ + Q». 

By Art. 872 we have 

1 f 
Jfi{R) = - I cos {R sin <f>) d(f>. 

" J 

Now obviously 

I cos {Rsm<f>)d(l>= j cos {JS sin (^ + Jfc)} d^ ; - 

and by differentiating the last expression with respect to k 
so far as depends on the limits of the integration we obtain 
zero for the result, so that the value is independent of the 
value which we ascribe to k in the limit, and we may con- 
sequently put zero for k in the limit. Thus 

J^ (R) = - ['cos {S sin {^ + k)}d^ 





tr 



COS R {sin ^ cos A + cos ^ sin k] d^ 



--r 

1 r» 
= - I cos (Psin A + ^ cos 0) (Z^ (3). 

In precisely the same manner we may shew that 

«7,(5) = ~ rcos(Psin^-^cos^)d^ (4). 

"Jo 

From (3) and (4) by addition and subtraction 

J^(R) = - I cos (P sin ^) cos (Q cos <^) (?^ (5), 



= - f 'sin (P sin ^) sin {Q cos ^) d^ (6). 
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Now let R denote the distance of two points determined 
by polar coordinates, so that we may put 

^ = r^ + rj* - 2rrj cos 0, 

or ^=(r-rjC0s5)*+rj'sin*tf. 

Then by (4) we have 

1 r* 

J{R) = - I cos{(r-r.cos^8in^-rjSintfcos^}d^, 

that is 

JJR)=- rcos{rsin^-r,sin(^ + «)}c?^ (7). 

But by Arts. 410 and 411, 
cos (r sin <^) = J^{r) + 2e7,(r) cos 2^ + 2e7|(r) cos 4^ + ... i 
sin (r sin <f>) = 2e7j(r) sin ^ + 2/g(r) sin 3^ + 2J^(r) sin 5^ + ...; 

and two other formulae may be expressed by changing r into 
r^, and ^ into ^ + ^. 

Thus we obtain 

I cos (r sin ^) cos {r^ sin ((f> + 0)] dff> 

= ^{^oW«/oW+2e7.(r)e7.(rJcos2tf+2e7;(r)J.(Oco845+...}, 

and 1 sin(rsin^)sin{rjSin (^ + 5)}dl^ 

Jo 

= 27r{e7;(r) J^{r^(iOB0-vJJir)J^(r^ cos3tf +«7;(r) j;(r,) cos55+. . .]. 

Add the last two results, and thus we obtain from (7) 
J,(R) = Mr) J,(r,) + 2S /.(r) J.(r,)cosn<? (8). 

where 2 denotes summation with respect to n from 1 to 
infinity. 

If we suppose tf = tt the result agrees with that obtained 
in Art. 452 for J^ (a?+y). 
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434 As a particular case of (8) suppose r^ = r, so that 
5 = 2r sin ^ ; then 

Jo (2r sin D = {/o Wr + 2S {/. (r)}'cos nO (9). 

But by Art. 372 we have 

J^ f 2r sin ^ J = - I cos [ 2r sin ^ sin ^ j d^y 
and, by Art. 410, 

cos f 2r sin ^ sin ^ J = /^ (2^ sin if>) + 2/, (2r sin ^) cos ^ 

+ 2e7i (2r sin ^) cos 25 + ... , 
therefore /^ (2^8i^^ 9) =" 

- [* [J^ (2r sin ^) + 2/, (2r sin ^) cos 6 

+ 2 j; (2r sin ^) cos 25 + . . .} cZ^ . . . (10). 
Hence comparing (9) and (10) we have 

455. The equation of Art. 376, as we have seen in the 
preceding Chapters, easily leads to various theorems respect- 
ing Bessel's Functions when the number expressing the order 
of the function is a positive integer. And, as we have seen 
in Arts. 380 and 381, it is sometimes easy to extend these 
theorems to the case in which the number expressing the 
order is 7U)t restricted to be a positive integer. As another 
example of such extension we may take the last formula of 
Art. 422, which has been established on the supposition 
that r is a positive integer, and shew that this restriction 
may be removed. 



348 lOSCELLANEOUS PBOPOSITIONS. 

The first term in JAx) is ^-^i / . t\ ^\ ^^^ when this 

••^ ' 2'^r (r + l) 

is integrated m times we obtain k^tftt ttx^*'^'**'* ^^^ 

^ 2'^r (m + r + 1) ' 

thus we easily see that the lowest term on the left-hand side 

is identical with the lowest on the right-hand side. 

In like manner the other terms will be identical. For 
multiply both sides by r(r + l), and then when the appro- 
priate reductions are made which the properties of the 
Oamma functions allow, we shall obtain for the coefficients of 
any assigned power of x, definite algebraical Jiinctions of r; 
and as we know already that they coincide for every integral 
value of r it follows that they are identically equaL 

456. Both Neumann and Lommel have introduced func- 
tions to which they give the name of Bessel's Functions 
of the second order; the two functions are not the same, 
but for them the reader is referred to the original works. 

"We may observe that equation (1) of Art. 370 remains 
unchanged when the sign of n is changed ; this suggests 
that a second integral of the equation will be given by the 
following. series when n is not a positive integer : 

BaT" h + ^ 4- ^ — 

[^ 2(2/1-2)^2. 4(2n-2)(2n-4) 



(^ 



...r , 



' 2.4.6(2/i-2)(2n-4)(2yi-6) 

and this may be easily verified. 

In Lommers work will also be found tables of the 
numerical values of J^J^ and J^{p) and of some others of 
the functions. 
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